


DATA PROCESSING 
AND RECONCILIATION 

FOR CHEMICAL 
PROCESS OPERATIONS 



This is Volume 2 of 
PROCESS SYSTEMS ENGINEERING 
A Series edited by George Stephanopoulos and John Perkins 



DATA PROCESSING 
AND RECONCILIATION 

FOR CH EM ICAL 
PROCESS OPERATIONS 

Jos~ A. Romagnoli 
Department of Chemical Engineering 

University of Sydney 
Sydney, Australia 

Mabel Cristina S~nchez 
Planta Piloto de Ingenierfa Qufmica 

Bahia Blanca, Argentina 

San Diego London Boston New York Sydney 
ACADEMIC PRESS 

Tokyo Toronto 



This book is printed on acid-free paper. (~  

Copyright �9 2000 by ACADEMIC PRESS 

All Rights Reserved. 
No part of this publication may be reproduced or transmitted in any form or by any 
means, electronic or mechanical, including photocopy, recording, or any information 
storage and retrieval system, without permission in writing from the publisher. 

Requests for permission to make copies of any part ofthe work should be mailed to: 
Permissions Department, Harcourt Brace & Company, 6277 Sea Harbor Drive, 
Orlando, Florida, 32887-6777 

Academic Press 
A Harcourt Science and Technology Company 
525 B Street, Suite 1900, San Diego, California 92101-4495, USA 
http://www.apnet.com 

Academic Press 
24-28 Oval Road, London NW1 7DX, UK 
http://www.hbuk.co.uk/ap/ 

Library of Congress Catalog Card Number: 99-60407 

International Standard Book Number: 0-12-594460-8 

PRINTED 1N THE UNITED STATES OF AMERICA 
99 00 01 02 03 04 MM 9 8 7 6 5 4 3 2 1 



To Liliana, Juliana, Jos6 Ignacio, my mother, 
and the memory of my father 

Jos~ A. Romagnoli 
July 1998 

To Brenda, Guillermo, Fernanda, Gabriel, 
and the memory of my father 

Mabel C. Sdnchez 
July 1998 



It is good to have an end 

to journey towards 

but it is the journey that matters, 
in the end. 

Ursula Le Guin 
The Left Hand of Darkness 



CONTENTS 

PREFACE XIII 
ACKNOWLEDGMENTS XV 

I General Introduction 

1.1. Reliable and Complete Process Knowledge 2 
1.2. Some Issues Associated with a General Data Reconciliation 

Problem 5 
1.3. About This Book 6 
References 7 

2 Estimability and Redundancy within the Framework 
of the General Estimation Theory 

2.1. Introduction 9 
2.2. Basic Concepts and Definitions 10 
2.3. Decomposition of the General Estimation Problem 
2.4. Structural Analysis 18 
2.5. Conclusions 19 

14 

e o  

VII  



o o o  

VI I I  CONTENTS 

Notation 20 
References 20 
Appendix A 21 

3 Classification of the Process Variables 
for Chemical Plants 

3.1. 
3.2. 
3.3. 
3.4. 
3.5. 
3.6. 
3.7. 
3.8. 
3.9. 
3.10. Conclusions 
Notation 43 
References 44 
Appendix A 44 
Appendix B 47 

Introduction 25 
Modeling Aspects 26 
Classification of Process Variables 28 
,Analysis of the Process Topology 29 
Different Approaches for Solving the Classification Problem 
Use of Output Set Assignments for Variable Classification 
The Solution of Special Problems 39 
A Complete Classification Example 40 
Formulation of a Reduced Reconciliation Problem 

42 
41 

32 
35 

4 Decomposition Using Orthogonal Transformations 
4.1. Introduction 53 
4.2. Linear Mass Balances 54 
4.3. Bilinear Multicomponent and Energy Balances 
4.4. Conclusions 71 
Notation 71 
References 72 

62 

5 Steady-State Data Reconciliation 

5.1. Introduction 75 
5.2. Problem Formulation 76 
5.3. Linear Data Reconciliation 77 
5.4. Nonlinear Data Reconciliation 
5.5. Conclusions 90 
Notation 90 
References 91 
Appendix A 91 

82 



CONTENTS ix  

6 Sequential Processing of Information 

6.1. Introduction 93 
6.2. Sequential Processing of Constraints 93 
6.3. Sequential Processing of Measurements 97 
6.4. Alternative Formulation from Estimation Theory 
6.5. Conclusions 105 
Notation 105 
References 106 
Appendix A 106 

99 

7 Treatment of Gross Errors 

7.1. Introduction 109 
7.2. Gross Error Detection 111 
7.3. Identification of the Measurements with Gross Error 114 
7.4. Estimation of the Magnitude of Bias and Leaks 121 
7.5. A Recursive Scheme for Gross Error Identification and Estimation 
7.6. Conclusions 129 
Notation 130 
References 131 
Appendix A 132 
Appendix B 133 

125 

8 Rectification of Process Measurement Data 
in Dynamic Situations 

8.1. Introduction 137 
8.2. Dynamic Data Reconciliation: A Filtering Approach 138 
8.3. Dynamic Data Reconciliation: Using Nonlinear Programming 

Techniques 148 
8.4. Conclusions 155 
Notation 156 
References 157 

9 Joint Parameter Estimation-Data Reconciliation 

9.1. Introduction 159 
9.2. The Parameter Estimation Problem 160 
9.3. Joint Parameter Estimation-Data Reconciliation Problem 166 
9.4. Dynamic Joint State-Parameter Estimation: A Filtering Approach 173 



X CONTENTS 

9.5. Dynamic Joint State-Parameter Estimation: A Nonlinear 
Programming Approach 178 

9.6. Conclusions 179 
Notation 179 
References 181 

I O Estimation of Measurement Error Variances 
from Process Data 

10.1. Introduction 183 
10.2. Direct Method 184 
10.3. Indirect Method 185 
10.4. Robust Covariance Estimator 
10.5. Conclusions 195 
Notation 195 
References 196 
Appendix A 197 

189 

I I  New Trends 

11.1. Introduction 199 
11.2. The Bayesian Approach 200 
11.3. Robust Estimation Approaches 205 
11.4. Principal Component Analysis in Data Reconciliation 
11.5 Conclusions 223 
Notation 223 
References 224 

219 

12 Case Studies 
12.1. Introduction 227 
12.2. Decomposition/Reconciliation in a Section of an Olefin Plant 
12.3. Data Reconciliation of a Pyrolysis Reactor 233 
12.4. Data Reconciliation of an Experimental Distillation Column 
12.5. Conclusions 249 
Notation 249 
References 251 

APPENDIX: STATISTICAL CONCEPTS 

1. Frequency Distributions 253 
2. Measures of Central Tendency and Spread 255 

228 

241 



CONTENTS x i  

3. Estimation 259 
4. Confidence Intervals 261 
5. Testing of Statistical Hypotheses 
References 263 

262 

INDEX 265 



This Page Intentionally Left Blank



PREFACE 

Data processing and reconciliation deal with the problem of improving process knowl- 
edge to enhance plant operations and general management planning. Today, data 
storage facilities, advances in computational tools, and implementation of distributed 
control systems to chemical processes allow processing of large volumes of data, 
transforming them into reliable process information. 

Chemical process data inherently contain some degree of error, and this error 
may be random or systematic. Thus, the application of data reconciliation techniques 
allows optimal adjustment of measurement values to satisfy material and energy 
constraints. It also makes possible the estimation of unmeasured variables. It should 
be emphasized that, in today's highly competitive world market, resolving even small 
errors can lead to significant improvements in plant performance and economy. This 
book attempts to provide a comprehensive statement, analysis, and discussion of the 
main issues that emerge in the treatment and reconciliation of plant data. 

The concepts of estimability and redundancy in steady-state processes are intro- 
duced in Chapter 2 because of their importance in decomposing the general estimation 
problem. The two subsequent chapters deal with process variable classification for 
linear and nonlinear plant models. This topic is of great importance in the design 
of monitoring systems and also in decomposing the data reconciliation problem. 
The adjustment of measurements for different kinds of plant models is addressed in 
Chapter 5, and the next chapter introduces some of the advantages of sequential 
processing of measurements and constraints. Chapter 7 starts by defining the data 
reconciliation problem in the presence of gross errors. It contains an analysis of the 
steps to follow for the treatment of biased data. 

xiii 
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All of the previous ideas are developed further in Chapter 8, where the analysis 
of dynamic and quasi-steady-state processes is considered. Chapter 9 is devoted to 
the general problem of joint parameter estimation-data reconciliation, an important 
issue in assessing plant performance. In addition, some techniques for estimating the 
covariance matrix from the measurements are discussed in Chapter 10. New trends in 
this field are summarized in Chapter 11, and the last chapter is devoted to illustrations 
of the application of the previously presented techniques to various practical cases. 

This book can be used as a text coveting plant operation, control, and optimization 
in courses for graduate students and advanced undergraduates in chemical engineer- 
ing. We hope that this book will also be of special benefit to those engaged in the 
industrial application of reconciliation techniques. 

In preparing the book, a special effort has been made to create self-contained 
chapters. Within each one, numerical examples and graphics have been provided 
to aid the reader in understanding the concepts and techniques presented. Notation, 
references, and material related to that covered in the text are included at the end of 
each chapter. It is assumed that the reader has a basic knowledge of matrix algebra 
and statistics; however, an appendix coveting pertinent statistical concepts is included 
at the end of the book. 

Jos~ A. Romagnoli 

Mabel Cristina Sdnchez 
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I 
GENERAL INTRODUCTION 

The highly competitive nature of the world market, the increasing importance of 
product quality, and the growing number of environmental and safety regulations 
have increased the need to introduce fast and low-cost changes in chemical processes 
to improve their performance. 

The decision-making process about possible modifications in a system requires 
knowledge about its actual state. This information is obtained by collecting a data 
set, improving its accuracy, and storing it. This procedure, called monitoring, consti- 
tutes a critical tool for further control action, optimization, and general management 
planning, according to the hierarchical order shown in the typical activities pyramid 
of a chemical plant of Fig. 1 (Brisk, 1993). 

Since the main activities involved in attaining the final goals of the company 
are based on this monitoring, it is essential that it provide reliable and complete 
information about the process. 

Because measurements always contain some type of error, it is necessary to 
correct their values to know objectively the operating state of the process. Two types 
of errors can be identified in plant data: random and systematic errors. Random 
errors are small errors due to the normal fluctuation of the process or to the random 
variation inherent in instrument operation. Systematic errors are larger errors due 
to incorrect calibration or malfunction of the instruments, process leaks, etc. The 
systematic errors, also called gross errors, occur occasionally, that is, their number is 
small when compared to the total number of instruments in a chemical plant. 

Furthermore, the information provided by the monitoring system must allow 
the complete estimation of all of the required process variables. This can only be 
achieved through the selection of an adequate set of instruments. The selection of 
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/ FIGURE I Activity pyramid in a processing plant (from Busk, 1993). 

the necessary instrumentation thus has a fundamental role during the design of the 
monitoring system of a new plant, as well as in the case of adapting existing plants 
to satisfy new environmental and production requirements. 

With the advance of computer techniques, especially implementation of dis- 
tributed control systems (DCS) to chemical processes, a large set of on-line measure- 
ments are available at every sampling period. The rational use of this large volume 
of data requires the application of suitable techniques to improve their accuracy. This 
goal has triggered the focus on research and development, during the last ten years, 
in the area of plant data reconciliation. Complete reviews on the subject can be found 
in the works of Mah (1990), Madron (1992), and Crowe (1996). 

The treatment of plant data involves a set of tasks that allows the processing 
of data arising from different sources (on-line acquisition system, laboratory, direct 
reading from the operators, etc.), transforming them into reliable process information. 
This information can be used by the company for different purposes: management 
planning, modeling, optimization, design of monitoring systems, instrument main- 
tenance, analysis of equipment performance, etc., as shown in Fig. 2 (Simulation 
Sciences Inc., 1989). 

I . I .  RELIABLE AND COMPLETE PROCESS KNOWLEDGE 

To control, optimize, or evaluate the behavior of a chemical plant, it is important 
to know its current status. This is determined by the values of the process variables 
contained in the model chosen to represent the operation of the plant. This model is 
constituted, in general, by the equations of conservation of mass and energy. 

Whenever measurements are planned, some functional model is usually cho- 
sen to represent either a physical or ideal system with which the measurements are 
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I FIGURE 2 Applications of the plant data rectification procedure (from Simulation Sciences, Inc., 
1989). 

associated. In fact, the measurements are usually made in order to assess the values 
of some or all of the parameters of the functional model. 

The mathematical model is often thought of as being composed of two parts 
(Mikhail, 1976): the functional model, and the stochastic model. 

Functional Model: The functional model will in general describe the determin- 
istic properties of the physical situation or event under consideration. 

Stochastic Model: The stochastic model, on the other hand, designates and 
describes the nondeterministic or stochastic (probabilistic) properties of the variables 
involved, particularly those representing the measurements. 



4 CHAPTER I GENERAL INTRODUCTION 

As pointed out by Mikhail, both functional and stochastic models must be con- 
sidered together at all times, as there may be several possible combinations, each 
representing a possible mathematical model. The functional model describes the 
physical events using an intelligible system, suitable for analysis. It is linked to phys- 
ical realities by measurements that are themselves physical operations. In simpler 
situations, measurements refer directly to at least some elements of the functional 
model. However, it is not necessary, and often not practical, that all the elements of 
the model be observable. That is, from practical considerations, direct access to the 
system may not be possible or in some cases may be very poor, making the selection 
of the measurements of capital importance. 

During normal operation of a chemical plant it is common practice to obtain 
data from the process, such as flowrates, compositions, pressures, and temperatures. 
The numerical values resulting from the observations do not provide consistent in- 
formation, since they contain some type of error, either random measurement errors 
or gross biased errors. This means that the conservation equations (mass and energy), 
the common functional model chosen to represent operation at steady state, are not 
satisfied exactly. 

It is becoming common practice, in today's chemical plants, to incorporate some 
kind of technique to rectify or reconcile the plant data. These techniques allow adjust- 
ment of the measurement values so that the corrected measurements are consistent 
with the corresponding balance equations. In this way, the simulation, optimiza- 
tion, and control tasks are based on reliable information. Figure 3 shows schemati- 
cally a typical interconnection between the previous mentioned activities (Simulation 
Sciences Inc., 1989). 

The integrated approach for data treatment or reconciliation involves a set of 
mathematical procedures applied on the process instrumentation and the measure- 
ments (observations). This provides complete and consistent estimation of the process 
variables. The general methodology can be divided into three main steps: 

Plant 
Distributed 

Control 
System 

Data Uiliiiiiiiiii!i 
Base i!iiiii!iii!i!i!i 

Set 
Points 

iii!iiiiii!!iiiiiiiiiRECONCILIATIONiiiiiii!!iii 

, 1 

FIGURE 3 Typical arrangement between the DCS and the Data Reconciliation, Simulation, and Op- 
timization procedures (from Simulation Sciences, Inc., 1989). 
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~ FIGURE 4 Scheme for the integral treatment of plant data. 

* Classification of process variables and problem decomposition 
* Detection, identification, and estimation of gross errors 
�9 Measurement adjustment and estimation of the unmeasured process variables 

A simplified diagram of the general procedure for data reconciliation in chemical 
plants is given in Fig. 4. 

1.2. SOME ISSUES ASSOCIATED WITH A GENERAL DATA RECONCILIATION PROBLEM 

A processing plant is a physical system containing a large number of units and streams. 
For example, counting the equipment in the processing section as well as in the service 
section (considering mixers and stream dividers) of a petrochemical plant reveals the 
existence of approximately 1000 interconnected units and about 2500 streams. If 
we also take into account that in each stream the variables of interest can be flowrate, 
composition, temperature, pressure, and enthalpy, it is evident that data treatment in 
a typical plant involves the solution of a large-scale problem. 

The original idea of reducing the systems of equations used in the reconciliation 
problem is due to Vaclavek (1969), who proposed a correction procedure based only 
on a reduced subset of equations and measurements. The idea basically consists 
of exploiting the process topology to classify the process variables and eliminate 
from the general problem the unmeasured ones, resulting in a subset of equations 
involving only measured variables. Several strategies have been developed since then 
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to achieve the same goal, that is, process decomposition to reduce the dimensionality 
of the problem. Some of these strategies are based on graph theory (Mah et al., 1976; 
Stanley and Mah, 1981a,b; Kretsovalis and Mah, 1988a,b; Meyer et al., 1993), and 
others are equation-oriented approaches (Crowe et al., 1983; Crowe, 1986, 1989); 
Romagnoli and Stephanopoulos, 1980; Joris and Kaliventzeff, 1987). 

From the foregoing it is clear that the application of data reconciliation techniques 
to large plants, represented by nonlinear complex models, is a challenging problem. 
The decomposition of the problem through the classification of the process variables 
appears to be an important tool in dealing with the dimensionality of the problem. 
What is more important is that understanding the topological structure of the plant not 
only allows us to decompose it, but can be very important in the process of designing 
or redesigning the complete monitoring system. 

The adjustment of measurements to compensate for random errors involves the 
resolution of a constrained minimization problem, usually one of constrained least 
squares. Balance equations are included in the constraints; these may be linear but 
are generally nonlinear. The objective function is usually quadratic with respect to 
the adjustment of measurements, and it has the covariance matrix of measurements 
errors as weights. Thus, this matrix is essential in the obtaining of reliable process 
knowledge. Some efforts have been made to estimate it from measurements (Almasy 
and Mah, 1984; Darouach et al., 1989; Keller et al., 1992; Chen et al., 1997). The 
difficulty in the estimation of this matrix is associated with the analysis of the serial 
and cross correlation of the data. 

The presence of gross errors invalidates the statistical basis of the common data 
reconciliation procedures, so they must be identified and removed. Gross error de- 
tection has received considerable attention in the past 20 years. Statistical tests in 
combination with an identification strategy have been used for this purpose. A good 
survey of the available methodologies can be found in Mah (1990) and Crowe (1996). 

Parameter estimation is also an important activity in process design, evaluation, 
and control. Because data taken from chemical processes do not satisfy process con- 
straints, error-in-variable methods provide both parameter estimates and reconciled 
data estimates that are consistent with respect to the model. These problems represent 
a special class of optimization problem because the structure of least squares can be 
exploited in the development of optimization methods. A review of this subject can 
be found in the work of B iegler et al. (1986).  

Finally, approaches are emerging within the data reconciliation problem, such as 
Bayesian approaches and robust estimation techniques, as well as strategies that use 
Principal Component Analysis. They offer viable alternatives to traditional methods 
and provide new grounds for further improvement. 

1.3. ABOUT THIS BOOK 

It is our goal in this book to address the problems, introduced earlier, that arise 
in a general data reconciliation problem. It is the culmination of several years of 
research and implementation of data reconciliation aspects in Argentina, the United 
States, and Australia. It is designed to provide a simple, smooth, and readable account 
of all aspects involved in data classification and reconciliation, while providing the 
interested reader with material, problems, and directions for further study. 
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Chapter 2 offers a unifying exposure to the relevant concepts of estimability and 
redundancy, in particular their importance in the decomposition of the general data 
processing problem. 

In Chapter  3 these concepts are extended, and by exploiting the structural topol- 
ogy of a chemical process, the operational parameters or process variables are classi- 
fied. These ideas, making use of classification strategy, allow the general reduction of a 
large-scale problem. The decomposition problem is further investigated in Chapter  4 
using orthogonal transformations for both linear and bilinear balances. 

Chapter 5 deals with steady-state data reconciliation problem, from both a linear 
and a nonlinear point of view. Special consideration is given, in Chapter 6, to the 
problem of sequential processing of information. This has several advantages when 
compared with classical batch processing. 

In Chapter  7 the problem of dealing with systematic gross biased errors is 
addressed. Systematic techniques are described for the identification of the source of 
gross errors and for their estimation. These techniques are computationally simple, 
they are well suited for on-line implementation, and they conform to the general 
process of variable monitoring in a chemical plant. 

All the previous ideas are developed further in Chapter  8, where the analysis of 
dynamic and quasi-steady-state processes is considered. 

Chapter  9 deals with the general problem of joint parameter estimation data 
reconciliation. Starting from the typical parameter estimation problem, the more 
general formulation in terms of the error-in-variable methods is described, where 
measurement errors in all variables are considered. Some solution techniques are also 
described here. 

Most techniques for process data reconciliation start with the assumption that the 
measurement errors are random variables obeying a known statistical distribution, and 
that the covariance matrix of measurement errors is given. In Chapter  10 direct and 
indirect approaches for estimating the variances of measurement errors are discussed, 
as well as a robust strategy for dealing with the presence of outliers in the data set. 

In Chapter  11 some recent approaches for dealing with different aspects of 
the data reconciliation problem are discussed. A more general formulation in terms 
of a probabilistic framework is first introduced and its application in dealing with 
gross error is discussed in particular. In addition, robust estimation approaches are 
considered, in which the estimators are designed so they that are insensitive to outliers. 
Finally, an alternative strategy that uses Principal Component Analysis is reviewed. 

At last, in Chapter 12 several application case studies are given that highlight 
implementation aspects as well as the relative improvements of the different tech- 
niques used. Emphasis is given to industrial applications and on-line exercises. 
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2 
ESTIMABILITY AND REDUNDANCY 
WITHIN THE FRAMEWORK 
OF THE GENERAL 
ESTIMATION THEORY 

In this chapter, the mathematical tools and fundamental concepts utilized in the 
development and application of modem estimation theory are considered. This in- 
cludes the mathematical formulation of the problem and the important concepts of 
redundancy and estimability: in particular, their usefulness in the decomposition of 
the general optimal estimation problem. A brief discussion of the structural aspects 
of these concepts is included. 

2. I. INTRODUCTION 

Throughout this chapter, we will refer to estimation in a very general sense. We will 
see later that data reconciliation is only a particular case within the framework of the 
optimal estimation theory. 

The estimation problem may be posed in terms of a single sensor making measure- 
ments on a single process or, more generally, in terms of multiple sensors and multiple 
processes. When relating the observations to an estimator, several questions arise. 
First, how does one determine whether a measurement is redundant? Second, what is 
the effect of measurement placement on the estimator's performance? Third, what if 
there are measurements which are grossly faulty? These questions are of paramount 
importance in any general estimation problem, and in selecting the measurements' 
structure for monitoring or controlling a given process. It is clear that the concepts of 
redundancy and the allocation of the measurements play an important role in the esti- 
mation problem. Also, redundancy is useful as safety when there are biases in the mea- 
surements or imperfections in the model of the physical situation under consideration. 
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Since the concept of observability was primarily defined for dynamic systems, 
observability as a property of steady-state systems will be defined in this chapter. 
Instead of a measurement trajectory, only a measurement vector is available for steady- 
state systems. Estimability of the state process variables is the concept associated with 
the analysis of a steady-state situation. 

In this chapter we will present a discussion of those points, leading us directly to 
the decomposition of the general problem into estimable, nonestimable, redundant, 
and nonredundant subsystems. This allows us to reduce the size of the commonly 
used least squares estimation technique and allows easy classification of the process 
variables: the topic of the next chapter. 

2.2. BASIC CONCEPTS AND DEFINITIONS 

In order to have any sort of estimation problem in the first place, there must be a 
system, various measurements of which are available. Rather than develop the notion 
of a system with a large amount of mathematical formalism, we prefer here to appeal 
to intuition and common sense in pointing out what we mean. 

The system is some physical object, and its behavior can normally be described 
by equations. The system can be dynamic (discrete or continuous) or static. Here, we 
will refer to a process under steady-state behavior. Later in this book we will extend 
our attention to considering dynamic or quasi-steady-state situations. 

Now let us consider exactly what we mean by estimation. Suppose that there is 
some quantity (possibly a vector quantity), associated with a system operation, whose 
value we would like to know at each instant of time. It may be that this quantity is 
not directly measurable, or that it can only be measured with error. In any case, 
we shall assume that noisy measurements, y, are available. Suppose, furthermore, 
that an experiment is designed to measure, or estimate, a set of system variables 
X l ,  x2  . . . . .  Xg. The set of variables can be written as the vector 

X T "-- [Xl ,  X2 . . . . .  Xg]. (2.1) 

The most general situation is that in which the desired variables cannot be ob- 
served (measured) directly and must therefore be indirectly measured as functions 
of the direct observations. Thus, let us assume that the set of 1 measurements y can 
be expressed as a function of the g elements of a constant vector x plus a random, 
additive measurement error e. Then the process measurements are modeled as 

y = 4~(x) + e, y E ~)~l X E ~)~g, (2.2) 

where 4' represents the measurement functional model. 
If e = 0, then y = ~p(x) and we say that the measurements are perfect. If e ~: 0, 

then they are noisy. In cases where ~p is assumed to be differentiable at a point x ~ we 
can define the matrix C: 

84'[ (2.3) 
C(x~ ~x x=x0' 

where C is used for the linearized version of the nonlinear measurement equations. 
For linear systems the matrix C is constant and independent of x. In general, though, 
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we will refer to the linear or linearized system described by 

y = Cx + e, C E ~)]lxg, (2.4) 

where C is the (1 x g) matrix of the Jacobian of ~b. Thus, when planning the ob- 
servations, a general functional model about the system to be assessed (matrix C) 
must be specified. Such a functional model, which refers to a finite closed system, 
is determined by a certain number of variables and the relationships between them. 
There is always a minimum number of independent variables that uniquely determine 
a chosen model. In our case it will always be denoted by g. Unless the observations 
are sufficient for determining the g variables, the situation will be obviously deficient. 
These observations must be functionally independent, that is, not one of the I obser- 
vations can be derived from any or all of the remaining (1 - 1) measurements. Let us 
now introduce the concept of redundancy. 

DEFINITION 2.1 
We define a system as redundant when the amount of available data (information) 

exceeds the minimum amount necessary for a unique determination of the independent 
variables that determine a chosen model. 

For the system in Eq. (2.2), when I is larger than g, redundancy is said to exist. 
This redundancy, which is denoted by r, is given by 

r = l -  g (2.5) 

and is equal to the (statistical) degrees of freedom. 
Since the data are usually obtained from observations (measurements) that are 

subject to probabilistic fluctuations, redundant data are usually inconsistent in the 
sense that each sufficient subset yields different results from other subsets. To obtain 
a unique solution, an additional criterion is necessary. If the least square principle is 
applied, among all the solutions that are consistent with the measurement model, the 
estimations that are as close as possible to the measurements are considered to be the 
solution of the estimation problem. We define a least squares estimation problem as 
follows: 

Min J : (y - Cx)T(y  -- Cx) .  (2.6) 

Then the least squares solution is that which minimizes the sum of the squares of the 
residual J = S TS. The equation in x, 

C T C x  -- CTy,  (2.7) 

obtained by differentiating (to minimize) J,  is called the normal equation. We can 
now define the estimability property as follows. 

DEFINITION 2.2 
We say a system is estimable if the normal equation admits a unique solution 

and, naturally, x is unique. 

Accordingly, the necessary conditions for estimability can be stated. In order for the 
process variables x to be estimable, the following must be true (Rao, 1973). 
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FIGURE I A simplified process flowsheet for Example 2.1 (from Madron, 1985). 

THEOREM 2.1 
The system described by Eq. (2.7) is globally estimable if and only if 

rank C = g, (2.8) 

where g is the dimension of the system. 
Conversely, if 

rank C < g, (2.9) 

the system is globally nonestimable or confounded. 

EXAMPLE 2.1 
Let us introduce a simple example to illustrate the previous concepts. The sim- 

plified process flowsheet presented in Fig. 1 (Madron, 1985) consists of four units 
interconnected by eight streams. We are interested in the estimation of the total 
flowrates of the system. If these variables are measured for streams 1, 7, and 8, then 
the measurement matrix C is of dimension (l x g), where I -- 3 and g = 8. 

[i 00000001 
C -  0 0 0 0 0 1 0  

0 0 0 0 0 0 1  

The rank of 12 is 3, so the system is globally nonestimable. Obviously, a globally 
estimable system can be obtained by increasing the instrumentation cost. 

When the system is nonestimable, the estimated value of x (:~) is not a unique so- 
lution to the least squares problem. In this case a solution is only possible if additional 
information is incorporated. This must be introduced via the process model equations 
(constraint equations). They occur in practice when some or all of the system vari- 
ables must conform to some relationships arising from the physical constraints of the 
process. 

Note: In some cases, the introduction of the additional process model equations will 
augment the number of variables to be estimated and thus may not alleviate the 
estimability deficiency. & 
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Thus, by introducing the additional constraints we have 

0 = (/9(X), X E ~ g  

y -  4)(X)+ e, y E D]~ 1 , (2.10) 

where ~p 6 ~)~m, m being the number of additional constraint equations. 
The functional relationships that characterize the real process behavior are never 

known exactly. A conventional way to account for the inaccuracies generated by ap- 
proximations is to introduce additive noise, which in some sense reflects the expected 
degree of modeling errors, that is, 

0 --- (/9(x) -q t- w ,  x E ~)~g 

y -  ~b(x)+ e, Y ~ 9~t. (2.11) 

Assuming qg(x) and ~p(x) are differentiable at x0, and applying a Taylor series expan- 
sion using only zero- and first-order terms (dropping second and higher order terms), 
we arrive at the linear or linearized system described by 

0 = A x + w  
(2.12) 

y -  C x + e ,  

where A and C are the (m • g) and (1 • g) matrices of the Jacobian of ~0 and q~. In 
this case the redundancy condition will be satisfied when (m + l) > g. We can now 
define the least squares problem as follows: 

Min J = ( z -  Mx) T(z - Mx), (2.13) 

where 

M [A l C ' 

The normal equation is given now by 

[0] 
z - . ( 2 . 1 4 )  

Y 

MTMx = MTz. (2.15) 

In a similar fashion to the previous case, the general conditions for estimability can 
be stated as follows. 

THEOREM 2.2 
The system described by Eqs. (2.14) and (2.15) is globally estimable if and only 

if 

Conversely, if 

rank M = rank[ A ] 
C - g "  

rank M - rank I A C < g '  

the system is globally nonestimable or confounded. 

(2.16) 

(2.17) 
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EXAMPLE 2.2 
If the total flowrates of streams 1, 4, 7, and 8 are measured for the process 

flowsheet presented in Example 2.1, the matrix M is defined as follows: 

M 

1 -1  0 0 0 0 -1  0 
0 1 -1  0 0 0 0 1 
0 0 0 0 0 - 1  1 - 1  
0 0 1 1 - 1  0 0 0 
1 0 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 
0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 1 

where the first four rows of M relate to the total mass balance relationships around 
each unit (matrix A) and the last ones correspond to the measurement matrix C. For 
this case, the rank of matrix M is 8 and the system is globally estimable. 

Now let us define a more general form of the quadratic objective function, which 
permits us to assign predetermined weights to the components. Consider the general 
quadratic objective 

I] j =  w W[w  e], (2.18) 
E 

where W is a weighting matrix that is restricted to being both symmetric and positive 
definite, that is, W = W T > 0. The introduction of the weighting matrix defines the 
weighted least squares problem and the same conditions established by Theorems 2.1 
and 2.2 hold also in this situation. It can be demonstrated (Deutsch, 1973) that if the 
quadratic objective is weighted by the covariance matrix of the noises, the result is 
also a minimum variance estimate or Markov estimate. 

2.3. DECOMPOSITION OF THE GENERAL ESTIMATION PROBLEM 

The preceding section discusses the mathematical formulation of the problem under 
consideration and the general conditions for redundancy and estimability. Now, we are 
ready to analyze the decomposition of the general estimation problem. The division 
of linear dynamic systems into their observable and unobservable parts was first 
suggested by Kalman (1960). The same type of arguments can be extended here to 
decompose a system considered to be at steady-state conditions. 

When the results of matrix theory are applied to the general estimation problem 
(see Appendix A), the following can be stated. 

THEOREM 2.3 
For the system given by Eq. (2.14) and (2.15), if 

rank M = rank [ A ] C - J < g '  (2.19) 
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then there exists a nonsingular matrix T such that 

MT = [Au O] 
Cu 0 ' 

where Au and Cv each have j columns and 

r a n k [ A u ]  - j ' C u  

(2.20) 

(2.21) 

Proof See Appendix. II 

The system of equations (2.12) can be written using the column echelon form of 
matrix M as follows: 

[o] MTTlx+IW 1 (AuO]T1 [w] 
y e - Cu 0 x + e " 

Depending on the structure of T -1, two situations arise: 

(2.22) 

1. If each row of T -1 has only one nonzero element, then physically this means 
that in the new coordinates Xc = [Xr Xg-r], where Xr is a j-dimensional vector, the 
subsystem 

0 -- Auxr + w 
(2.23) 

Y -- Cuxr + e 

is estimable�9 The whole system admits a decomposition into two smaller subsystems: 
one estimable, of dimension j ,  and the other nonestimable, of dimension (g - j).  The 
first one includes the variables in Xr and the last one contains the variables in Xg-r. 

2. If some rows of T -1 have more than one nonzero element, there are linear 
combinations between variables in Xr and variables in Xg-r. Thus, the estimable portion 
of the system is of dimension ob less than j (ob < j )  and the nonestimable one is of 
dimension (g - ob). 

EXAMPLE 2.3 
In this case we consider that the total flowrates of streams 1, 7, and 8 are measured 

for the process flowsheet presented in Example 2.1, so the matrix M is defined as 
follows: 

M ~_  

1 - 1  0 0 0 0 - 1  0 
0 1 - 1  0 0 0 0 1 
0 0 0 0 0 - I  1 - 1  
0 0 1 1 - 1  0 0 0 
1 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 1 

The rank of matrix M is 7. As the system is rank deficient, it admits a decompo- 
sition into two subsystems, one estimable and the other nonestimable. To determine 
which variables are observable, the column echelon form of M is obtained and T -1 
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is inspected: 

M T =  

f2 f5 
- 1  0 

1 0 
0 0 
0 0 
0 0 
0 0 
0 0. 

T - 1  

f3 f6 f4 A f7 f8 
0 0 0 1 - 1  0 

- 1  0 0 0 0 1 
0 - 1  0 0 1 - 1  
1 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 

-0 1 0 0 0 0 0 0- 
0 0 1 0 0 0 0 0 
0 0 0 0 0 1 0 0 
0 0 0 1 - 1  0 0 0 
1 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 1 
0 0 0 0 1 0 0 0 _ 

From the decomposition of M into its column echelon form, it can be seen that f5 is 
nonestimable. The inspection of T -1 indicates that f4 is also nonestimable, because 
its calculation depends on fs. 

Let us now extend the results to dealing with systems where the estimability and 
redundancy conditions are satisfied. A measurement is considered redundant if its 
removal causes no loss of estimability. If we consider that the rank of M = g and 
(m + l) > g, that is, more information is available than is necessary for a unique 
determination, the following can be stated (Stanley and Mah, 1981a). 

THEOREM 2.4 
I f  the system o f  equations (2.14) and (2.15) is 

1. estimable and 
2. redundant, i.e., (m + l > g), with (1 - i) redundant measurements 

and if  the rows of  C are permuted so that the first (1 - i) rows correspond to the 
redundant measurements (yl), i.e., 

C1 and i O, (2.24) C - -  C2 
> 

then there exists a nonsingular (g x g) matrix F such that 

MF = [ C1U ', (2.25) 

and 

E ] rank C22 = i, rank[A1u] = rank C1u = g - i (2.26) 

with every measurement in the system Aiu [ Au = 6(~ ] being redundant. 
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From the results of the previous theorem, we conclude that any system that is es- 
timable and redundant (r > 0) admits a decomposition into its redundant (xl) and 
nonredundant parts (x2). This conclusion is of paramount importance when ap- 
plied within the framework of the overall estimation problem. Such a decomposition 
then allows a new equivalent two-problem formulation of the general least squares 
problem: 

PROBLEM 1 
Least squares problem: 

Minimize (zl - A 1 U X l ) T W I ( Z 1  - -  A 1 U X l )  (2.27) 
Xl 

where 

0 ] (2.28) 
Z l -  Yl " 

PROBLEM 2 

Since the decomposition allows Xl to be determined first, calculate x2 using the 
already known value of X l and Y2. 

This two-problem formulation results in a significant reduction in the size of the 
original least squares problem. 

EXAMPLE 2.4 
If the flowrates of streams 1, 2, 4, 7, and 8 are measured for the process flowsheet 

of Fig. 1, the matrix M for this system can be represented as follows: 

1 
0 
0 
0 

M - -  1 
0 
0 
0 
0 

- 1  0 0 0 0 - 1  0 
1 - 1  0 0 0 0 1 
0 0 0 0 - 1  1 - 1  
0 1 1 - 1  0 0 0 
0 0 0 0 0 0 0 
1 0 0 0 0 0 0 
0 0 0 0 0 1 0 
0 0 1 0 0 0 0 
0 0 0 0 0 0 1 

where matrix C has been permuted so that the last two rows correspond to flowrate 
measurements of streams 4 and 8. A nonsingular matrix F exists such that 

M F =  

f~ f2 f3 f7 f5 f6 
1 - 1  0 - 1  0 0 
0 1 - 1  0 0 0 
0 0 0 1 0 - 1  
0 0 1 0 - 1  0 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 0 1 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 

f4 f8  
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 0 
0 1 
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where 

F 

1 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 
0 0 1 0 0 0 0 1 
0 0 0 0 0 0 1 0 
0 0 0 0 1 0 1 1 
0 0 0 0 0 1 0 - 1  
0 0 0 1 0 0 0 0 
0 0 0 0 0 0 0 1 

rank C22  - -  2, and rank [A1u] --- 6. The total flowrate measurements of streams 1, 2, 
and 7, which are included in the system A1u, are redundant, whereas the total flowrate 
measurements of streams 4 and 8, which are contained in C22, are nonredundant. 

2.4. STRUCTURAL ANALYSIS 

From a physical point of view, system parameter values are never known precisely 
with the exception of zeros. They are fixed, for example, by the absence of phys- 
ical connections between certain parts of a system. Also, in computing solutions, 
computers work with "true zeros" and "fuzzy parameters." 

Accordingly, let us assume that the entries in the matrices A and C are either 
zeros or arbitrary nonzero parameters. For nonlinear systems, their description will 
be accurate in an infinitesimal region around the point of linearization. Many of the 
elements of matrices A and C will vary from one linearization point to another, and 
some elements will always be zero. 

Because of the imprecise knowledge of nonzero system parameters, it is of inter- 
est to study system properties that rely on the intemal connections of the process under 
study, and not on the specific numerical values of the system parameters. Among these 
system properties, structural observability makes the meaning of observability (in the 
usual sense) more complete from the physical point of view, because the real system 
involves parameters that are only approximately determined. Indeed, structural ob- 
servability is a stronger property, as can be demonstrated following the proposition 
in Lin (1974). 

In order to analyze estimability utilizing such ideas, we first include some notions 
related to "structure." Then we define the concepts of structural observability and the 
genetic rank of a matrix. 

DEFINITION 2.3 

�9 A structural matrix B is a matrix having fixed zeros in some locations and 
arbitrary, independent entries in the remaining ones. 

�9 A structured system 

B 
L - ( D  ) (2.29) 

is an ordered pair of structured matrices. 
B ~ �9 The two systems L = [~]; L ' =  [D' ] are structurally equivalent if there is a 
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one-to-one correspondence between the locations of their fixed zero and 
nonzero entries. 

�9 A matrix B is called admissible (with respect to B) if it can be obtained by 
fixing the free parameters of B at some particular value. The symbol (~) 
denotes matrices with fixed elements (matrix in the usual sense). 

For example, consider 

. [0 [0 ,] 
X X ~ 0 " 

We say 1] is admissible with respect to B. 

(2.30) 

DEFINITION 2.4 
A system 

L =  D 

is called structurally estimable if there exists a system L' that satisfies the following 
conditions: 

1. L' is structurally equivalent to L 
2. L' has an admissible pair 

that is estimable in the usual sense. 

It follows directly that any globally estimable system is also structurally es- 
timable. 

DEFINITION 2.5 
The generic rank of a structured matrix B is defined to be the maximal rank that 

B achieves as a function of its free parameters. 

For example, the matrix 

B - -  [ xx x0] (2.33) 

has a genetic rank of 2 despite the fact that one diagonal element could be zero as a 
special case, resulting in a rank of 1. 

The maximal rank of an (m • g) matrix having no specified structure is equal 
to min (m, g). The inclusion of the structure into the problem makes it possible for 
matrices to have less than full rank, independent of the values of the free parameters, 
as was shown by Schields and Pearson (1976). Therefore, a structured matrix B has 
full generic rank if, and only if, there exists an admissible matrix I] with full rank. 

2.5. CONCLUSIONS 

In this chapter, similar arguments to that of dynamic observability were extended to 
establish the conditions for estimability in steady-state processes when the redundancy 
condition is satisfied. This concept allows decomposition of the general estimation 
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problem into two smaller subproblems" the estimation of redundant measurements 
and the calculation of unmeasured observable variables. Also, an easy classification 
of the process variables is achieved, which is the topic of the following chapter. 

The concepts of structural observability are the basic tools for developing variable 
classification strategies. Some approaches presented in Chapter 3 are based on the 
fact that the classification of process variables results from the topology of the system 
and the placement of instruments and has nothing to do with the functional form of 
the balance equations. Thus, the linearity restriction will be removed and efficient 
reduction of the large-scale problem will be accomplished. 

NOTATION 

A Jacobian matrix of the process constraints 
B general structural matrix 
C Jacobian matrix of the measurement functions 
D general structural matrix 
F matrix defined by Eq. (2.25) 
g number of state variables 
i number of nonredundant measurements 
j rank of M 
J objective function of the least square estimation technique 
l number of measurements 
L general structured system 
M matrix defined by Eq. (2.14) 
m number of process model functions 
ob number of observable variables 
r redundancy 
T matrix defined by Eq. (2.20) 
x vector of state variables 
Xc new coordinates for vector x -- [Xr Xg-r] 
Xl vector of state variables that are included in the redundant portion of the system 
x2 vector of state variables that are included in the nonredundant portion of the system 
w vector of expected degree of modeling errors 
W weighting matrix 
z vector defined by Eq. (2.14) 
y vector of measurements 

Greek Symbols 
e measurement random errors 
~b measurement model functions 
~0 process model functions 

Superscripts 
admissible matrix 
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APPENDIX A 

Some Results on Matrix Algebra 

The utility of matrices in the applied sciences is, in many cases, connected with the 
fact that they provide a convenient method for the formulation of physical problems 
in terms of a set of equations. It is therefore important to become familiar with the 
manipulation of the equations, or equivalently with the manipulation of rows and 
columns of the corresponding matrix. First, we will be concerned with some basic 
tools such as column-echelon form and elementary matrices. Let us introduce some 
definitions (Noble, 1969). 

DEFINITION A. 1 
A matrix is said to be in column echelon normal form if: 

1. Certain rows numbered c~, c2 . . . . .  c~ are precisely the unit vectors el, e2 . . . . .  
ek, where ei is defined to be the (1 • m) row vector whose ith element is unity with 
all the other elements being zero. 

2. c l < c 2 < . . . < c k .  
3. If a row lies above Cl, then it is a row of zeros. If the cth row lies between the 

rows numbered ci and ci+l, the last (m - i) elements of the cth row must be zero. If 
the cth row lies below the row numbered Ck, then the last (g - k) elements of the cth 
row must be zero. 

Note that this definition implies the following: 

1. The last (m - k) columns of a column-echelon form are zero. The first k 
columns of the column echelon form are nonzero. 

2. The upper triangle of elements in the (i, j ) th  positions where j > i are all 
zero. 

3. The first nonzero element in each column is 1. The first ci_~ elements of the 
ith column are zero. The r element of the ith column is zero for i ~ k. 

Although there is a considerable degree of freedom in the sequence of calculations, 
when reducing a matrix to a column-echelon form, this is unique and the rank of the 
matrix is equal to the number of nonzero columns in the column echelon. 

DEFINITION A.2 
Any matrix E obtained by performing a single elementary operation on the unit 

matrix I is known as an elementary matrix. 
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For example, Epq is the elementary matrix obtained by interchanging the pth and 
the qth rows of I. It can be shown that the elementary matrices possess inverses, and 
these are also elementary matrices. Now we are in position to recall the following 
matrix theorem (Noble, 1969). 

THEOREM A. 1 
If  G is an (m x g) matrix of rank k and UG denotes the column-echelon form 

of G, then a nonsingular matrix EG exists such that 

1. GEG - UG and G - UGE~I, where EG and E~ 1 are products of elementary 
matrices 

2. A nonsingular matrix can be expressed as a product of elementary matrices 

Proof 
The column-echelon form of G is obtained by performing a sequence of elemen- 

tary column operations on this matrix. This means that we can find a sequence of 
elementary matrices EpEp_l. . .  E1 corresponding to the elementary column opera- 
tions, such that 

GEpEp_I . . .  E1 = UG, (A2.1) 

where the elementary matrices are nonsingular. If we multiply through by Ep 1 E l l  . . .  
E11 in succession, we obtain 

G - UGEplEp11... E11. (A2.2) 

If we denote EpEp_ 1 . . .  E1 = E G ,  these results give (1). 
Also, (2) follows immediately since the column-echelon form of a nonsingular 

matrix is the unit matrix. II 

Proof of Theorem 2.3 
The proof of this theorem follows readily from Theorem A. 1, since by definition 

M =  [ A l m  
CT" 
g 

Then M is an (m + 1 x g) matrix, and by the hypothesis, the rank of M = j.  Thus, 
matrix M verifies the conditions of Theorem A. 1; therefore, there exists a nonsingular 
EM such that 

MEM = UM, (A2.3) 

where UM is the column-echelon form of M. Since by definition (1) the last (g - j )  
columns of the column-echelon form are zero and the first j columns are nonzero, and 
(2) the rank of M equals the number of nonzero columns in the column-echelon, that is, 

UM = [U1 0], (A2.4) 

then by defining EM = T and Mu = U1, we have 

MT = [Mu 0], (A2.5) 
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or similarly, 

o] 
j g - j  

That is, Au and Cu have columns and rank [Au Cu] - - J -  II 

Proof of Theorem 2.4 
Since the system is estimable, then 

r a n k M = g  or rank A1 C - g "  

Let us partition the matrix M in the following manner: 

A1 where A1 - (A2.7) 
M - C 2  ' C1 

and A1 is a (m + 1 - i • g) matrix of rank (g - i). Thus, from the previous theorem, 
there exists a nonsingular matrix F, such that 

A1F=[A1u  0] m + l - i .  (A2.8) 
g - i  i 

Partitioning matrix C2 accordingly, that is, 

C2 = [C21 C22], (A2.9) 
g - i  i 

we have, finally, 

Au 0 1 rank MF = rank C1u 0 . 
C21 C22 

Since MF is of full rank g, there is no dependent column and 

and since 

we have 

(A2.10) 

rank[C21 C22] = i, (A2.12) 

rank Au  
C1u = g - i. (A2.13) 

Also, since each measurement corresponding to Yl was redundant for the original 
system, each row of C~ was linearly dependent on some other rows of [~]. But, 
any row in C1 must be linearly independent of any row in C2; otherwise Y2 would 

A be redundant. Hence, any row in C1 is dependent on the other rows in [cl ]. The 
dependency is unchanged by the transformation F; thus, Yl is also redundant in the 
system [ A~ flY]" 

rank[C22] = i, (A2.11) 
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3 
CLASSIFICATION OF 
THE PROCESS VARIABLES 
FOR CHEMICAL PLANTS 

In this chapter, the mathematical formulation of the variable classification problem is 
stated and some structural properties are discussed in terms of graphical techniques. 
Different strategies are available for carrying out process-variable classification. Both 
graph-oriented approaches and matrix-based techniques are briefly analyzed in the 
context of their usefulness for performing variable categorization. The use of output 
set assignment procedures for variable classification is described and illustrated. 

3. I. INTRODUCTION 

Steady-state process variables are related by mass and energy conservation laws. Al- 
though, for reasons of cost, convenience, or technical feasibility, not every variable is 
measured, some of them can be estimated using other measurements through balance 
calculations. Unmeasured variable estimation depends on the structure of the process 
flowsheet and on the instrument placement. Typically, there is an incomplete set of in- 
struments; thus, unmeasured variables are divided into determinable or estimable and 
indeterminable or inestimable. An unmeasured variable is determinable, or estimable, 
if its value can be calculated using measurements. Measurements are classified into 
redundant and nonredundant. A measurement is redundant if it remains determinable 
when the observation is deleted. 

Because of the complexity of integrated processes and the large volume of avail- 
able data in highly automated plants, classification algorithms are increasingly used 
nowadays. They are applied to the design of monitoring systems and to reduce the 
dimension of the data reconciliation problem. 

25 
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Variable classification is the essential tool for the design or revamp of monitoring 
systems. After fixing the degree of required knowledge of the process, that is to say, 
the subset of variables that must be known, this technique is repeated until the selected 
set of instruments allows us to obtain the desired information about the process. There 
is a great economic incentive for robust classification because a deficient procedure 
will require the installation of extra instrumentation. 

For measurement adjustment, a constrained optimization problem with model 
equations as constraints is resolved at a fixed interval. In this context, variable clas- 
sification is applied to reduce the set of constraints, by eliminating the unmeasured 
variables and the nonredundant measurements. The dimensional reduction of the set 
of constraints allows an easier and quicker mathematical resolution of the problem. 

The idea of process variable classification was presented by Vaclavek (1969) with 
the purpose of reducing the size of the reconciliation problem for linear balances. In a 
later work Vaclavek and Loucka (1976) covered the case of multicomponent balances 
(bilinear systems). 

A similar approach was undertaken by Mah et al. (1976) in their attempt to 
organize the analysis of process data and to systematize the estimation and measure- 
ment correction problem. In this work, a simple graph-theoretic procedure for single 
component flow networks was developed. They then extended their treatment to mul- 
ticomponent flow networks (Kretsovalis and Mah, 1987), and to generalized process 
networks, including bilinear energy balances and chemical reactions (Kretsovalis and 
Mah, 1988a,b). 

Romagnoli and Stephanopoulos (1980) proposed an equation-oriented approach. 
Solvability of the nodal equations was examined and an output set assignment algo- 
rithm (Stadtherr et al., 1974) was employed to simultaneously classify measured and 
unmeasured variables. These ideas were modified to take into account special situa- 
tions and a computer implementation (PLADAT) was done by S~inchez et al. (1992). 

An elegant classification strategy using projection matrices was proposed by 
Crowe et al. (1983) for linear systems and extended later (Crowe, 1986, 1989) to 
bilinear ones. Crowe suggested a useful method for decoupling the measured variables 
from the constraint equations, using a projection matrix to eliminate the unmeasured 
process variables. 

Joris and Kalitventzeff (1987) proposed a classification procedure for nonlinear 
systems, which is based on row and column permutation of the occurrence matrix 
corresponding to the Jacobian matrix of the linearized model. 

Another procedure for variable classification was presented by Madron (1992). 
The categorization is performed by converting the matrix associated with the linear 
or linearized model equations to its canonical form. 

In this chapter the classification of measurements and unmeasured variables 
of chemical processes is discussed. After the statement of the problem, variable 
categorization is posed in terms of a structural analysis of the flowsheet. Then graph- 
and matrix-based strategies are briefly described and discussed. Illustratives examples 
of application are included. 

3.2. MODELING ASPECTS 

Let us consider a process containing K units denoted by k = 1 . . . . .  K, and J 
oriented streams j - 1 . . . . .  J, with C components c - 1 . . . . .  C. Plant topology is 
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represented by the incidence matrix L, with rows corresponding to units and columns 
to streams. Then 

L j k  - -  1 

L j k  - -  - -1  

L j k  - -  0 

if stream j enters node k 
if stream j leaves node k 

otherwise 

The balance constraints for a process unit without chemical reactions and heat transfer 
can be expressed as follows. 

Total mass balances: 

Component mass balances: 

Enthalpy balances: 

Normalization equations: 

Z L j , k f j  --0. (3.1) 
J 

~-~Lj,~fjMc,j = 0 .  (3.2) 
J 

Z Lj,kfjhj - O. (3.3) 
J 

Z fJ Mc,j - f j  -- 0, (3.4) 
c 

where fj is the total flow of stream j, Mc,j is the mass fraction of component c in 
stream j ,  and h j represents the specific enthalpy of stream j .  

In Appendix 3-A the balance equations for the most common chemical process 
units are set out. 

In general, the model of a plant operating under steady-state conditions is made 
up of a system of nonlinear algebraic equations of the form 

qg(X, U) - -  0, (/9 E ~ m ,  (3.5) 

where q9 is a nonlinear vector-valued function, and x and u are the vectors of measured 
and unmeasured process variables, respectively. For linear mass balances, Eq. (3.5) 
becomes 

Alx + Aeu = 0, x E ~)~g, U E ~)~n, (3.6) 

where A1, and A2 are compatible matrices of dimension (m x g) and (m x n), 
respectively. 

If the state of the system is directly measured, then the measurement model is 
represented by 

y -  x + e. (3.7) 

In this case the Jacobian matrix of the measurements functions C is equal to the 
identity matrix, and the vector of random measurement errors is 

e = y -  x. (3.8) 
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It should be noted here that this formulation of the problem is totally equivalent to 
that of previous chapter, since the data reconciliation problem is only a special case 
of the general estimation problem, where we directly measure the process variables. 

3.3. CLASSIFICATION OF PROCESS VARIABLES 

The unmeasured process variables can be classified into determinable and indeter- 
minable (Fig. 1). 

DETERMINABLE 
An unmeasured variable, belonging to the subset u, is determinable if it can be 

evaluated from the available measurements using the balance equations. 

INDETERMINABLE 
An unmeasured variable, belonging to the subset u, is indeterminable if it cannot 

be evaluated from the available measurements using the balance equations. 

Similarly, some of the elements of vector x of measured variables can be classified 
into redundant and non-redundant measured process variables (Fig. 2). 

Determinable 

Unmeasured 
Variables (u) 

Indeterminable 

FIGURE I Classification of the unmeasured process variables. 

Redundant 

Measured 
Variables (x) 

Just Measured 

F I G U R E  2 Classification of the measured process variables. 
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REDUNDANT 
A measured process variable, belonging to subset x, is called redundant (over- 

determined) if it can also be computed from the balance equations and the rest of the 
measured variables. 

NONREDUNDANT 
A measured process variable, belonging to subset x, is called nonredundant Oust- 

measured) if it cannot be computed from the balance equations and the rest of the 
measured variables. 

Based on the preceding formulation, the following problems can be defined: 

1. Classify the unmeasured variables 
2. Define the subset of redundant equations to be used for the adjustment of 

measurements 
3. Classify the measured variables 

In the following sections, the basic tools for the structural evaluation of the 
process equations are briefly discussed. They allow us to systematically analyze the 
topological structure of the balance equations and to solve the three problems defined 
earlier. 

3.4. ANALYSIS OF THE PROCESS TOPOLOGY 

In the previous section we showed that process variables could be divided into vectors 
x and u, corresponding to measured and unmeasured variables, respectively. Accord- 
ingly, linear systems of balance equations can be represented in terms of compatible 
matrices A1 and A2 by Eq. (3.6). 

We use a linear system for simplicity, but it is not restrictive, since A1 and A2 
may arise from the linearization of the nonlinear balances. This suggests a structural 
representation of the system where matrices A1 and A2 consist of some elements that 
are generally nonzero and others that are always zero. 

The system matrices A1 and A2 describe the structural topology of streams and 
units in terms of variables and equations. We can associate a graph with the system, 
which shows the mutual influences of the variables in a more pictorial way. 

DEFINITION 3.1 (SIGNAL FLOW GRAPH) 
Let the nodes of the graph represent process variables and the edges the rela- 

tionships (balance equations) between them. There is a directed edge from node a to 
node i, if a belongs to the interval of i, i.e., if we need a to evaluate i. 

EXAMPLE 3.1 
Let us take the trivial example in Fig. 3 to show the signal flow graph concept. In 

this example, the flowrates of streams 1, 2, and 4 are considered measured. Performing 
a total mass balance around each unit and according to Eq. (3.1) 

f l  + f 2  -- f3  - -  O 

f3-+-f4--fs=O 
fs+fG--fT=O 
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2 4 ~6 
I 

V 

2 . . . .  3 7 

Measured mass flowrate 
. . . . . .  Unmeasured mass flowrate 

FIGURE 3 The flowsheet diagram for a simple serial system (from Romagnoli and Stephanopoulos, 
1980). 

We have three equations, one for each unit. Solving these equations with respect 
to the variables f3, fs, and f6 results in the associated signal flow graph shown in 
Figure 4. 

In the previous chapter we have defined the generic rank as a property of structural 
matrices. Let us now introduce some new concepts in connection with structural 
systems and their associated graphs. 

DEFINITION 3.2 (NONACCESSIBILITY) 
We define a node i to be nonaccessible from node a if there is no possibility of 

reaching node i by starting from node a (which corresponds to a measured variable) 
and going to node i in the direction of the arrows, along a path in the signal graph. 

DEFINITION 3.3 (DETERMINABILITY) 
We define a node i as determinable if any path going to node i always starts in a 

measured node. 

EXAMPLE 3.2 
Consider the system used in Example 3.1. Applying the definition of accessibility: 

�9 Nodes 3, 5, and 6 are accessible 
�9 Node 7 is nonaccessible 

Also, from the concept of determinability: 

�9 Nodes 3 and 5 are determinable 
�9 Nodes 6 and 7 are nondeterminable 

1 

1 FIGURE 4 The signal flow graph for the system in Figure 3 (from Romagnoli and Stephanopoulos, 
1980). 
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Consequently, f3 and f5 are determinable, unmeasured process variables and f6 
and f7 are indeterminable. 

By a natural extension of the concepts developed in the previous chapter (struc- 
tural estimability), if the generic rank of the composite matrix (A1 ; A2) is not less than 
n (n: number of unmeasured variables), then the system does not include structural 
singularities. Furthermore, if all the unmeasured nodes are determinable, then there 
are no isolated variables, which cannot be computed from the balance equations. 

Consequently, the following can be stated. The structural pair (A1;A2) is com- 
pletely solvable with respect to the unmeasured variables, if the following two con- 
ditions are satisfied: 

�9 The generic rank of the composite matrix (A1; A2) is not less than n 
�9 Each of the unmeasured nodes is accessible. 

These two conditions stated for determinability correspond to those for the existence 
of an output set, given by Steward (1962). The first condition warrants that the number 
of equations is at least equal to the number of unmeasured variables, while the second 
condition of accessibility takes into account the existence of a subset of equations 
containing fewer variables than equations. We have shown that if either of the above 
two conditions is not satisfied, the structural pair (A1;A2) admits a decomposition 
analogous to that given in the previous section. Thus the same results are still valid 
when only the structural aspects are considered. A graphical interpretation of these 
two conditions is instructive. 

EXAMPLE 3.3 
Let us consider A1 and A2 for the system of Example 3.1: [ x0j ix000] 

A1 - -  0 0 x , A 2 - -  x x 0 0 . 

0 0 0 0 x x x 

The generic rank of (A1; A2) is 3 and the number of unmeasured process variables 
n = 4, so the system exhibits generic rank deficiency. The signal flow graph is given 
in Fig. 4. 

Let us now consider the case where stream 3 is also measured. For this new 
situation we have 

A1 - -  [ 1 E ] 
x x x 0 0 0 0 
0 0 x x , A 2 - -  x 0 0 . 

0 0 0 0 x x x 

Now, the generic rank of (A1;A2) is equal to the number of unmeasured process 
variable and the system does not exhibit generic rank deficiency. However, from the 
corresponding signal graph of Fig. 5, we can see that node 7 is nonaccessible. 

On the other hand, when stream 6 is considered measured instead of stream 3, 
all of the unmeasured nodes are accessible and the generic rank is equal to 3. 

This example is particularly instructive, especially for the case shown in Fig. 5, 
since in this case we have no generic rank deficiency but one node is nonaccessible. 
In such cases we will have overmeasured process variables. This can be seen from 
Fig. 5, where variable f2 is measured but can also be computed from the balance 
around unit 1. Note that Equation 1 could also be assigned to solve for variables 
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F I G U R E  5 Signal flow graph for Example 3.3 under new measurement structure (from Romagnoli 
and Stephanopoulos, 1980). 

fl or f3. Consequently, in this example the process variables fl ,  f2, and f3 are 
overmeasured or redundant. 

3.5. DIFFERENT APPROACHES FOR SOLVING THE CLASSIFICATION PROBLEM 

During the past three decades, several strategies have been formulated for performing 
process variable classification. These strategies may be divided into two major groups. 
One group applies the concepts of graph theory to achieve the categorization; the other 
makes use of matrix ordering techniques and computations. In this section the main 
features of both approaches are briefly presented and some aspects relating to their 
ranges of application are discussed. 

3.5.1. Graph-Oriented Techniques 
Given the process topology, an unoriented graph is built where nodes correspond to 
units and arcs represent process streams. The process graph contains an environment 
node from which the process receives feeds, and to which it supplies products. 

The main contributions to the development of graph-oriented techniques are due 
to the following authors. 

Vaclavek 
Vaclavek (1969) first defined the concepts of observability and redundancy. He 

formulated two rules for achieving variable categorization for linear plant models: 

1. Aggregate two nodes connected with an unmeasured stream. The resulting 
Reduced Balance Scheme contains only redundant measurements; 

2. Delete all measured streams and search for cycles on the reduced graph. The 
cycles in the resulting graph represent indeterminable flows. 

Vaclavek and Loucka (1976) extended the approach to multicomponent processes 
with the assumption that, for any stream, either all or none of the mass fractions are 



DIFFERENT APPROACHES FOR SOLVING THE CLASSIFICATION PROBLEM 33 

measured. Chemical reactions are taken into account by adding fictitious streams to 
the graph. Splitter units are not considered in his formulation. 

Mah and Co-workers 
These workers have presented a comprehensive theory and algorithms for the 

design of measured and unmeasured variable classification. For single-component 
process networks (mass balances only), Mah et al. (1976) derived a simple classifica- 
tion procedure based on graph theory. In a later work (Kretsovalis and Mah, 1987) they 
described the categorization of variables for multicomponent flow networks without 
assumptions in the location of the sensors. Chemical reactions and splitters were not 
taken into account. Kretsovalis and Mah (1988a,b) extended their treatment to include 
reactors, splitters, and units where pure energy flows take place. The following stream 
variables were accounted for in their analysis: mass flows, mass fractions, component 
and energy flows, and temperatures. The set of measurements is restricted to mass 
flows, mass fractions, and temperatures. It was also assumed that there is a one-to-one 
correspondence between temperature and enthalpy per unit mass. 

The technique requires an extensive analysis of the process graph and its derived 
subgraphs (16 + number of components). They are tested against a set of 19 theorems 
on observability and redundancy. These subgraphs are updated during the execution 
of the procedure. The classification of unmeasured variables is accomplished using 
rules derived only from graph theory and matrix algebra. 

Meyer e t  ai. 

The authors (Meyer et al., 1993) introduced a variant method derived from 
Kretsovalis and Mah (1987) that allows chemical reactions and splitters to be treated. 
It leads to a decrease in the size of the data reconciliation problem as well as a 
partitioning of the equations for unmeasured variable classification. 

3.5.2. Equation-Oriented Approaches 

Given the topology of the process and a measurement set, these strategies generate 
the system of model equations for the plant first. Different kinds of rearrangements 
and calculations, involving matrixes and nonlinear equations, are then performed to 
classify process variables. The main contributions to this line of work are considered 
in the following paragraphs. 

Romagnoli and Stephanopoulos 
Romagnoli and Stephanopoulos (1980) proposed a classification procedure based 

on the application of an output set assignment algorithm to the occurrence submatrix 
of unmeasured variables, associated with linear or nonlinear model equations. An 
assigned unmeasured variable is classified as determinable, after checking that its 
calculation may be possible through the resolution of the corresponding equation or 
subset of equations. 

A set of redundant equations is constructed using unassigned equations without 
indeterminable variables and specific balance equations around disjoint systems of 
units. The measurements involved in this set are classified as redundant. 
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The procedure was originally applied to variable classification for bilinear sys- 
tems of equations. In the case of multicomponent balances, it was considered that the 
composition of a stream is either completely measured, or not measured at all. 

A more detailed description of an update strategy based on the use of output set 
assignments will be presented in the next main section. 

Crowe 
For linear plant models Crowe et al. (1983) used a projection matrix to obtain 

a reduced system of equations that allows the classification of measured variables. 
They identified the unmeasured variables by column reduction of the submatrix cor- 
responding to these variables. 

Crowe (1986) extended this methodology to the classification of variables in- 
volved in bilinear component balances. The model is modified to linear form using a 
knowledge of process topology, instrument locality, and a set of measurements that 
must be consistent with process constraints. Then Crowe (1989) proposed a variable 
classification algorithm based on a set of lemmas. In this formulation, bilinear energy 
balances are included in the model equations, assuming there is a one-to-one corre- 
spondence between temperature and enthalpy per unit mass. The procedure allows the 
inclusion of arbitrary placement of measurements, chemical reactions, flow splitters, 
and pure energy flows. 

The strategies developed by Crowe are described further in the next chapter, 
where other matrix computations for variable classification are analyzed. 

Joris and Kalitventzeff 
The procedure developed by Joris and Kalitventzeff (1987) aims to classify the 

variables and measurements involved in any type of plant model. The system of equa- 
tions that represents plant operation involves state variables (temperature, pressure, 
partial molar flowrates of components, extents of reactions), measurements, and link 
variables (those that relate certain measurements to state variables). This system is 
made up of material and energy balances, liquid-vapor equilibrium relationships, 
pressure equality equations, link equations, etc. 

The classification of unmeasured variables and measurements is accomplished by 
permuting rows and columns of the occurrence matrix corresponding to the Jacobian 
matrix of the model equations. 

In most cases, the structural procedure is able to determine whether the measure- 
ments can be corrected and whether they enable the computation of all of the state 
variables of the process. In some configurations this technique, used alone, fails in the 
detection of indeterminable variables. This situation arises when the Jacobian matrix 
used for the resolution is singular. 

Madron 
The classification procedure developed by Madron is based on the conversion, 

into the canonical form, of the matrix associated with the linear or linearized plant 
model equations. First a composed matrix, involving unmeasured and measured vari- 
ables and a vector of constants, is formed. Then a Gauss-Jordan elimination, used for 
pivoting the columns belonging to the unmeasured quantities, is accomplished. In the 
next phase, the procedure applies the elimination to a resulting submatrix which con- 
tains measured variables. By rearranging the rows and columns of the macro-matrix, 
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the final canonical form is obtained, which allows the classification of both types 
of variables. Initial estimates for all variables should be supplied by the user. This 
strategy is extensively described in the monograph by Madron (1992). 

3.6. USE OF OUTPUT SET ASSIGNMENTS FOR VARIABLE CLASSIFICATION 

Generally, a chemical plant is composed of several units with several streams and com- 
ponents. The set of material and energy balances constitutes a set of linear/nonlinear 
equations, which can be represented by an undirected graph. However, when the num- 
ber of units and streams is large, the graphical representation becomes cumbersome. 
An alternative representation of the topological structure of the balances in a chemical 
process is achieved using the occurrence matrix. 

DEFINITION 3.4 (OCCURRENCE MATRIX) 
The rows of the occurrence matrix correspond to the balance equations and the 

columns to the process variables, both measured and unmeasured. An element of the 
matrix Oij is a Boolean 1 or 0, that is, 

1 if variable j appears in equation i 
Oi j  --- 0 o the rwise  

To classify the variables, one must first establish what information each equation 
is to supply, that is, to obtain an output set assignment for the balance equations. 

DEFINITION 3.5 (OUTPUT SET ASSIGNMENT) 
The output set assignment assigns to any unmeasured process variable one equa- 

tion, or to two or more variables the same number of equations. This is equivalent to 
transforming the original undirected graph to a directed one. 

EXAMPLE 3.4 
Consider again the system used in the previous examples. For fl ,  f2, and f4 

measured, the corresponding occurrence matrix is given in Table 1. The following 
assignments can be done: 

�9 Assign Equation 1 to f3 
�9 Assign Equation 2 to f5 

Equation 3 cannot be assigned, because it contains two unmeasured process 
variables. Since f3 and f5 can be calculated from the available information, they 
are unmeasured but determinable variables. On the other hand, f6 and f7 cannot be 
calculated from the available information; thus, they are indeterminable. 

TABLE I Occurrence Matrix for Example 3.4 

fi ts t6 f~ fi fi f4 

Equation 1 1 
Equation 2 1 1 
Equation 3 1 1 1 

1 1 
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TABLE 2 New Occurrence Matrix for Example 3.4 

fs 1'6 f~ fi fi fi  f4 

Equation 1 1 1 1 
Equation 2 1 1 1 
Equation 3 1 1 1 

Now, let us consider the case where f3 is measured. The corresponding occurrence 
matrix is in Table 2. 

In this case we assign Equation 2 to f5 (determinable), leaving two unassigned 
equations, 1 and 3. Variables f6 and f7 are still not determinable, but now Equation 1 is 
not assigned and contains only measured variables; thus, this is a redundant equation 
and the associated variables are also redundant or overmeasured. 

Finally, let us consider f6 measured instead of f3. The new occurrence matrix 
is in Table 3. Now, we can assign all the equations by assigning Equations 1, 2, and 
3 to f3, fs, and f7, respectively. In this case, all the unmeasured process variables 
are determinable from the available information; however, there are no redundant 
measured variables. 

The output set assignment is not unique; however, this does not affect the result of 
the classification. As Steward (1962) has shown, if there is no structural singularity, the 
determinable unmeasured variables are always assigned independently of the obtained 
output set assignment. The classification of the unmeasured variables allows us to 
define the sequence of calculation for these variables. That is, expressions are obtained 
to solve them as functions of the measurements. The expressions are also used in the 
classification of the measured variables and in the formulation of the reconciliation 
equations. After the reconciliation procedure is applied to the measurements, these 
equations are used to find an estimate of the unmeasured determinable variables in 
terms of the reconciled measurements. 

After the classification of the unmeasured variables is completed, we need to 
classify the measured ones. First, the set of equations is divided into two groups: 

1. Assigned equations 
2. Unassigned equations 

The latter can be further divided into three groups: 

�9 Equations that contain only measured variables (NA1) 

TABLE 3 New Occurrence Matrix for Example 3.4 

fs f~ fl /'6 fi h f4 

Equation 1 1 
Equation 2 1 1 
Equation 3 1 1 

1 1 
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�9 Equations that contain measured and unmeasured determinable variables (NA2) 
�9 Equations that contain unmeasured indeterminable variables (NA3) 

The unmeasured determinable variables in set NA2 are then substituted by their 
corresponding expressions as function of the measured variables and set NA2' is 
obtained. After this is accomplished, sets NA1 and NA2' contain only measured vari- 
ables, which are then redundant. The corresponding equations constitute the set of 
constraints in the reconciliation problem. 

3.6. I. Balances Around a Set of Units 

When the balance equations are formulated around individual units only, it is possible 
that the classification by output set assignment may not be satisfactory. Some variables 
classified as indeterminable may actually be determinable if we consider additional 
balances around groups of units. An erroneous measurement classification is also 
possible. The problem is in the system of equations used in the classification rather 
than in the assignment method. The most common problem arises because of the 
presence of parallel streams between two units. 

In order to analyze the existence of parallel streams, let us consider the case shown 
in Fig. 6 when total mass balances are included in the set of process constraints. The 
flowrate of stream 1 is assumed to be measured. By performing a material balance 
around each unit we have 

f l  + f4 - f2 = o 

f 2 -  f 4 -  f3 = 0 .  

According to the output set assignment approach, flowrates f2, f3, and f4 are indeter- 
minable from this set of equations. However, if one of these equations is substituted 
by a balance around units 1 and 2, the result is different. In this case the set of balances 
is given by 

f l  + f4 - f2 = o 

f l  - f3 = o--> f3.  

Now flowrate f3 is determinable since it can be assigned to one of the equations that 
contains only measured variables. 

A similar situation arises for measurement categorization when fl and f3 are 
measured. Although f2 and f4 constitute an output set assignment for the individual 

FIGURE 6 Flow diagram for parallel streams. 
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13 

12 9 

_ - 1 0  

FIGURE 7 Flow diagram for Example 3.5 (adapted from Kretsovalis and Mah, 1987). 

mass balances, there is a structural singularity in the unmeasured variable occur- 
rence submatrix. Consequently, unmeasured and measured flowrates are classified as 
nondeterminable and nonredundant, respectively. The categorization of observations 
is erroneous since the mass balance around units 1 and 2 contains only measured 
variables, so they are redundant. 

To avoid these situations, we need to check for the presence of parallel streams in 
the flow diagram of the process. When this is the case, one of the individual balances 
is substituted by a combined balance around the units involved. 

EXAMPLE 3.5 
Consider the flow diagram in Fig. 7 (Krestovalis and Mah, 1987), with 6 units 

and 13 streams. All the streams have three components and we have considered 
total and component balances around the units. There is no limit to the number 
of compositions measured in each stream; thus, normalization equations are also 
included in the classification. Additional information regarding the status of each 
variable is given in Table 4. 

First, balances around the individual units were considered, indicated as b2, b3, 
b4, b5, b6, and b7. With this set of equations, only four variables are classified as 
determinable from the unmeasured process variables. They are f2, f4, M1,2, M3,2. It 

TABLE 4 Measured Variables 
for Example 3.5 

Measurement Stream 

Flowrate ( f  j ) 1 3 5 6 7 9 
Molar fraction 1 (MI,j) 1 3 6 9 12 
Molar fraction 2 (M2,j) 2 6 7 9 12 
Molar fraction 3 (Ma,j) 4 6 8 9 10 12 
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TABLE 5 Unmeasured Variable Classification for Example 3.5 

Classification Flowrates Molar fractions 

Determinable f2 f4 f8 flo fll 

Nondeterminable f12 fl3 

M1,2 M1,7 M2,3 M3,2 M3,3 M3,7 M2,1 M3,1 
M3,5 M3,11 

M1,4 M2,4 MI,5 M2,5 MI,8 M2,8 MI,lO M2,10 
MI,ll M2,11 Ml,13 M2,13 M3,13 

is evident that the presence of parallel streams and the use of balances for individual 
units does not allow a correct classification. 

However, analyzing the flow diagram we can see that units 3 and 4 are connected 
by parallel streams; thus, the balance around unit 4 (b4) is substituted by a balance 
around unit 3 and 4 (b(3 + 4)). The new balances are now 

b2, b3, b(3 + 4), b5, b6, b7. 

In the same way b7 is substituted by b(6 § 7), leaving 

b2, b3, b(3 § 4), b5, b6, b(6 § 7). 

By obtaining the output set assignment on the previous set of balances we can classify 
the unmeasured process variables as determinable or nondeterminable. The results 
are given in Table 5; this classification is coincident with those from other works cited 
in the literature. 

3.7. THE SOLUTION OF SPECIAL PROBLEMS 

Once the process variables have been classified, a great deal of information about the 
process topology is also available. The question now is how to use the classification 
and this information to attack other problems. In a real process we will have different 
kind of problems to solve and the goals will vary from one process to another. Among 
the possible situations that may be encountered are the following: 

1. Using a classification algorithm we can determine the measured variables 
that are overmeasured, that is, the measurements that may also be obtained from 
mathematical relationships using other measured variables. In certain cases we are not 
interested in all of them, but rather in some that for some reason (control, optimization, 
reliability) are required to be known with good accuracy. On the other hand, there 
are unmeasured variables that are also required and whose intervals are composed of 
over measured parameters. Then we can state the following problem: Select the set of  
measured variables that are to be corrected in order to improve the accuracy of  the 
required measured and unmeasured process variables. 

2. Consider a system that after the classification has all the unmeasured variables 
determinable. Suppose also that the system under study has some overmeasured 
variables. Then we want to select which of the overmeasured variables need not 
be measured, while preserving the condition of determinability for the unmeasured 
variables. That is, we want to minimize the number of measurements in such a way 
that all the unmeasured variables are determinable. This problem can be stated as 
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follows: Select the minimum number of measurements so that all the unmeasured 
variables are determinable. 

3. In some cases, we do not want all the variables to be determinable: only those 
that are required. Consequently, we must identify which of the measurable variables 
have to be measured. Let p be the set of variables that for various reasons should 
be known correctly; p may be composed of measured and unmeasured variables. 
Sometimes we are not interested in the whole system being determinable, so we 
want to select which of the process variables have to be measured to have complete 
determinability of the variables in set p. This problem can be stated as follows: Select 
the necessary measurements for the subset of required variables to be determinable. 

3.8. A COMPLETE CLASSIFICATION EXAMPLE 

In this section an example, taken from Kretsovalis and Mah (1988b), is given to 
illustrate how the output set assignment strategy combined with the use of symbolic 
mathematics can be successfully used to classify measured and unmeasured variables. 
The process flowsheet for this example (Example 3.6) is given in Fig. 8. There are 
five components involved in the process streams. The sixth component corresponds 
to the refrigerant fluid (streams 10 and 11). Component 5 is not present in stream 1. 
The process units are a mixer (MX), a reactor (RX) where two exothermic reactions 
take place, a divisor (DIV), a separator (SEP), and three heat exchangers (HX1, 
HX2, and HX3). The following two reactions can be formulated using the available 
information: 

React ion  1" s~ Cl "[- S1 C3 ~ S1 C4 -'[- S 1 C5 

Reaction 2" s2cl + s2c5 --+ s2c2 + s2c3 

It is assumed that enthalpy is a function of temperature only. Measurements for 
this process are included in Table 6. 

In order to classify measurements and unmeasured variables for the process 
flowsheet in Fig. 8, the following tasks are performed: 

1. Analysis of the process flowsheet to identify the presence of parallel streams. 
2. Formulation of balances and normalization equations for each type of unit 

SEP 

M x  i 

" ~ 7 

~ F | G U R E  8 Process flowsheet for Example 3.6 (adapted from Kretsovalis and Mah, 1988b). 
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TABLE 6 Measurements for Example 3.6 

Measurement Stream Measurement Stream 

Total flowrate 1 2 4 8 10 Mass fraction 4 2 4 8 9 
Mass fraction 1 1 7 Mass fraction 5 3 5 8 9 
Mass fraction 2 1 3 5 7 9 Temperature 1 4 6 7 8 9 10 
Mass fraction 3 7 8  

TABLE 7 Measured Variable Classification for Example 3.6 ~ 

Streams 

Mass Mass Mass Mass Mass 
Category Flowrate fraction I fraction 2 fraction 3 fraction 4 fraction 5 Temperature 

R 1 2 4 8  7 1 3 5 7 9  7 8  2 4 8 9  3 5 8 9  1 4 6 7  
NR 10 1 __ __ m 8 9 1 0  

a R, redundant measurement;  NR, nonredundant measurement.  

or for clusters of units. The set of equations used for classification is presented in 
Appendix 3-B. 

3. Application of output set assignment algorithms to classify the unmeasured 
variables. For the process under study, the type and placement of instruments is such 
that all unmeasured variables are determinable. 

4. Formulation of expressions for the unmeasured variables in terms of the mea- 
sured ones (see Appendix 3-B), using the sequence of calculations that is obtained as 
a by-product of the assignment procedure. 

5. Categorization of nonassigned equations into types NA1, NA2, and NA3. 
6. Substitution of the determinable unmeasured variables in NA2 by the corre- 

sponding expressions in terms of measurements to obtain the set NA2'. 
7. Classification of the measured variables included in NA1 and NA2' as redun- 

dant. The other measurements are categorised as nonredundant. Measured variable 
classification results for this example are in Table 7. 

8. Analysis of the set of equations (NA1 + NA2') to eliminate dependencies. 

3.9. FORMULATION OF A REDUCED RECONCILIATION PROBLEM 

Let us consider the system of linear balance equations described by Eq. (3.8). In 
the presence of measurement errors the balance equations are not satisfied exactly, 
and any general data reconciliation procedure must solve the following least squares 
problem" 

Minimize ( y -  x)TW(y -- x) 

s.t. Alx + A2u - 0, 
(3.9) 

where W is a weighting matrix. 
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In the previous sections the structural topology of the balance equations was 
exploited to classify the operational variables into four categories. Accordingly, we 
can define 

xl: set of over measured (redundant) variables 
x2: set of just determined measurements 
ul: set of unmeasured determinable variables 
u2: set of unmeasured indeterminable variables 

In the same way, the system matrices A1 and A2 are also partitioned into the 
following matrices: All and A12 from A1, and A21 and A22 from A2. Following this 
partitioning, the balance equations can now be written 

A11x1 + A12x2 + A21u1 + A22u2 = 0. (3.10) 

If A22 -7(= 0, the system possesses unmeasured variables that cannot be determined from 
the available information (measurements and equations). In such cases the system is 
indeterminable and additional information is needed. This can be provided by addi- 
tional balances that may be overlooked, or by making additional measurements (plac- 
ing a measurement device to an unmeasured process variable). Also, from the classifi- 
cation strategy we can identify those equations that contain only measured variables, 
i.e., the redundant equations. Thus, we can define the reduced subsystem of equations 

A01Xl = 0, (3.11) 

where A01 is the corresponding system matrix of the redundant subsystem and Xl be- 
longs to the subset of overmeasured process variables. Similar arguments can be ex- 
tended to nonlinear systems, which arise from component and energy balances, since 
the classification algorithm depends on the structural characteristics of the balances. 

The constrained least squares problem for the overall plant can now be replaced 
by the equivalent two-problem formulation. 

PROBLEM 1 
Least squares estimation of redundant measurements: 

Minimize (Yl - x1)TW(yl -- Xl) (3.12) 
s.t. A01x1 = 0 

The solution of this problem is given by 

X1 -- Yl -- W - 1 A ~ I  (A01W - 1 A ~ I ) - I  A01Yl 

and is discussed in Chapter 5. 

PROBLEM 2 
Calculate Ul using our knowledge of Yl, Y2, and the balance equations. 

(3.13) 

3. I0. CONCLUSIONS 

This chapter has shown that the analysis of the topological structure of the balance 
equations allows classification of the measured and unmeasured process variables, 
finally leading to system decomposition. 

Various strategies are available for performing process variable classification. 
These have been briefly presented. Their application for different types of plant model 
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(linear, bilinear, nonlinear) and the sets of process variables concerned with them are 
also discussed. 

Furthermore, a variable classification strategy based on an output set assign- 
ment algorithm and the symbolic manipulation of process constraints is discussed. 
It manages any set of unmeasured variables and measurements, such as flowrates, 
compositions, temperatures, pure energy flows, specific enthalpies, and extents of 
reaction. Although it behaves successfully for any relationship between variables, it 
is well suited to nonlinear systems, which are the most common in process industries. 

NOTATION 

a 

A1 
A2 
A01 
c 

C 
fj 
g 
hj 
i 

J 
J 
k 
K 
L 
m 

Mc,j 
H 

NA1 
NA2 
NA3 
0 

P 
s 

U 

Ul 

U2 

W 
X 

Xl 

x2 

Y 

graph node index 
submatrix corresponding to measured variables for linear model equations 
submatrix corresponding to unmeasured variables for linear model equations 
redundant subsystem of equations 
index of components 
number of components 
total mass flowrate of stream j 
number of measured variables 
specific enthalpy of stream j 
graph node index 
index of streams 
number of streams 
index of units 
number of units 
incidence matrix 
number of process model functions 
mass fraction of component c in stream j 
number of unmeasured variables 
nonassigned equations with only measured variables 
nonassigned equations with measured and unmeasured determinable variables 
nonassigned equations with unmeasured nondeterminable variables 
occurrence matrix 
vector of required process variables 
vector of stoichiometric coefficient for c in reaction r 
vector of unmeasured variables 
vector of unmeasured determinable variables 
vector of unmeasured indeterminable variables 
weighting matrix 
vector of measured variables 
vector of overmeasured (redundant) variables 
vector of just-determined measurements 
measurement vector 

Greek Symbols 

e measurement random errors 
~0 process model functions 

Superscripts 

estimated value 
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APPENDIX A: BALANCE EQUATIONS FOR COMMON CHEMICAL PROCESS UNITS 

General Unit 
This is equipment where chemical reactions and heat or work transfer do not take 
place. 

Total  mass  ba lance:  

C o m p o n e n t  mass  ba lance:  

E n e r g y  balance:  

Z L j k f j  - - 0 .  (A3.1)  

J 

Z Lj,k f j  Mc, j -- O. (A3.2)  
J 

Z L j k f j h j  = 0 .  (A3.3)  

J 
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Normalization equations: 

Z fJ Mc,j - f j  = O, (A3.4) 
C 

where f j  is the total flow of stream j, Mc, j is the mass fraction of component 
c in stream j ,  and h j represents the specific enthalpy of stream j .  

Heat Exchanger 
This is equipment where heat transfer through a solid wall without chemical reactions 
takes place. The heat transfer between two fluids without phase change is considered 
as an example. 

The unit is divided in two pseudounits, each one corresponding to a different 
fluid. Pseudounits are interconnected by a pure energy flow that represents the heat 
transfer between them (see Fig. A.1). The balance equations for each pseudounit k' 
can be stated as follows: 

Total mass balance: 

~2~ Lj~:, f j  = O. (A3.5) 
J 

Component mass balance" 

Energy balance: 

Z Ljk, fj M~,j -- O. (A3.6) 
J 

Z Ljk, fjhj + q~:, - O, (A3.7) 
J 

where qk' is the vector of pure energy flows for unit k'. 

Reactor 
This is a unit where chemical reactions, and possibly heat transfer with the environ- 
ment, take place. 

I- 

. . . _  
y 

F I G U R E  A .  I Scheme of pseudounits for a heat exchanger. 

k t 

I 
k" ]--~ 
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Total mass balance: 

 Lj :j - 0  
J 

Component mass balance: 

Z L j , k f j M c , j ' J l - Z S k , r c Y k r  - - 0 .  
j r 

Energy balance: 

(A3.8) 

(A3.9) 

Z Z j k f j h j  -Jr Z Xk,r + qk --  O, (A3.10) 
j r 

where Sk,rc is the coefficient of the stoichiometric matrix for component c of 
reaction r of unit k (Crowe et al., 1983) times the corresponding molecular 
weight; Yk,r is the extent of reaction r of unit k (moles/time); and )fk, r is the 
total heat involved in reaction r of unit k. 

Stream Divisor 
An input stream is divided into two or more output streams in this equipment. All 
streams related with the divisor have the same intensive properties (composition, 
temperature, pressure). For the case of one input stream (j 1) and two output stream 
(j2, j3), the balance equations are as follows: 

Total mass balance: 

Intensive equality constraints: 

f jl  -- f j2 - f j3 = O. (A3.11) 

Mc,jl - Mc,j2 = O. 

Mc,jl - Mc,j3 -= 0 

tjl - t j 2  = 0  

t j l  - tj3 = 0 

Pjl  -- P j2 = 0 

Pjl  -- Pj3 = 0 .  

It is necessary to include the normalization equation of only one stream because 
of composition equalities. 

(A3.12) 

(A3.13) 
(A3.14) 
(A3.15) 
(A3.16) 
(A3.17) 

Pump, Compressor, Turbine 
Work transfer to a process fluid is accomplished in these types of equipment. Their 
balance equations are as follows: 

Total mass balance: 

Z L j k f j  = 0. (A3.18) 
J 
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Component mass balance: 

Energy balance: 

Z L j~ f jMc , j  = 0. (A3.19) 
J 

Z L j k f j h j  + e~ - O, (A3.20) 
J 

where e~' is the vector of energy flows, as work, that are exchanged in unit k. 

APPENDIX B: ADDITIONAL INFORMATION FOR EXAMPLE 3.6 

Process Model Equations 

Normalization Equations 

Ml,1 + M2,1 § M3,1 § M4,1 - 1 = 0 
M1,2 § M2,2 +/I//3,2 § M4,2 + M5,2 - 1 = 0 
M1,3 § M2,3 § M3,3 § M4,3 § - 1 = 0 
M1,4 § M2,4 § M3,4 § M4,4 § M 5 , 4 -  1 = 0 
M1,7 § M2,7 § M3,7 § M4,7 § M5,7 - 1 = 0 
M1,8 + M2,8 § ]1//3,8 + M4,8 § - 1 = 0 
M1,9 § M2,9 § M3,9 § M4,9 § M5,9 - 1 = 0 

A-19 =~ M3,~ 
NA2 
NA2 
NA2 
NA2 
NA2 
NA2 

Equality of Intensive Variables for the Divisor 

h4 - h5 = 0 A-1 =r h5 
h4 - h6 = 0 NA1 

M1,4 - M1,5 = 0 A-35 =:> M1,5 
M 2 , 4 -  M2,5 - - 0  A-2 =~ M2,4 
M3,4 - M3,5 - 0 A-36 =:~ M3,5 
M4,4 - M4,5 = 0 A-3 :=~ M4,5 
M5,4-/145,5 = 0 A-4  =:~ M5,4 
M1,4 - M1,6 -- 0 A - 3 7  ~ M1,6 
M2,4 - M2,6 = 0 A-20 :=~ M2,6 
M3,4 - M3,6 - 0 A-38 =:~/143,6 
M4,4 - M4,6 -" 0 A - 5  ==~ M4,6 
M5,4 - M5,6 = 0 A-6 :=~ 1145,6 

Total Mass Balance Equations 

f l  + f 8 -  f2 = 0  NA1 
f 2 -  f3 - - 0  A - 7 : : ,  f3 
f3 - f4 = 0 NA2 

fa - f5 - f6 = 0 A-30 ==~ f5 

f 6 -  f v -  f 9 = O  a-27=~ f6, f9 
f 7 - / 8  = 0  a - 8 = , f 7  
flo - f l l  -- 0 A-9 :=~ f l l  
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Component and Energy Balance Equations 

flM1,1 + f8 M1,8 - f2M1,2 = 0 
flM2,1 + f 8 M 2 , 8 -  f2M2,2 = 0 
f i g 3 , 1  + f 8 M 3 , 8 -  f2M3,2 = 0 
f~M4,1 + f 8 M 4 , 8 -  fzM4,:  = 0 

f8Ms,8 - fzMs,2 = 0 
f l h l  + f8h8 - fzh2 = 0 

f2M1,2 + v~ PM1y1 + v 2 p M 1 Y 2  - f3M1,3 = 0 

fzM2,2 + v 2 p M z y 2 -  f3Me,3 = 0 
f2M3,2 + v~eM3Y1 + v 2 p M 3 Y 2 -  f3M3,3 = 0 

f2M4,2 + v4 ~ i'M4• - f3M4,3 - 0 

fzMs,2 + vl  p M 5 Y 1  n t- v ~ P M s Y 2  - f3M5,3 - - 0  

f2h2 + Xlr Y1 + X2r n - f3h3 - - 0  

f3M1,3 - f4M1,4 = 0 
f3M2,3 - f4M2,4 = 0 
f3M3,3 - fnM3,4 = 0 

f3M4,3 - f4M4,4 = 0 

f3Ms,3 - fnMs,4 = 0 

f 3h3  -- q16 -- f 4h4  = 0 

f 6 M 1 , 6 -  f T M 1 , 7 -  fgM1,9 = 0 
f 6 M 2 , 6 -  f7M2,7 - f9M2,9 - - 0  
f 6 M 3 , 6 -  f T M 3 , 7 -  fgM3,9 = 0 

f 6 M 4 , 6 -  f T M 4 , 7 -  fgM4,9 = 0 

f 6 M s , 6 -  f T M s , 7 -  fgMs,9 = 0 

f 6h6  - q17 - f7h7  - f 9h9  = 0 

f7 M1,7 - f7 M1,8 = 0 
f7M2,7 - f7M2,8 = 0 
f7M3,7 -- f7M3,8 -- 0 
f y g 4 , 7  - f T g 4 , 8  = 0 
f7Ms ,7  - f T g s , 8  = 0 

f 7h7  + q16 - f 8h8  = 0 

f loh lo  + q17 - f l l h l l  -" 0 

A-21 ==~ MI,e 
A-22 ==~ M2,2 
A-23 ==~ M3,2 
A-IO =~ g4,1 
A-11 ~ M5,2 
A-12 =~ h2 

A-31 ==~ M1,3 

A-24 ~ y2 

A-32 =~ M3,3 
A-25 =~ ?'1 

NA2 

NA2 

A-33 :=~ M1,4 
NA2 

A-34 =~ /143,4 
A-13 :=~ M4,3 
NA2 

A-26 =~ h3 

A-39 ~ M1,9 
NA2 

A-40 =~ M3,9 
A-27=~ f6, f9 
NA2 

A-28 :=~ q17 
A-14 =~ M1,8 
A-15 =~ M2,8 
NA2 

A-16 =~ M4,7 
A-17 =~ /1//5, 7 
A-18 :=~ q16 
A-29 =~ hal 

A-X 

NA1 =, 
NA2 :=~ 

J Assigned equation for the estimation of unmeasured variable J; it belongs to the output 
set assignment obtained in order X 
Nonassigned equation of type 1 
Nonassigned equation of type 2 

r __ mac where r = 1, 2; c = 1 . . . .  5; V c -  srR R = reference component 

Determinable Variables Expressed as Functions of Measurements 

1. h5 -- h4 
2. M2, 4 -- M2,5 
3. M4,5 = M4,4 
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4. M5, 4 --- M5, 5 
5. M4,6 "- M4,4 
6. M5,6 -- M5, 5 
7. f3 = f2 
8. f7 = f8 
9. f l l  = flo 

[ f 2 M 4 , 2 -  f8M4,8] 
10. M 4 , 1 - -  

fl 
fsMs,8 

11. /145,2= 
f2 

f lh l  + f8h8 
12. h2 = 

f2 
f4M4,4 

13. M4,3 = 
f2 

14. M1,8 = M1,7 
15. M2,8 -- M2,7 
16. M4,7 = M4,8 
17. M5,7 = M5,8 
18. q16 = f8h8 - f8h7 

19. M3,1 = 1 - M1,1 - M2,1 - 

20. m2, 6 = m2, 5 
[ f l  MI,1 -t- f8M1,7] 

21. Ml,2 -- 
f2 

[ f 2 M 4 , 2 -  f8M4,8] 

fl 

22. M2,2 = 
[ f l  M2,1 "-t'- f8M2,71 

f2 

23. m3, 2 -- 
f l  -- f l M l , 1  - r iM2,1 - f2M4,2 + f8M4,8 --I- f8M3,8 

f2 

24. y2 = 
f2M2,3 - flM2,1- f8M2,7 

v 2 P M2 

25. gl = 
f 4 M 4 , 4 -  f2M4,2 

26. h3 = 
f4h4 "+- f g h 8 -  f8h7 

f2 
(M4,8 - M4,4) (M4,8 - M4,4) 1 

27. f 9 -  f8 ( M 4 , 4 -  M4,9)' f 6 -  f8 1 + ( M 4 , 4 -  M4,9) J 
f8(M4,8 - M4,4)(h6 - h9) 

28. q17 -- f8(h6 - h7) n t- - f8h7 
(M4,4 - M4,9) 

29. hll  - [flohlo + fs(h6 - h7) -+- f8(M4,8 - M4,4)(h6 - h9) 
k (M4,4 - M4,9) 

(M4,8 - M4,4) 
30. f5 -- f4 - f8 1 + (M4,4 - M4,9) 
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V~ PMI(f4M4,4 - f2M4,2) 
31. M1,3 "- f lMl,1 + f8M1,7 + v l p M  4 

+ v 2 p M I ( f 2 M 2 , 3 - f I M 2 , 1 - f 8 M 2 , 7 ) J / f 2  
v2pM2 

M3,3 = If~ - f~M~,~ - flM2,~ - fzM4,2 + f8M4,8 + f8M3,8 32. 

v~ PM3(f4M4,4 - F2M4,2) + 
v~PM4 

+ 
v2pM2 ] /  

M1,4 = /flml,1 + f sml  7 -11- 
v~ P ml ( f  4M4,4 f2M4,2) 33. 

' v IPM 4 

.4C. u 2 e M l ( f 2 M 2 , 3 -  flM2,1 - f 8 M 2 , 7 ) ] / f 4  
~PM2 

M3,4 -- I f l  - f lMl,1 - flM2,1 - f2M4,2 n t- fsM4,8 -k- fsM3,8 

g,.  

34. 

v~ PM3(f4M4,4 - f2M4,2) + 
~PM4 

v2pM3(f2M2,3 - flM2,1 - f8M2,7)] / f4 + 
v~PM2 J~ 

M1,5 = ]flMl,1 + f8M1 7 + 
PMI(f4M4,4 f2M4,2) 35. 

' vlpM4 

~PM~ 

36. M3,5 = / f l  - f lMl,1 - flM2,1 - f2M4,2 + fsM4,8 -l- fsM3,8 

v~ PM3(f4M4,4 - F2M4,2) + 
,IPM4 

+ v2pMa(f2M2'3-v~PM2flM2'I - fsM2,7)] / f4 

37. M1 6 - [flMl,1 -]- fsM1,7 + v~ PMI(f4M4,4 - f2M4,2) 
' L v~PM4 

+ v21PMl(f2M2,3- flM2,1- f8M2,7)- /f4 
v2pM2 / 

38. M3,6 = If~ - f~Ml,~ - f~M2,~ - fzM4,2 + f8M4,8 + f8M3,8 
I n  

v~ PM3(faM4,4 - f2M4,2) 
+ vl4PM4 

+ v 2 p M 3 ( f 2 M 2 , 3 - f l M 2 , 1 - f s M 2 , 7 ) I / f 4  
v2pM2 
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39. M1,9--  

I IflMl,1 + fsM1 7 + vlPMl(f4m4'4-f2m4'2) 
[ (M4,8 - M4,4) ] ' ' vIPM4 
1 + (M4,4 - M4,9) ~44 v2pMI(f2M2,3 - flM2,1 - f8M2,7) 

+ v 2 PM2 
(M4,8 - M4,4) 
(M4,4 - M4,9) 

1 -- M1,7 

40. m 3 ,  9 = 

[ 1 
l-}-(M4,4-M4,9) -~4 v~PM3(f4M4,4- fzM4,2) v~PMa(f2M2,3- flM2,a- f8M2,7) 

+ vlpM4 + v22PM2 
(M4,8 - M4,4) 
(M4,4 - M4,9) 

Reconciliation Equations 
1. f l  + f s  --  f 2  = O 

2. f 2 - - f 4 - - O  
3. h4 -- h6 -- 0 
4. M3,7 - M3,8 = 0 
5. f2M2,3 - f4M2,5 -- 0 
6. f2M5,3 - f4M5,5 = 0  

7. [ 1 +  

8. [1+ 

(M4,8 M4,4)| ] M2 5 -- M2 7 - (M4,8 M4,4) 
(M4,4 - M4,9) J ' ' ( M 4 , 4 -  M4,9) 

(M4,8 M4,4)] M5,5 - M5 7 - (M4,8 M4,4) 
(M4,4 -- M4,9) J ' (M4,4 - M4,9) 

M2,9 = 0 

M5,9 = 0 

V~ PM5[f4M4, 4 - f2M4,2] 9. f8Ms,8 + v lpM4 

v~PMs[f2M2,3 - AM2,~ - f8M2,7] 
+ v2pM 2 -- f2M5, 3 -- 0 

[v~PM1 v leM3J[ f4M4,4_  f2M4,2 ] 10. f8(M1,7 + M4,8 + M3,8 )+  vlpM4 + v 1PM4 

[ + v2eM1 + [f2M2, Z1M2 1 f8M2 7] 
v 2 p M 2  v ~ P M 2  3 - , - , 

+ f i  - flM2,1 + f4M4,4 + f2(M2,3 + M5,3 - M4,2 - 1) = 0 

11. f4(M2,5 + M4,4 +/145,5 - 1) + f l (1  - M2,1) + f8(M1,7 + M4,8 +/143,8) 

+ I)IpM4I)~ PM 1 Jr- vlpM4IY~ PM 3 [f4M4,4 - f2M4,2] -t- v2pM 2 v--~2PM 2 

X [F2M2,3 - F1M2,1 - FaM2,7] - F2M4,2 = 0 

12. M1,7 + M2,7 -+- M3,7 -+- M4,8 -+- M5,8 - 1 = 0 
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13. [1 + 
1E 

(M4,4 M4,9) ~ f8(M1 7 + M4,8 + M3 8)+  v~ PM1 _ , , v l pM4  
-t- v~PM3] 

v lpM4  

F 1) 2 P M1 
X [f4M4,4 - f2M4 21 + | 

' L v2pM2 
v2pM3] [f2M2 3 --  fire2,1 -- fsm2,7] 

+ v~PM2 

+f l (1  - m2,1) - f2m4,2] - M1,7 - M3,7 + 
(M4,8 - M4,4) 
(M4,4-  M4,9) 

x [m2, 9 --1- M4,9 n t- M5,9 -- 1] -- 0 

f4M4,4 - f2 M4,21 
14. f l  hi - f4h4 n t- f8h7 + X 1 v ] P M4 

f2M2,3 - flM2,1 --  f 8 M 2 , 7 ]  _ 0 
+ X2r v2pM2 



,4 
DECOMPOSITION USING 
ORTHOGONAL TRANSFORMATIONS 

This chapter is devoted to the analysis of variable classification and the decomposition 
of the data reconciliation problem for linear and bilinear plant models, using the 
so-called matrix projection approach. The use of orthogonal factorizations, more 
precisely the Q-R factorization, to solve the aforementioned problems is discussed 
and its range of application is determined. Several illustrative examples are included 
to show the applicability of such techniques in practical applications. 

4. I. INTRODUCTION 

Crowe et al. (1983) proposed an elegant strategy for decoupling measured variables 
from the linear constraint equations. This procedure allows both the reduction of the 
data reconciliation problem and the classification of process variables. It is based on 
the use of a projection matrix to eliminate unmeasured variables. Crowe later extended 
this methodology (Crowe, 1986, 1989) to bilinear systems. 

An equivalent decomposition can be performed using the Q-R orthogonal trans- 
formation (S~inchez and Romagnoli, 1996). Orthogonal factorizations were first used 
by Swartz (1989), in the context of successive linearization techniques, to eliminate 
the unmeasured variables from the constraint equations. 

In this chapter the use of Q-R factorizations with the purpose of system decompo- 
sition and instrumentation analysis, for linear and bilinear plant models, is thoroughly 
investigated. Simple expressions are provided using subproducts of Q-R factorizations 
for application in data reconciliation. Furthermore, the use of factorization procedures 

53 
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when energy balances are included in the set of process constraints is discussed, in 
order to establish the limitations of this technique. 

4.2. LINEAR MASS BALANCES 

4.2. I. Crowe's Projection Matrix Approach 
A method for decomposing the unmeasured process variables from the measured ones 
was proposed by Crowe et al. (1983) for linear constraints. This strategy is based on 
the use of a projection matrix. 

Let us represent the operation of a process under steady-state conditions by the 
following set of linear equations: 

AIX + A2u = 0, x E ~g; u E ~)~n, (4.1) 

where x is the (g x 1) vector of measured variables and u is the (n x 1) vector of 
unmeasured variables. A1 and Ae are compatible matrices of dimension (m x g) and 
(m x n), respectively. 

A projection matrix P was defined by Crowe, such that premultiplying the 
Jacobian matrix A2 with P yields 

PA2 = 0. (4.2) 

The columns of P span the null space of A2, and thus the unmeasured variables are 
eliminated. 

In order to obtain the projection matrix P, Crowe proposed the following proce- 
dure: 

1. Column reduce A2 to obtain a matrix X with linearly independent columns 

A2A3 = [X 0], (4.3) 

where A3 represents the nonsingular matrix that performs the necessary operations 
on the columns of A2. 

2. Partition X such that 

A4A A3 = EX: :1  44, 
with X l square and nonsingular. Then P is calculated by the following expression: 

P = [ - X 2 X l  1 

The reduced problem is now formulated as 

Gx = 0, 

where 

I]A4. (4.5) 

(4.6) 

G = PAl. (4.7) 

Data reconciliation can now be performed on the reduced subsystem containing 
only measured variables. We can now state the general problem as the equivalent 
two-problem formulation discussed in the previous chapter. 
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4.2.2. The Q-R Approach 
An alternative decomposition can be performed using a Q-R factorization of matrix 
A2 to decouple the unmeasured variables from the measured ones (S~inchez and 
Romagnoli, 1996). Let us state the following theorem (Dahlquist and Bjork, 1974). 

THEOREM 4.1 (Q-R THEOREM) 
Let A be a given (m • n) matrix with m > n and n linearly independent columns. 

Then there exists a unique (m • m) Q, 

QTQ _ Di, D i - -  diag(dl . . . .  , d~); d~ > 0, k - 1 . . . . .  n (4.8) 

and a unique (m • n) upper-triangular matrix R, with Rk~ -- 1, k - 1 . . . . .  n, such 

that 

A - Q R .  (4 .9)  

Now, if A is rank deficient and A = Q R  is the Q-R factorization of A, then 
at least one diagonal entry in R is zero. Let us examine why the Q-R factorization 
approach can fail in the case when R(A) = rank(A) = r < n. 

The mission of any orthogonalization method is to compute the orthonormal 
basis for R(A). Indeed, if R(A) = R(Q1), where Q1 = [ql . . . . .  qr] has orthonormal 
columns, then A = Q1S for some S 6 ~)]rxn. 

Unfortunately, if rank(A) < n, then the Q-R factorization does not necessarily 
produce an orthonormal basis for R(A). However, the Q-R decomposition can be 
modified in a simple way so as to produce an orthonormal basis for A's range. The 
modified algorithm computes the factorization 

R 21 

where r = rank(A), Q is orthogonal, 1111 is upper triangular, and rI is a permutation. 
If A l l  = [ac~ . . . . .  ac~] and Q = [ql . . . . .  qm], then for k = 1 . . . . .  n, we have 

min{r,k} 
ack = ~ rikqi C span{q1 . . . . .  qr}. (4.11) 

i=1 
Also, it follows that for any vector satisfying Ax = b, 

IITx= [:] and QTb-[:1 '  (4.12) 

where s and i are vectors of dimension r, z is an (n - r)-dimensional vector, and I is 
a vector of dimension (m - r). 

Returning to our reconciliation problem, the Q-R decomposition of matrix A2 
allows us to obtain Qu and Ru matrices and the permutation matrix IIu, such that 

A2IIu - QuRu, (4.13) 

where Qu and Ru can be divided into 

E o, .u l . u  " 21 (4.14) 
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with ru = rank(A2) = rank(Rul). Notice that Qu is an orthogonal matrix and Rul is 
a nonsingular upper triangular matrix of dimension ru. 

In the same way the unmeasured process variables can be partitioned into two 
subsets, 

T rural I luu - -  ( 4 . 1 5 )  
LUn-r~J 

Now, premultiplying the linearized constraints by QT _ Qu 1 ' we obtain 

r  oulA1 .u, i x 1 
T 0 0 Uru - 0 .  (4.16) 

LQu2 A1 LUn_ruJ 

The first ru equations for Ur~ can be written in terms of the other variables" 

Uru - -  -RullQT1A1 x - RulRu2un-ru �9 (4.17) 

Since the unmeasured variables do not appear in the remaining equations, the first 
reduced subproblem becomes the following problem. 

PROBLEM 1 
Solve 

min (y - x )  T kI/x 1 (y __ X) 
x (4.18) 

s.t. Gxx = 0, 

where 

G x  T -- Qu2A1. 

PROBLEM 2 
Estimate the unmeasured variables, u, by solving Eq. (4.17) where the compo- 

nents U n - r u  w e r e  arbitrarily set. The uniqueness of u is related to the system estima- 
bility and will be discussed later. 

The following illustrative examples will allow us to understand the implications 
of the previous results on the reconciliation problem. 

EXAMPLE 4.1 
Consider the simple serial system of Fig. 1. A total mass balance around each 

unit is considered. 
The matrices A1 and A2 for this example are given by 

[i o] [O A1 - 0 1 0 0 , A2 -- 
0 0 1 - 1  

Performing the Q-R decomposition on A2, we have 

[-0.7071 -0.4082 0.57743 [1.4142 
Q u =  [0.7071 -0.4082 0.57741, R u =  [ 0 

0.8165 0.57741 0 

Now matrix Qu T in the previous development is given by 

0] 
m l  . 

1 

-0.7071] 
1.2247 . 

0 

QuT -- [0.5754 0.5754 0.5754]. 



UN~R MAss BALANCES 57  

m i 

5 

1 F I G U R E  I 

Measured mass flowrate 

Unmeasured mass flowrate 
Simple serial system. 

Consequently, the reduced set containing only measured variables is 

G x = Q a ' A  - [0 .5754  0.5754 0.5754 0.5754 -0.5754], u2 1 

which in this specific situation corresponds to a global mass balance around all units. 
Note also that in this case rank(A2) = 2 and there are two unmeasured process 
variables. Consequently, the subset Un-ru is empty and all the unmeasured variables 
are determinable. 

EXAMPLE 4.2 
Consider now the modified serial system of Fig. 2. 
In this case, 

[i l l0 0] 
A1-- 1 ; A2-- 1 1 0 0 . 

0 1 - 1  

Applying the Q-R decomposition, we have 

I-0.7071 -0.7071 !] [-1.4142 1.4142 0 0 ]  
Q u -  0.7071 -0.7071 ; R u -  0 0 0 0 . 

0 0 0 0 1 - 1  

Note that in this case one diagonal entry in Ru is zero; thus, the modified decomposition 

I I 

15 
l I _ 

2 ~ 3 
6 

Measured mass flowrate 

Unmeasured mass flowrate 
FIGURE 2 Alternative serial system. 
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should be used. In this case, using a permutation matrix Hu we have 

H U m  
i 0 1 1  0 0 0 [-1.4142 0 1.4142 !] 

1 0 , R u -  0 - 1  0 . 

0 0 0 0 0 

Matrices QuT2 and Gx are now 

QuX2 = [-0.7071 -0.7071 0] 

Gx m T Qu2A1 -- [-0.7071 0.7071], 

which corresponds to a balance around units 1 and 2. Also by permuting the vector 
of unmeasured process variables using Hu, we have 

]-ITu _.= 
f2 
f5 
f 3 '  
f6 

meaning that in this case, f2 and f5 can be rewritten as function of f3 and f6. The 
unmeasured process variables f3 and f6 are said to be nonestimable. In this case 
f2 and f5 are also nonestimable, since they cannot be calculated from the measured 
variables because they depend on the assumed values f3 and f6. 

EXAMPLE 4.3 
Now, consider the same system under a new arrangement of the measurements, as 

shown in Fig. 3. In this case, the flowrate of stream number 2 is considered measured. 
The matrices A1 and A2 are now 

io 1 o] iolO 01 A1 = - 1  - 1  , A2 -- 0 0 . 

0 1 1 -1  

The Q-R decomposition gives 

L O [ _ 0 . 7 0 7 1 0 _ 0 . 7 0 7 1 ]  [ 
Q u -  10.7071 0 -0.7071 , R u =  

-1  0 

1.4142 
0 
0 

0 
-1  
0 

!]. 
2 I ' 15 

1 2 1 7 " 1  3 6 

. . . .  Measured mass flowrate 

Unmmeasured mass flowrate 
l FIGURE 3 Alternative system under new measurement configuration. 
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Finally, matrices Qu T and Gx are 

QT u2 = [-0.7071 -0.7071 0] 

Gx T -- QueA1 - [-0.7071 0 0.7071], 

which again corresponds to a global mass balance around units 1 and 2. Note that 
the flowrate of stream 2 does not appear in the reduced set. Actually, the flowrate of 
stream 2 corresponds to a just-measured variable (nonredundant) as defined before. 
In terms of the unmeasured variables, we have that rank (Ae) = 2 and there are three 
unmeasured variables; f5 and f6 are nonestimable. 

From the previous discussions several remarks are in order: 

R e m a r k  1. Matrix Ru in the Q-R factorization of the A2 matrix contains the 
topological information about the system in terms of the available measurements. 

1. If rank (Ru) = ru = n, where n is the number of unmeasured variables, then 
all unmeasured process variables are estimable from the available 
information. 

2. If rank (Ru) = ru < n,  then at least (n - ru) variables cannot be calculated 
from the available information. 

R e m a r k  2. The permutation matrix I-Iu, obtained as a by-product of the Q-R 
factorization procedure of A:, enables an easy classification of the unmeasured pro- 
cess variables, as is indicated by Eq. (4.15). The variables in subset Un-ru correspond 
to the minimum number and the location of measurements needed for the system 
to satisfy the estimability condition, that is, that all unmeasured variables be deter- 
minable. 

R e m a r k  3. The Qu T matrix in the Q-R factorization of A2 is such that its col- 
umns span the null space of A:. That is, 

T Qu2A2 - 0. (4.19) 

The Q-R factorization algorithm provides the information about the estimability con- 
ditions of the variables allowing a direct classification and decomposition. We already 
have shown [Eq. (4.15)] that, in general, the unmeasured process variables can be 
divided into two subsets. The subset Un-r~ corresponds to the indeterminable unmea- 
sured process variables. Regarding the subset Uru, nothing can be said since some of 
these variables can be calculated directly from the available measurements and some 
depend on the assumption of the Un-ru variables. Further information for classifying 
the variables in subset Urn can be obtained from the Q-R factorization. Note that in 
Eq. (4.17), if the last term in the RHS is zero, then all the corresponding Uru variables 
can be calculated from the available information. To further classify the remaining 
Ur, variables, we need to look at the rows of the matrix 

Riu = Rul 1Ru2. (4.20) 

The following can be stated: 

1. A variable in subset Urn is said to be estimable if the corresponding row in 
the Riu matrix is zero. 

2. A variable in subset Uru is said to be nonestimable otherwise. 
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I 

15 
11! 

o" 

I t 

' 12  t "  2~ .. 
J 

I 

f 

Measured mass flowrates 

Unmeasured mass flowrates 

FIGURE 4 Flow diagram for Example 4.4. 
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Remark  4. As indicated by Crowe et al. (1983), measured variable classifica- 
tion is performed by examining the matrix associated with the reconciliation equa- 
tions. The zero columns of G or Gx correspond to variables that do not participate in 
the reconciliation, so they are nonredundant. The remaining columns correspond to 
redundant measurements. 

Let us now apply the Q-R factorization approach to a larger and more complicated 
example. 

EXAMPLE 4.4 
A subsystem comprising seven units is shown in Fig. 4. In this case we have 

eight measured process variables and seven unmeasured ones. Matrices A1 and A2 

A1 - -  

are stated as follows: 

A2 

- 1  
0 
0 
0 
1 
0 
0 

1 
0 

- 1  
0 
0 
0 
0 

1 0 0 0 0 0 
0 - 1  - 1  0 0 0 
0 1 0 0 0 0 
0 0 0 - 1  0 0 
0 0 0 0 - 1  - 1  
0 0 0 0 0 0 
0 0 0 0 1 0 

1 0 0 0 0 
0 - 1  1 0 0 
0 0 0 - 1  0 
0 0 0 1 1 
0 0 0 0 - 1  

- 1  1 0 0 0 
0 0 - 1  0 0 

_ 

0 
0 
0 
0 
0 
1 

0 
0 
0 
0 . 
1 

- 1  
0 
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By applying the orthogonal projection approach, the following Qul, Qu2, Rul, and 
Ru2 matrices are obtained: 

-0.7071 0 0 0 -0 .5  0.3273 
0 -0.7071 0 -0 .4082 0 -0 .4364 

0.7071 0 0 0 -0 .5  0.3273 
0 0 -0.7071 0 0.5 0.3273 
0 0 0.7071 0 0.5 0.3273 
0 0.7071 0 -0 .4082 0 -0 .4364 
0 0 0 0.8165 0 -0 .4364 

O u l  m 

0.378 
0.378 
0.378 

Q u 2 -  0 . 3 7 8 .  
0.378 
0.378 
0.378 

1.4142 0 0 0 -0.7071 0 
0 1.4142 0 -0.7071 0 -0.7071 
0 0 -1 .4142 0 -0.7071 0.7071 
0 0 0 - 1.2247 0 0.4082 
0 0 0 0 1. 0.5 
0 0 0 0 0 0.7638 

R u  1 m 

-0.7071 
-0.7071 

0 
Ru2 - 0.4082 " 

-0 .5  
0.7638 

Matrix Gx now becomes 

Gx = [0 0.378 0 -0 .378 -0 .378 0 -0 .378 0.378]. 

Thus, we have identified the subset of redundant equations containing only the 
redundant process variables f4, fs, f l l ,  f14, and f15. Furthermore, the rank of Ru is 
equal to 6, which means that at least one of the unmeasured variables is indeterminable. 
The remaining ones can be written in terms of it, as indicated by Eq. (4.15). In this 
case, from the orthogonal transformation, the subsets of u are defined as 

Uru = [fl f6 fm0 f7 f9 f121,  Un-ru -- [f21- 

Furthermore,  

Riu - Rul 1Ru2 - 

1] 
0 
1 

01 

1 



62 CHAPTER 4 DECOMPOSITION USING ORTHOGONAL TRANSFORMATIONS 

There are two zero rows in matrix Rlu; thus, f6 and f7 are determinable. The other 
unmeasured flowrates are indeterminable since they depend on the assumed values 
of vector Un-ru. 

4.3. BILINEAR MULTICOMPONENT AND ENERGY BALANCES 

In the following sections, the use of the Q-R decomposition approach is discussed 
within the framework of the general multicomponent and energy (bilinear) reconcili- 
ation problem. In this case the classification of the measured and unmeasured process 
variables involves a sequence of steps. 

4.3. I. Modification of Bilinear Constraints 

Component mass and energy balances and normalization equations are first rewritten 
using the method proposed by Crowe (1986) for the bilinear terms. Streams are 
divided into three categories depending on the combination of total flowrates (f), 
concentration (M), and temperature (t) measurements as shown in Table 1. 

Component mass/energy balances: 

Blfch + B2Vd + B3v = 0. (4.21) 

Normalization equations: 

E lfch + E2Vd + E3v + E4fM + Esfu = 0, (4.22) 

where 

fch is the vector of component or enthalpy flows for streams in Category 1 
d is the vector of measured concentrations or temperatures for streams in 

Category 2 
v is the vector of component or enthalpy flows for streams in Category 3, 

extents of reaction, unknown pure energy flows 
fM stands for measured total flowrates and fu for the unmeasured ones 
V represents the diagonal matrix of unmeasured total flowrates of Category 2 

The number of entries for a stream in V is equal to the number of elements 
of d corresponding to this stream 

TABLE I 
Streams* 

Categories of the 

Category f M/t 

1 M M 
2 U M 
3 M/U U 

aM and U indicate measured and 
unmeasured variables, respectively (from 
S~nchez and Romagnoli, 1986). 
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The measured variable d is replaced by a consistent measured value plus the 
correction term ed, 

d - (d + ~d), (4.23) 

and a new variable 0 is defined as 

0 = Ved). (4.24) 

The terms that contain variable d in Eqs. (4.21) and (4.22) are replaced by 

B2Vd - -  B 2 0  + BzVd 

EzVd : E20 + E2Vd (4.25) 

In order to display the unmeasured total flow rates of a stream with specific flowrates 
of category 2, B4 and E6 matrices are defined as 

B4(d)fu2 = B2u 

E6(d)fu2 - E2u 
(4.26) 

In order to group all unmeasured total flowrates, zero columns are added to B4 and 
E6 if necessary. New matrices B5 and E7 are obtained such that: 

B5(lj)f U -- B2Vd 

ET(d)fu = E2Vd. 
(4.27) 

The set of component/energy balances and normalization equations after modification 
of bilinear terms can now be written as 

I ~ .lE1 ~2"2 .5E8 ~3"31 L~J-0 ~428~ 

where E8 = E7 + Es. 
If we considered the adjustments of total flow rates (6f) and the component and 

enthalpy flows (efch), the previous equations are finally modified as follows: 

[Bll B22 B33] - -  E4 E1 fch -- e, (4.29) 

w h e r e  

a - -  F1 E 1 I] I "~ elm 01 B1 B2 B5 B33 = 
[och], BI1 = E4 E1 E 2 '  B22 - E 8 '  E3 (4.30) 
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Then the general reconciliation problem can be written as 

Min (e~ ~f lef~  + S T ~I/-1 oT 1 3,0 fch fch ~fch -~- lI/o 0)  
S.t. 

[Bll B22 i o1 .:li c l e B33] = - E 4  E h 

(4.31) 

~fM, ~I'fch, ~I'0, and @d are the weighting matrices for fM, fch, 0, and d. ~I'0 is defined as 

@o = V~oV. (4.32) 

4.3.2. Decomposition Using Orthogonal Transformations 
A method for decomposing unmeasured process variables from the measured ones, 
using the Q-R orthogonal transformation, was discussed before for the linear case. 
A similar procedure is applied twice in order to resolve the nonlinear reconcili- 
ation problem. 

Step I 
A Q-R decomposition of (rob x nb) matrix B33 is accomplished, then 

where rv = rank(RB1) and QB~ is such that its columns span the null space of B33. 
That is, 

QBTB33 = 0. (4.34) 

If Eq. (4.26) is multiplied by QB T, the unmeasured variables v are eliminated, and 
the process constraints are defined as 

QBTBIIa + QBTB22fu - QB~e. (4.35) 

Step 2 
A new (md x nd) matrix D is defined as 

D = QB T- B22. (4.36) 

Then Eq. (4.35) is rewritten as 

QBTB11a + Dfu - QBTe. (4.37) 

A Q-R orthogonal transformation is performed on matrix D: 

Diift = [QD] [RD] _ [QD1 QD2] [R~I R~2], (4.38) 

where rf = rank(RD1) and QD T spans the column space of D. Then the process 
constraints can be reduced to 

QDTQBTBlla - -  Gaa = QDTQBTe. (4.39) 

All unmeasured variables are eliminated from the constraints by using simple Q-R 
transformations and a linear reconciliation problem results. The zero columns of Ga 
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correspond to nonredundant measurements. The remaining ones are associated with 
redundant measured variables. 

4.3.3. Reconciliation of Measured Variables and Estimation 
of Unmeasured Total Flowrates 

After eliminating unmeasured variables, the reconciliation of measured variables and 
the estimation of unmeasured total flowrates are accomplished, again by an iterative 
procedure. 

Step l 

(a) Using an estimation of unmeasured total flow rates, the weighting matrix for 
variable 0 is evaluated. 

(b) The following linear reconciliation problem needs to be resolved: 

Min aT~ala  
(4.40) 

s.t. Gaa = b, 

where 

with the solution given by 

Ga - QDTQBTB11 

b - QDTQBTe, 
(4.41) 

= ~aGa T (Ga~aGT)-lb. (4.42) 

Step 2 

The estimation of unmeasured total flow rates is done by using the Q-R orthogonal 
decomposition of matrix D. The equation can be written as 

QBTB11~ + [QD~ QD2] ,44 , 

where 

I fVrf 1 : IIff~fv. (4.44) 
fVn~-~l 

The subset fU,d-~ corresponds to the indeterminable total flowrates. Regarding the 
subset fu~f, nothing can be said, since some of these variables can be calculated directly 
from the measurements and some depend on fUnd-re' as is explained in Remark 3. 

Further information for classifying the variables in subset fu~ can be obtained 
by premultiplying Eq. (4.37) by QD T and writing the vector fu~ in terms of the other 
variables: 

[QDTQB~'B11 RD1 fUrl = [QD~QB~e (4.45) 
LOD~OB~Bll 0 LfUnd_rf / 

fu~f = RD11QDTQBTe- RDllQDTQBTBllf i -  ~71RD2fUnd_rf. (4.46) 

Note that if the last term in the RHS of Eq. (4.46) is zero, all of fu~ can be calculated 
from the available information. 
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In order to classify the variables in fu~f, a matrix RIF is defined as 

RIF = RDllRD2, (4.47) 

and the following can be stated: 

1. A variable in subset fu~ is estimable if the corresponding row in RIF is zero. 
2. A variable in subset fu~f is nonestimable otherwise. 

At this point the vector fu can be divided into 

[fVd] (4.48) 
fu - Lfui j , 

where 

fud is thefe-dimensional vector of determinable total flowrates (fe < rf) 
fui is the (nd -fe)-dimensional vector of indeterminable total flowrates 

fUd contains the fe variables in subset fUrf that satisfy condition (1), whereas fui 
includes those that satisfy condition (2) plus the variables in subset fUnd-~" 

After updating the values of determinable total flowrates, the procedure is reini- 
tiated until convergence is achieved. 

Estimation of Vector  v 

In order to estimate the unmeasured variables contained in v, the matrix B22 is 
divided into two parts by column permutation. The firstfe columns correspond to the 
determinable total flowrates, and the (nd - fe )  remaining ones belong to indetermin- 
able total flowrates" 

B22 : [B2d BEi]. (4.49) 

The set of process constraints (4.29) is then expressed as 

[B11 B2d B2i B331 fud : e, (4.50) [fv ij 
where fUd and fUi are obtained by the solution of the previous subproblem. 

Using the Q-R decomposition of matrix B33, the set of constraints (4.50) is 
rewritten as 

Blla + B2dfUd + B2ifui + [QB1 

where 

  ]rVrv vn rv  :e '4 1' 

IITv : LVnb-rv[ u ]. (4.52) 

Consequently, 

Vrv - R B l l Q B T e -  R B l l Q B T B l l a -  RBllQBTBgdfUd 

-- RBllQBTB2ifui -- RnllRn2vnb_rv 
(4.53) 
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The first three terms of the previous equation are known, so if the last ones are zero, 
all the variables in Vrv can be evaluated using the available information. In order to 
classify the variables in Vrv, two new matrixes are defined, 

RIV -- RB11 RB2 

R I F i -  RBllQBTBzi, 

and the following can be stated: 

1. A variable in subset Vrv is estimable if the corresponding rows of Rw and 
RIFi are zero. 

2. A variable in subset Vrv is nonestimable otherwise. 

At this time the vector v can be divided into 

V =  Ira lvi ' (4.56) 

where 

(4.54) 

(4.55) 

Vd is the re-dimensional vector of determinable variables in v (ve <_ rv) 
vi is the ( n b -  ve)-dimensional vector of indeterminable variables in v 

vd contains the ve variables in subset Vrv that satisfy condition (1), whereas u includes 
those that satisfy condition (2) plus the variables in subset Vnb-rv. 

Unmeasured temperatures or concentrations that correspond to enthalpy or com- 
ponent flows in Vd are determinable if the total flow rate of the stream is measured. 
Otherwise, they are indeterminable. Measured total flow rates are nonredundant and 
unmeasured total flow rates are indeterminable. The analysis of intensive constraints 
between variables may change previous classification. 

4.3.4. Energy Balances in the Context of the Projection Approach 

Throughout the preceding discussion, simplified expressions of stream-specific en- 
thalpy as a function of temperature are used. They have to be updated during process 
operation to consider changes in steady-state compositions. 

The application of a more precise expression for enthalpy, at least as a function 
of temperature and composition, requires a new categorization of enthalpy flowrates. 
They can be divided into three categories depending on the combination of total 
flowrate, composition, and temperature measurements, as indicated in Table 2. 

The problem arises for the last combination of measurements. It is due to the dif- 
ficulty of adjusting temperature measurement values for streams whose compositions 

TABLE 2 Categories of Enthalpy Flowrates 
(from S~nchez and Romagnoli, 1986) 

Category f t M 

1 M M M 
2 U M M 
3 M/U U M 
3 M/U M U 



6 8  CHAPTER 4 DECOMPOSITION USING ORTHOGONAL TRANSFORMATIONS 

are unmeasured or partially measured. In this context, the temperature of a stream j 
may be adjusted only for the following conditions: 

1. All component molar fractions are unmeasured 
2. Rule of mixing: hj = ~ Mjc Hjc 
3. Hjc is approximated as a linear function of temperature for the steady-state 

operation range 

The following resolution scheme can be implemented: 

1. Estimation of unmeasured total flowrates and unmeasured species flowrates 
for streams with unmeasured temperatures 

2. Simultaneous elimination of unmeasured variables; a two-stage 
decomposition procedure is not advantageous because measurements are 
involved in Category 3 flowrates 

3. Least squares adjustment of measurements 
4. Estimation of unmeasured variables 
5. Iteration until convergence is achieved 

Hence, factorization methods can only be applied to solve particular cases of data 
reconciliation when energy balances are considered. Other equation-oriented tech- 
niques, such as PLADAT (Sfinchez et al., 1992), perform better in tackling the more 
general problem. 

EXAMPLE 4.5 
Let us consider the well-known Vaclavek's example (Vaclavek and Loucka, 

1976); the process flowsheet and measured variables are presented in Fig. 5 and 
Table 3, respectively. It consists of six units and four components. In this case, the 
concentrations of a stream are assumed to be either all measured or all unmeasured. 

1 I I I  2 

13+ t14 

11 _15 / 

FIGURE 5 Process flowsheet for Example 4.5 (from Vaclavek and Loucka, 1976). 
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I TABLE 3 Measurements for Example 4.5 
(from Vaclavek and Loucka, 1976) 

Measurement Stream 

Total flowrates 
Composition 

1 2 3 4 6 8 9 1 2 1 6  
1 4 5 8 9 1 0 1 1  1213 14 15 

The normalization constraints are taken into account by eliminating the measured 
concentration of one component and calculating this concentration by difference 
after reconciliation. There are 24 process constraints. Six equations belong to total 
mass balances and 18 correspond to component mass balances. Enthalpy balances 
are not included. 

The set of process constraints for Vaclavek's example is 

where 

EA1 01 02 A2 ]l J 03 - 0, 
0 4  B1 B2 B5 B3 

A1 
B l l - -  0 4  

O1 
B1 

1 [A21 [03] 0 2  B22 - -  B33 - -  
B2 ' B5 ' B3 

A1 = 

-1 1 - 1  1 0 0 0 0 0 
0 - 1  1 0 - 1  0 0 0 0 
0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 1 0 
0 o o o o 0 - 1  0 - 1  
0 o 0 - 1  1 - 1  1 0 0 

,) ~ M  ~ ' -  

fl 
f2 
f3 
f4 
f 6 ,  
A 
f9 
f12 
f16 . - 

~U ~ 

A0 
fil l 
fl~l 
/lq 
f~| 
_f~J 

A2 = 

0 0 0 0 0 0 0 
- 1  0 0 0 0 0 0 

1 0 0 0 0 0 - 1  
0 0 - 1  1 - 1  1 0 
0 1 1 0 0 0 0 
0 0 0 0 0 0 1 

- 

, B1 = 

-I  
O 
O 
O 
O 
O 

I 
O 
O 
O 
O 
- I  

O 
O 
O 
O 
O 
- I  

O 
O 
O 
O 
- I  
I 

O 
_ 

O 
O 
I 
O 
O 

B2 = 

O 
- I  
I 
O 
O 
O 

O 
O 
O 
O 
I 
O 

0 
0 
0 
- I  
I 
0 

O 
O 
O 
I 
O 
O 

O 
O 
O 
- I  
O 
O 

O 
_ 

O 
O 
I 
O 
O 

B 3 - -  

I 
- I  
O 
O 
O 
O 

- I  
I 
0 
0 
0 
0 

0 
- I  
0 
0 
0 
I 

O 
O 
- I  
O 
O 
I 

O 
O 
O 
O 
- I  
O 
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[10! 1 Ei Oi] I =  0 1 , O -  0 
0 0 0 

B5 -- 

o o o o o o 

- d 5  o o o o o 

d5 o o o o o 

O O - d l l  d13 - d i n  - d i s  

0 d lo  t i l l  0 0 0 

0 0 0 0 0 0 

O- 
o 

o 

o 

o 

o 

Ii] O"-  

where O1, 02,  03,  04 are compatible matrixes of zeros. 

fc'Th=[fl,1 fl,2 fl,3 f4,1 f4,2 f4,3 f8,1 f8,2 f8,3 f9,1 f9,2 f9,3 
f12,1 f12,2 f12,3] 

0 T = [05,1 05,2 05,3 010,1 010,2 010,3 011,1 011,2 011,3 013,1 013,2 013,3 

014,1 014,2 014,3 015,1 015,2 015,3] 

vT __ [1)2,1 1)2,2 1)2,3 1)3,1 1)3,2 1)3,3 1)61 1)62 1)63 1)71 1)72 1)73 
1)16,1 1)16,2 1)16,3]. 

In classifying the measured and unmeasured process variables the following procedure 
is applied: 

1. A Q-R decomposition is performed on matrix B33, and QB1, QB2, RB1, RB2, 
lIv matrices are obtained. 

2. Matrix D is calculated and the application of the orthogonal projection ap- 
proach leads to QD 1 , QD2, RD1, RD2, IIfc matrices. 

3. With the calculation of matrix Ga [using Ex. (4.41)], all the necessary in- 
formation for the measured variables classification is available. The zero columns 
of matrix Ga correspond to f6, fiE, fl6, f4,1, f4,2, f4,3, f12,1, f12,2, f12,3 and all the 
elements of 0. Consequently, the nonredundant measured variables are: 

(a) f6, f12, f16 total flowrates 
(b) All concentrations that belong to the streams in 0 and the concentrations of 

streams 4 and 12 

4. As RD 2 is an empty matrix, the subset fu,~_~ is also empty, so all the unmea- 
sured total flowrates are determinable, as can be seen from Eq. (4. 46). The subsets 
u Vnb-rv and matrices RIB, RIFi are then obtained: 

Vrv = [l)2,1, l)2,2, 1)2,3, 1)7,1, 1)7,2, 1)7,3, 1)6,1, 1)6,2, 1)6,3, 1)16,1, 1)16,2, 1)16,3] 

Vnb-rv -- [1)3,1, 1)3,2, 1)3,3]. 

Matrix RIB is, in this case, 

RIB = i , 
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and RIFi is empty. As the first three rows of RIB are nonzero, the following Vd and Vi 
vectors result: 

Vd --  [l)7,1, 1)7,2, 1)7,3, 1)6,1, 1)6,2, 1)6,3, 1)16,1, 1)16,2, 1)16,3] 

Vi = [1)2,1, 1)2,2, 1)2,3, 1)3,1, 1)3,2, 1)3,3]. 

As all total flowrates are measured or determinable, the concentrations of streams 6, 
7, and 16 are determinable, while those of streams 2 and 3 are indeterminable. 

4.4. CONCLUSIONS 

In this chapter, the use of projection matrix techniques, more precisely the Q-R fac- 
torization, to analyze, decompose, and solve the linear and bilinear data reconciliation 
problem was discussed. This type of transformation is selected because it provides a 
very good balance of numerical accuracy, flexibility, and computational cost (Goodall, 
1993). 

An extension of the strategy for bilinear systems was also discussed, which allows 
us to separate total flowrates from specific flowrates. It has two advantages: 

1. A sequence of simple expressions for application in instrumentation analysis 
and data reconciliation were obtained using subproducts of Q-R 
factorizations 

2. Assumptions are avoided for the adjustment of total flowrates 

Q-R factorization is successful in decomposing linear systems of equations. It is also 
satisfactory when bilinear systems contain component balances and normalization 
equations. If energy balances are included in the set of process constraints, the pro- 
cedure has the drawback that only simple thermodynamic relations for the specific 
enthalpy of the stream can be considered. 

NOTATION 

a 

A 
A1 
A2 
A3 
A4 
Bi 
Bii 
b 
d 

Di 
D 

Ei 
e 
f 
fch 
fUrf, fUnd-rf 
G 
Gx 

vector defined by Eq. (4.30) 
a general matrix (m x n) 
matrix for measured variables (m x g) 
matrix for unmeasured variables (m x n) 
matrix defined by Eq. (4.3) 
matrix defined by Eq. (4.4) 
matrices for component/enthalpy balances 
matrices defined by Eq. (4.30), i i = 1, 3 
vector defined by Eq. (4.41) 
measured molar fractions and specific enthalpies vector 
diagonal matix defined by Eq. (4.8) 
matrix defined by Eq. (4.36) 
matrices for normalization equations 
vector defined by Eq. (4.29) 
vector of total flowrate 
vector of specific flowrates of Category 1 
partitions of fu 
matrix defined by Eq. (4.7) [(m - ru) x g] 
matrix defined by Eq. (4.18) [(m - ru) x g] 
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Ga matrix defined by Eq. (4.41) 
h vector of stream enthalpies 
H matrix of specific component enthalpies 
M matrix of mass fractions 
mb, md number of files of B33 and D, respectively 
nb, nd number of columns of B33 and D, respectively 
O zero matrix 
P projection matrix 
[Q, R, H] QR(A) 
[Qu, Ru, IIu] QR(A2) 
[QB, RB, Hv] QR(B33) 
[QD, RD, IIf u ] QR(A) 
r rank(D) 
ru rank(A2) 
rv rank(B33) 
r f  rank(D) 
Rrc matrix defined by Eq. (4.20) [ru x (n - ru)] 

RIF, Riv, RIFi  inspection matrices 
t vector of stream temperatures 
u vector of unmeasured variables (n x 1) 
Uru, Un-ru partitions of u 
v vector of specific flowrates in Category 3 
Vrv, Vnb-rv  partitions of v 
V diagonal matrix of fu2 
x vector of measured variables (g x l) 
X matrix defined by Eq. (4.3) 
X1 matrix defined by Eq. (4.4) 
X2 matrix defined by Eq. (4.4) 

Greek 
ei vector of i random errors 
0 vector defined by Eq. (4.24) 
~ i  variance-covariance matrix of i 

Superscripts 
A 

with measured values 
with reconciled values 

Subscripts 
M,U 
d,i 

measured or unmeasured variable 
determinable or indeterminable variable 

REFERENCES 

Crowe, C. M. (1986). Reconciliation of process flow rates by matrix projection. Part II: The nonlinear case. 
AIChE J. 32, 616-623. 

Crowe, C. M. (1989). Observability and redundancy of process data for steady state reconciliation. Chem. 

Eng. Sci. 44, 2909-2917. 
Crowe, C. M., Garcfa Campos, Y. A., and Hrymak, A. (1983). Reconciliation of process flow rates by 

matrix projection. Part I: Linear case. AIChE J. 29, 881-888. 
Dahlquist, G., and Bjork, A. (1974). "Numerical Methods." Prentice-Hall, Englewood Cliffs. NJ. 



REFERENCES 7~ 

Goodall, C. R. (1993). "Computation Using the Q-R Decomposition Computational Statistics." Elsevier, 
Amsterdam. 

S~inchez, M., and Romagnoli, J. (1996). Use of orthogonal transformations in data classificationm 
reconciliation. Comput. Chem. Eng. 20, 483-493. 

S~inchez, M., Bandoni, A., and Romagnoli, J. (1992). PLADAT--A package for process variable classifi- 
cation and plant data reconciliation. Comput. Chem. Eng. S16, 499-506. 

Swartz, C. L. E. (1989). Data reconciliation for generalised flowsheet applications. 197th Natl. Meet. Am. 
Chem. Soc., Dallas, TX. 1989. 

V~iclavek, V., and Loucka, M. (1976). Selection of measurements necessary to achieve multicomponent 
mass balances in chemical plants. Chem. Eng. Sci. 31, 1199-1205. 



This Page Intentionally Left Blank



5 
STEADY-STATE DATA 
RECONCILIATION 

In this chapter we concentrate on the statement and further solution of the general 
steady-state data reconciliation problem. Initially, we analyze its resolution for linear 
plant models, and then the nonlinear case is discussed. 

The use of Q-R orthogonal factorizations is presented as an alternative method- 
ology for performing data reconciliation for bilinear systems. Finally, we briefly 
describe current techniques for tackling the general nonlinear problem. 

5. I. INTRODUCTION 

Reliable process data are the key to the efficient operation of chemical plants. With 
the increasing use of on-line digital computers, numerous data are acquired and used 
for on-line optimization and control. Frequently these activities are based on small 
improvements in process performance, but it must be noted that errors in process data, 
or inaccurate and unreliable methods of resolving these errors, can easily exceed or 
mask actual changes in process performance. 

Inadequate knowledge of the process models and poor estimation of process 
parameters (physical properties, processing constants, etc.) mean that any technique 
for correcting the measurements should rely on simple, well-known, and indubitable 
process relationships, which should be satisfied independent of the measurements' 
accuracy. Such relationships are the multicomponent mass and energy balances. 

In chemical engineering, Kuehn and Davidson (1961) were the first to publish 
an analysis of data reconciliation. Since then, many articles on this subject have 
appeared in the literature. General reviews of data reconciliation have been published 

75 
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by Hlavacek (1977), Tamhane and Mah (1985), Mah (1982, 1990), Madron (1992), 
and Crowe (1996). 

5.2. PROBLEM FORMULATION 

Process measurements are subject to errors. These errors give rise to discrepancies in 
material and energy balances. 

DEFINITION 5.1 
Data reconciliation is the process of adjusting or reconciling the process mea- 

surements to obtain more accurate estimates of flowrates, temperatures, compositions, 
etc., that are consistent with material and energy balances. 

Let us first define the models to be used in our formulation of the data reconcili- 
ation problem. 

DEFINITION 5.2 (MEASUREMENTS) 
In the absence of gross errors, the measurement vector can be written as 

y = x + e ,  y e ~ t  g, x ~ t  g, (5.1) 

where y is the (g x 1) measurement vector, x is the (g • 1) vector of true values of 
variables, and e stands for the vector of random measurement errors. The following 
assumptions are usually made: 

1. The expected value of e is the null vector, i.e., E(E) = 0 
2. The successive vectors of measurements are independent, i.e., E(~i~. T) -- O, 

f o r / ~ j  
3. The covariance matrix of the measurement errors is known and positive 

definite, i.e., Cov(e )=  q~ = E(eieTi) 
Note that x and y ~ ~tg, that is, we are assuming that all process variables are 

measured. 

DEFINITION 5.3 (CONSTRAINTS) 
Additional information must be introduced through the process model equations 

(constraint equations). They occur in practice when some or all of the process variables 
must conform to some relationships arising from the physical characteristics of the 
model. In general we will represent them as a set of nonlinear algebraic equations, 
such as 

qg(X, U) --" 0, U E ~n, (/9 E ~m, (5.2) 

where u indicates the (n • 1) vector of unmeasured process variables. 

The data reconciliation problem can be generally stated as the following con- 
strained weighted least-squares estimation problem: 

Min ( y -  x ) T ~ - l ( y -  X) 
X,U 

s.t. 
~o(x, u) = 0 

x L < x < x  u 
u L < u < u U 

(5.3) 
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If it is assumed that the measurement errors are normally distributed, the reso- 
lution of problem (5.3) gives maximum likelihood estimates of process variables, so 
they are minimum variance and unbiased estimators. 

Different methodologies are required for solving problem (5.3) depending on 
whether the constraints are a linear or a nonlinear set of equations. These methods 
will be discussed in detail in the following sections. 

5.3. LINEAR DATA RECONCILIATION 

Two situations arise in linear data reconciliation. Sometimes all the variables in- 
cluded in the process model are measured, but more frequently some variables are 
not measured. Both cases will be separately analyzed. 

5.3. I. Linear Data Reconciliation with All Measured Variables 

For this case problem (5.3) can be reformulated as 

Min J - (y - x )T~- I (y  -- X) 
x 

s.t. (5.4) 
AIX = 0 ,  

where A1 is an (m • g) matrix of known constants. It should be noted that all variables 
are redundant in this case. 

Several different resolution methods for this problem have been developed. Of 
these we will discuss the traditional methodology, called batch resolution, and an 
alternative methodology that is based on Q-R factorizations. 

Batch Solution 
Introducing measurement error into the process constraints through Eq. (5.1) 

gives 

AI(y -- e) -- 0 (5.5) 

Consequently, the previous optimization problem (5.4) is now 

Mine  x ~I , - l e  
6 

s.t. 
A I ( y -  e) -- 0. 

(5.6) 

L - r  -- 2 A T ( A l y -  Ale). (5.7) 

Since ~, is positive definite and the constraints are linear, the necessary and sufficient 
conditions for minimization are 

OL 

Oe 

OL 

OA 

= 2~I'-le + 2A~A - 0 

= A l ( y -  e) = O, 

(5.8) 

The solution is obtained by means of the Lagrange multipliers method. The 
Lagrangian for this problem is 
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1 TABLE I Data for Example 5. I (from Ripps, 1965) 

Flowrates Measured values True values Variances 

fl 0.1858 0.1739 0.000289 
f2 4.7935 5.0435 0.0025 
f3 1.2295 1.2175 0.000576 
f4 3.88 4.00 0.04 

which yield 

e = - ~ A ~ A  (5 .9 )  

A -- - ( A I ~ A T ) - I A l y  (5.10) 

Finally, the estimate of the process variable, ~, can be obtained as 

-- y - ~A~ ( A I ~ A f ) - I A l y  (5.11) 

EXAMPLE 5.1 
To illustrate the application of data reconciliation to linear systems, we will 

consider the problem presented by Ripps (1965). Four mass flows are measured, two 
entering and two leaving a chemical reactor. Three elemental balances are considered: 

0.1fl + 0.6f2 - 0.2f3 - 0.7f4 = 0 

0.8fl + 0.1 f2 - 0.2f3 - 0.1 f4 = 0 

O.lfl + 0.3f2 -- 0.6f3 -- 0.2f4 = O. 

The data for the problem are given in Table 1. 
From the balance equations and the stochastic characteristics of the measuring 

devices the matrices A1 and �9 are given by 

[ 0 000 89 
0.1 0.6 -0 .2  0.0025 

-- -0 .1  ~ = 0.000576 " A1 0.8 0.1 - 0 . 2  , 
0.1 0.3 - 0 . 6  - 0 . 2  0.04 

Thus, by applying Eqs. (5.9) to (5.11), we have the following measurement errors 
and process variables estimates: 

m I 
0 . 0 1 8 2  

-0 .0659 
+0.0565 

0.026 

m 

4 1676 
8594 / 

i 1730 
.854 J 

A comparison between the original measurements, and the new estimates and the 
relation between measurement adjustment and the standard deviation (relative error 
found by data adjustment) is given in Table 2. 
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TABLE 2 Measured and Reconciled Values for Example 5. I 
(from Ripps, 1965) 

Flowrates Measured value Est imated value Relative er ror  

fl 0.1858 0.1676 1.07 
f2 4.7936 4.8594 - 1.31 
f3 1.2295 1.1730 2.35 
f4 3.88 3.854 0.13 

Q - R  F a c t o r i z a t i o n s  

Using the Q-R orthogonal factorization method described in Chapter 4, the con- 
strained weighted least-squares estimation problem (5.4) is transformed into an un- 
constrained one. The following steps are required: 

Step 1: Compute the general solution to the undetermined system (AlX--0). 
Using the procedure outlined in the previous chapter, the Q-R orthogonal factorization 
of A1 produces Qx, Rx, 1-Ix matrices, which allows the calculation of Qxl, Qx2, Rxl, 
Rx2, Xrx, Xg-rx such that 

AlIIx = QxRx 

Q x - [ Q x l  Qx2], R x =  [~xl Rx~],  

[.Xg-rx J ' 

where rx = rank(Rxl) = rank(A1). The general solution of the problem is 

Xrx -- -RxllRx2xg-rx, 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

where Xg-rx is an arbitrary vector. 
Step 2: Formulation of the unconstrained problem. Applying previous results, 

the (y - x) vector of the objective function is modified as follows: 

( y -  x ) - y - [ I x 1  Ix2]I  xrx ] LXg_rxJ - y + lxlRxllRx2xg-rx -Ix2Xg-rx 

= Y q- (IxlRxllRx2 - Ixz)Xg-rx, 

where 

(5.16) 

llIx - [Ixl Ix2], I - IxlRxl 1Rx2 - Ix2.  ( 5 . 1 7 )  

I represents a (g x g) identity matrix and I is a [g x (g - rx)] matrix with independent 
columns. 

The unconstrained minimization problem can now be stated as 

Min (y + Ixg_rx ) T i t  I - 1 (y + ~Xg_r x ). (5 .18)  

Step 3: Estimation of x. The solution of the aforementioned problem is 

ig-rx = _(~T~-I  ~)-1 ~Z~-ly.  (5.19) 

Using the value of Xg-rx, Eq. (5.15) is resolved to calculate :~rx- 
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Remark. The dimension of the unconstrained optimization problem is smaller 
than that of the original one. 

E X A M P L E  5 . 2  

Calculate an estimate of the process variables for the system in Example 5.1 
using the decomposition approach. As all variables are measured, matrices A1 and I 
are in this case 

I0.1 0.6 - 0 . 2  - 0 . 7  | 1 0 0 0 

A I =  0.8 0.1 -0.2 -0.1 J ,  I =  1 0 
0.1 0.3 -0.6 -0.2 0 1 " 

0 0 

Applying the Q-R decomposition to matrix A1, we have 

[ - 0 . 1 2 3 1 0 . 9 5 7 2 - 0 . 2 6 2 1 ]  [ - 0 . 8 1 2 4 0 . 2 0 9 3 0 . 2 9 5 4 ]  
Qx = -0.9847 -0.1506 - 0 . 0 8 7 4 ,  Rxl = 0 -0.7044 -0.3097 / , 

-0.1231 0.2474 0.9611 0 0 -0.5067J 

[-0.2093] 
Rx2 = / 0.6334 | .  

0.1223 ] 

Accordingly, 

lOOo o 
Ix l  = 0 0 0 Ix2 , " - -  f 4  " - - [ f 2 1  0 ' - -  Xrx , Xg_rx , 

1 f3 

and 

V-0.0345] 
/-1.oooo/ 

i -- Ix1Rxl 1Rx2 - Ix2 = [-0.2414[ 
L-0.7931 / 

The estimate of Xg-rx is then given by 

~'g-rx = _(~T@-I~)-I~T@-ly = 4.8594, 

and finally the estimates of the remaining process variables are (from the general 
solution) 

[0.1676] 
Xrx --  - R x l l  Rx2xg-rx --  / 3 . 8 5 4 0 1  

Ll.1730j 

5.3.2. Handling Unmeasured Process Variables 
The assumption that all variables are measured is usually not true, as in practice some 
of them are not measured and must be estimated. In the previous section the decom- 
position of the linear data reconciliation problem involving only measured variables 
was discussed, leading to a reduced least squares problem. In the following section, 
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we will use these ideas to provide a general solution of the linear data reconcilia- 
tion problem when some of the variables are considered unmeasured. The solution 
is based on decoupling the unmeasured variables from the measured ones using Q-R 
orthogonal factorizations. In this way the overall estimation problem is divided in two 
subproblems, as was discussed in Section 4.2.2. 

Let us consider the constraint equations written as follows: 

AlX + A2u = 0. (5.20) 

Performing a Q-R decomposition on matrix A2, matrices, Qu, Ru, and IIu are obtained 
such that 

A2IIu  = QuRu (5.21) 

ou 

where ru = rank(A2) = rank(Rul). The vector of unmeasured variables is partitioned 
into two subsets: 

[Oral I I  u u = . (5.23) 
Iln-ru 

Now, by premultiplying the linearised constraints by QT = Q- l ,  we obtain 

T Qul A IX + Rul Uru -~- Ru2un-ru - 0 
(5.24) 

T Qu2AlX - 0. 

Performing the reconciliation on the decoupled subsystem represented by the mea- 
sured variables x and the constraints. 

T Qu2AI x - Gxx -- 0, (5.25) 

the solution of the overall system is 

~, = y - @G T (Gx ~ G  T) - 1  Gxy. (5.26) 

However, this problem can be reduced still further using the concepts developed 
before, for the case when all variables were considered measured, leading to the 
solution of a sequence of smaller subproblems. 

For the unmeasured variables, we have in general 

Uru mR~ 1 T -- QulA1 ~, - RullRu2un_ru, (5.27) 

where the components Un-ru are arbitrarily set. 
We can have two cases: 

1. Rank(Rul) = n 
2. Rank(Rul) < n 

Case (1). All unmeasured parameters are estimable and a unique solution for the 
unmeasured variables is possible using the rectified measured values and the balance 
equations. 
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TABLE 3 Measured Values, Variances, and Reconciled 
Values for Example 5.3 

Flowrates Measured values Variances Reconciled values 

f3 115.0663 7.8134 115.0663 
f4 111.6730 7.5556 109.6204 
f5 53.3700 1.7736 53.3700 
f8 0.8373 0.0004 0.8374 
fl l  66.0986 2.8283 66.8670 
f13 95.7552 5.2739 95.7552 
fin 116.5318 8.4623 118.8308 
f15 77.8575 3.4698 76.9148 

Case (2). Some unmeasured process variables are nonestimable and an infinite 
number of solutions are possible. Thus, the basic solution is 

Uru a u l  1 T 
- -  -- Qo1AlX; Un-ru - -  0. (5.28) 

EXAMPLE 5.3 
The outlined strategy has been applied to the subsystem of Example 4.4 in Chap- 

ter 4. The flow diagram, shown in Fig. 4 of Chapter 4, consists of 7 units interconnected 
by 15 streams. There are 8 measured flowrates and 7 unmeasured ones. The flowrate 
measurements with their variances are given in Table 3. In Chapter 4 we identified 
the subset of redundant equations. In this case it is constituted by one equation that 
contains the five redundant process variables. By applying the data reconciliation 
procedure to this reduced set of balances, we obtain the estimates of the measured 
variables, which are also presented in Table 3. 

Regarding the unmeasured process variables, it was shown in Chapter 4 that 
the rank of matrix Ru is equal to 6; this means that at least one of the unmeasured 
variables is indeterminable. The remaining ones can be written in terms of it, as 
Eq. (5.27) indicates. In this case, from the orthogonal transformation, the subsets of 
u are defined as 

Urn -- [ f l  f6 f l0  f7 f9 f12], Un-ru -" If2].  

From an inspection of matrix Riu, we can see that only the flowrates f6 and f7 
are independent of f2, so they are determinable. The calculation of their values as 
functions of the adjusted measurements gives the following results: 

Ud-- I f 6 1 - -  [ 118"4626 
f7 172.6700] 

5.4. NONLINEAR DATA RECONCILIATION 

The operation of a plant under steady-state conditions is commonly represented by 
a non-linear system of algebraic equations. It is made up of energy and mass bal- 
ances and may include thermodynamic relationships and some physical behavior of 
the system. In this case, data reconciliation is based on the solution of a nonlinear 
constrained optimization problem. 
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The most general mathematical statement of an optimization problem is 

Min o'(z) 
Z 

s.t. 
~o(z) = 0 

co(z) _< 0 

Z L < Z < Z U. 

The necessary conditions for an optimal solution of problem (5.29) are equivalent 
(Edgar and Himmelblau, 1988) to those for optimizing the Lagrange function defined 
as 

ml m2 
L(z, ~, #) - or(z) + Z /~ /~ i (Z)  -Jr- Z #jOgj (Z). (5.30) 

1 1 

These conditions are the well known Kuhn-Tucker (KT) conditions: 

�9 Lineal dependency of the gradients: 

ml m2 
VO'(Z) -t- Z )~i Vqg/(z) -~- Z # J  Vo)j (z) -- 0. (5.31) 

1 1 

* Constraint feasibility: 

99i(z) = 0, i = l  . . . . .  ml  
co/(z) < 0, j - 1 . . . . .  m2. (5.32) 

* Complementary conditions: 

#jwj(z) = 0, j = 1 . . . . .  m2. (5.33) 

�9 Nonnegativity conditions for inequality multipliers: 

/zj _> 0, j = 1 . . . . .  m2, (5.34) 

where )~i and/zj stand for the Lagrange and Kuhn-Tucker multipliers, 
respectively. 

The sufficient conditions for obtaining a global solution of the nonlinear program- 
ming problem are that both the objective function and the constraint set be convex. If 
these conditions are not satisfied, there is no guarantee that the local optima will be 
the global optima. 

In this section we will explore the applicability of different techniques for solving 
the nonlinear data reconciliation problem. 

(5.29) 

5.4. I. Q-R Orthogonal Factorizations 
Orthogonal factorizations may be applied to resolve problem (5.3) if the system of 
equations qg(x, u) -- 0 is made up of linear mass balances and bilinear component 
and energy balances. After replacing the bilinear terms of the original model by the 
corresponding mass and energy flows, a linear data reconciliation problem results. 



84 CHAPTER 5 STEADY-STATE DATA RECONCILIATION 

Using the notation of Chapter 4, it may be stated as follows: 

Min (sT ~I r e T ~I/-1 8,0 fm efm -~- fch fChef~h -]- oT~I/o 10)  

s.t. 

[Bll B22 B33] - -  - E4 E1 ['ch - -  e. 

An iterative method of solution of problem (5.35) was designed by Crowe (1986), 
and we have discussed, in the previous chapter, the strategy for the case when Q-R 
orthogonal factorizations are applied. The stages of the procedure are as follows: 

�9 Unmeasured variable elimination through Q-R orthogonal factorizations 
�9 Adjustment of measurements and estimation of unmeasured total flowrates 
�9 Estimation of unmeasured component and energy flows 

The procedure is not complex, and the required computation time is low. However, 
its use is restricted to data reconciliation problems with linear and bilinear constraints, 
and variable bounds cannot be handled. 

5.4.2. Successive Linearizations 

The method developed for linear constraints is extended to nonlinearly constrained 
problems. It is based on the idea that the nonlinear constraints ~o(x, u) = 0 can be 
linearized in a linear Taylor series expansion around an estimation of the solution 
(xi, ui). In general, measurement values are used as initial estimations for the mea- 
sured process variables. The following linear system of equations is obtained: 

where 

AIX + Aeu = e l ,  (5.36) 

0qo 0qo A2 = -~u (5.37) 
A1 "-- ~ Xi ,Ui '  ' Xi,Ui 

Cl - -  AlXi  -+- A2u i  - qg(xi, u i ) .  (5.38) 

The unmeasured variables are then eliminated using, for example, the orthogonal 
factorization procedure discussed before. Once the subset of equations containing 
only measured variables has been identified, the problem stated by Swartz (1989) is 
resolved: 

Min ( y -  x)T~It- l(y-  x) 
X 

s.t. (5.39) 
Gxx = b, 

where 

Gx T T = Qu2A1, b - Qu2Cl" 

Its solution can be stated as 

:~ - y - ~I'Gx T (Gx~Gxr) -1 (Gxy - b) 
~ - l , ' x T  C T Uru : 1Ku 1 It~ul 1 --  R u l l Q u l A 1  ~ - Ru l lRu2un- ru  �9 

(5.40) 

(5.41) 

(5.42) 
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This solution is the optimal point for the linear constraints. A series of iterations are 
performed by linearizing the constraints about the previous iterate until a solution 
satisfying the nonlinear constraints is obtained. 

Successive linearisation has the advantage of relative simplicity and fast calcula- 
tion. In addition, it can be modified to choose a step size that minimizes a prespecified 
penalty function. The step size is chosen by the method of interval halving (Pai and 
Fisher, 1988). However, variable bounds cannot be handled; it may fail to converge 
to the desired minimum; and it might oscillate when multiple minima exist. 

5.4.3. Nonlinear Programming Techniques 
NLP algorithms allow for a general nonlinear objective function, not just a weighted 
least squares objective function. They can explicitly handle nonlinear constraints, 
inequality constraints, and variable bounds. Typical algorithms include sequential 
quadratic programming techniques, such as NPSOL (Gill et al., 1986), and reduced 
gradient methods, such as GRG2 (Lasdon and Waren, 1978). The main features of 
both approaches are described next. 

Sequential quadratic programming. A sequential quadratic programming (SQP) 
technique involves the resolution of a sequence of explicit quadratic programming 
(QP) subproblems. The solution of each subproblem produces the search direction 
dk that has to be taken to reach the next iterate Zk+l from the current iterate zk. A 
one-dimensional search is then accomplished in the direction d~ to obtain the optimal 
step size. 

To apply the procedure, the nonlinear constraints ~p(x, u) -- 0 are linearized using 
a Taylor series expansion and an optimization problem is resolved to find the solution, 
d~, that minimizes a quadratic objective function subject to linear constraints. The 
QP subproblem is formulated as follows: 

1 
Min -d~HL(zk, Ak)dk + Vtr T (zk)dk 

d 2 
s.t. (5.43) 

V~o(z~)d~ + ~p(zk) = 0, 

where HL is the Hessian matrix of the Lagrange function formulated for problem (5.3) 
V~r is the objective function gradient, and V~0 is the constraints gradient. 

Reduced gradient method. This technique is based on the resolution of a sequence 
of optimization subproblems for a reduced space of variables. The process constraints 
are used to solve a set of variables (ZD), called basic or dependent, in terms of the 
others, which are known as nonbasic or independent (zi). Using this categorization 
of variables, problem (5.3) is transformed into another one of fewer dimensions: 

Mincr (zi) 
zi 

s.t. (5.44) 
Z L __< ZI < Z U, 

where O'(ZI) is the reduced objective function and its reduced gradient is formulated 
as 

 ' -LOz J k Oz J . (5.45) 
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First the search direction, d, in the space of the independent variables is determined 
from the elements of o'~, and then the search components for the dependent ones 
are calculated. A one-dimensional search is accomplished to obtain a solution for zi. 
The remaining dependent variables are evaluated as functions of zi using the process 
constraints. 

The disadvantage of these NLP algorithms is the large amount of computation 
time required relative to the successive linearisation algorithm. Nevertheless, their 
range of application is wider, and they are able to manage nonlinear objective func- 
tions, equality and inequality constraints, and bounds on variables. 

Well-scaled problems improve the performance of NLP algorithms. Most vari- 
ables are of different orders of magnitude and thus require scaling. Also, if constraints 
are of varying magnitudes, it is important to scale the constraints such that the con- 
straints' residuals are of the same magnitude. In general, the accuracy of the solution 
returned by the NLP software is problem dependent. 

EXAMPLE 5.4 
Let us consider the heat exchanger network (Swartz, 1989) given in Fig. 1. In this 

system streams A receive heat from streams B, C, and D. The standard deviations of 
flow rates and temperatures are 2% and 0.75 ~ respectively. The measured variables 
are given in Table 4, where f and t indicate flowrates and temperature measurements, 

TABLE 4 Measured Variables for Example 5.4 

Stream Variable Measurement Stream Variable Measurement 

A 1 f 1000.00 A 8 t 614.92 
A 1 t 466.33 B 1 f 253.20 
A3 f 401.70 B1 t 618.11 
A3 t 481.78 C1 f 308.10 
A4 t 530.09 C 1 t 694.99 
A5 t 616.31 D1 t 667.84 
A6 f 552.70 D2 f 680.10 
A7 t 619.00 D2 t 558.34 

B2 

AI _ F  

1_ 

A6 

A4 

I D2 

J | 

t C2 

C 1 

A7 

F I G U R E  I Flow diagram for Example 5.4 (from Swartz, 1989). 

A8 
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respectively. The model consists of 16 measured variables, 14 unmeasured ones, and 
17 equations. The equations include total mass and energy balances around the heat 
exchangers, mixers, and dividers; they are given in Appendix A. It is assumed that 
the specific enthalpies for all streams can be represented by a quadratic expression in 
terms of temperature: 

hi -- T] l i -Jr- rl 2 i t i -+- r] 3 i t 2 , i --  A ,  B,  C, D . 

The values of the constants in these equations are given also in Appendix A. The 
problem was originally solved by Swartz (1989) using successive linearizations and 
Q-R factorizations to eliminate the unmeasured process variables. Later, Tjoa and 
Biegler (1991) solved the same problem using a hybrid SQP technique, developed to 
exploit the advantages arising from the type of objective function in the reconciliation 
problem. For this example we carried out the following analysis: 

1. Ef fec t  o f  the a pr ior i  c lass i f ica t ion~decomposi t ion  on the solu t ion  o f  the 
reconci l ia t ion  problem.  

As was discussed in Chapters 3 and 4, variable classification allows us to obtain a 
reduced subsystem of redundant equations that contain only measured and redundant 
variables. These are used in the reconciliation procedure. 

A comparative analysis was performed to investigate the effect of the reduction 
on computing time, between the two possible approaches: 

(a) Without any classification/decomposition prior to reconciliation (i.e., 
solving the whole set of equations containing measured and unmeasured 
variables) 

(b) Decomposition of the global estimation problem, resolution of the reduced 
reconciliation problem, and then calculation of the unmeasured but 
determinable process variables 

SQP was used for the solution, because of its good performance (Tjoa and Biegler, 
1991), using the implementation available within the MATLAB environment. 

From the classification it was found that, for this specific problem, there are 10 
redundant and 6 nonredundant measured variables, and all the unmeasured process 
variables are determinable. Symbolic manipulation of the equations allowed us to 
obtain the three redundant equations used in the reconciliation problem: 

f A 1 -  fA3 -- fA6 - - 0  

f A3 -+- f A6 -- ( f A3h(tA5) -+- f A6h(tA7) - - 0  

fA6h(ta3)-Jr- f D 2 h ( t D 1 ) -  f o 2 h ( t D 2 ) -  fA6h(ta7) - -O.  

Expressions for the unmeasured process variables, as functions of the measured ones, 
were also obtained. These were solved sequentially after the reconciliation of the 
redundant measurements was completed: 

fA2 -- fA1 
fA4 = fA3 
fB2 = f81 

fA5 = fA3 

f c 2  = f c l  
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fA7 --  fA6 
fD1 = fo2  
tA2 = tA3 

tA6 = tA3 

fB3 -- fB1 

fBlhB1 + f A 3 h a 3 -  fA3ha4 
hB2 = 

fs1 
fA3hA4 + f c l h c 1  -- fA3hA5 

hc2 = 
fcl 

fA3hA5 -a t- f A6hA7 
fA8 --" ~ 

hA8 

f A l h a l  + fBlhB1 + fA3ha3 -- f A 3 h a 4 -  fA lha3  
hB3 = fB1 

The estimated values for the measured and unmeasured process variables for both 
cases are given in Table 5. As shown in Table 6, the computing time and the number of 
function evaluations decreased substantially when the decomposition/reconciliation 
approach was used in comparison with the conventional approach. This indicates the 
advantages of performing the decomposition before the reconciliation. 

2. Analysis of the performance of the Q-R decomposition approach for bilinear 
systems in correcting measured and unmeasured variables. 

Since the original problem is bilinear, a redefinition of variables was performed 
to transform it into a linear one, according to the strategy described in Section 4.3. 

/ TABLE 5 Estimates of the Measured and Unmeasured Variables 
in Example 5.4 

Stream Flowrate Temperature S t r e a m  Flowrate Temperature 

A1 963.63 466.33 B 1 253.20 618.11 
A2 963.63 481.91 B 2 253.20 543.90 
A3 407.85 481.91 B 3 253.20 486.51 
A4 407.85 530.09 C 1 308.10 694.99 
A5 407.85 615.51 C2 308.10 594.80 
A6 555.77 481.91 D1 689.41 668.02 
A7 555.77 617.77 D2 689.41 558.17 
A8 963.63 616.81 

/ TABLE 6 Solution Performance for 
Example 5.4 with SQP 

System of Objective function 
equations evaluations Time (sec) 

Complete 2228 101 
Reduced 474 18 
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To do this, the product  of  the mass  flowrate and the specific enthalpy was substi tuted 
by the cor responding  enthalpy flow. Resul ts  of  the reconci l ia t ion procedure  using 
the Q-R factorizat ion are given in Table 7. Table 8 compares  the r e s iduum of the 
ba lance  equat ions,  the value of the objective function, and the comput ing  t ime of  the 
M A T L A B  implementa t ion  for both approaches  (Q-R factorizat ion and use of SQP 
with the reduced  set of  ba lance  equations).  These  results show the improvemen t  and 
the efficiency achieved using Q-R decompos i t ion  when  the sys tem can be represented  
as bilinear. 

TABLE 7 Estimates of the Measured and Unmeasured Variables 
for Example 5.4 

Stream Flowrate Temperature Stream Flowrate Temperature 

A1 967.43 466.33 B 1 253.20 618.11 
A2 967.43 484.11 B2 253.20 543.99 
A3 406.58 481.82 B 3 253.20 477.98 
A4 406.58 530.09 C1 308.10 694.99 
A5 406.58 615.51 C2 308.10 595.16 
A6 560.85 485.76 D1 680.10 667.84 
A7 560.85 617.87 D2 680.10 558.34 
A8 967.43 616.87 

TABLE 8 Performance of the Different Methods 
in the Solution of Example 5.4 

Variable Bilinear system--SQP Bilinear systemmQR 

Res. # 1 0. 
Res. # 2 0. 
Res. # 3 1 x 10 - 2  

Res. #4 0. 
Res. # 5 0. 
Res. #6 0. 
Res. # 7 0. 
Res. # 8 1 x 10 -2 
Res. # 9 0. 
Res. # 10 0. 
Res. # 11 0.4756 
Res. # 12 0. 
Res. # 13 0. 
Res. # 14 -0.1268 
Res. # 15 0.6243 
Res. # 16 -0.0446 
Res. # 17 -3.047 
Maximum norm 3.047 
Objective function 14.7974 
Time (sec) 18.13 

0, 
0. 
1• -13 
0. 
0. 
0. 
0. 
1• -13 
0. 
0. 

-0.5071 
-0.4720 

0.3408 
0.3780 

-0.2359 
0.0936 

-1.013 
1.013 

13.7962 
9.72 
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5.5. CONCLUSIONS 

In this chapter we have stated the data reconciliation problem and explored some avail- 
able techniques for solving it. It must be noted that the performance of reconciliation 
methods is strongly dependent on the particular system. 

For linear models, the Q-R factorization can be successfully applied for both 
problem decomposition and estimation purposes. In contrast, nonlinear models re- 
quire the selection of an appropriate technique that can manage the complexity of the 
nonlinear constraints in a reasonably low run time. 

In this sense, the application of Q-R factorizations constitutes an efficient alterna- 
tive for solving bilinear data reconciliation. Successive linearizations and nonlinear 
programming are required for more complex models. These techniques are more 
reliable and accurate for most problems, and thus require more computation time. 

NOTATION 

A1 submatrix corresponding to measured variables for linear models 
A2 submatrix corresponding to unmeasured variables for linear models 
b vector defined by Eq. (5.40) 
el vector defined by Eq. (5.38) 
d search direction 
f vector of total flowrates 
g number of measured variables 
Gx matrix defined by Eq. (5.25) 
h vector of stream enthalpies 
HL Hessian matrix of the Lagrange function 

matrix defined by Eq. (5.17) 
Ix1, Ix2 partition of matrix I considering Hx 
J objective function value 
k index for the number of iterations 
L Lagrange function 
m number of process model functions 
m 1 number of equality constraints 
m2 number of inequality constraints 
n number of unmeasured variables 
[Qx, Rx, IIx] QR(A1) 
[Qu, Ru, IIu] QR(A2) 
rx rank(A1) 
ru rank(A2) 
t vector of stream temperatures 
u vector of unmeasured variables (n x l) 
Uru, Un-ru partitions of u 
x vector of measured variables (g x 1) 
Xrx, X g - r x  partitions of x 
y vector of measurements (g • 1) 
z vector of optimization variables 
Zl, ZD partitions of z in dependent and not-dependent variables 

Greek 

vector of random errors 
r/ polynomial coefficients for specific enthalpies 
~. Lagrange multipliers 
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/z Kuhn-Tucker multipliers 
covariance matrix of the measurement errors 

q9 nonlinear equality constraints 
co nonlinear nequality constraints 
a a general objective function 

Superscripts 
A 

with reconciled values 
L lower limit 
U upper limit 
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APPENDIX A: ADDITIONAL INFORMATION FOR EXAMPLE 5.4 

Model Equations 

1. fA1 -- fA2 = 0  

2. fB2 -- fB3 = 0 

3. fAlhA1 -- fA2hA2 + f B 2 h B 2 -  fB3hB3 - - 0  
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4. f A 2 -  fA3 -- fA6 = 0 

5. taz -- ta3 = 0  

6. tA2 - -  tA6 = 0 

7. fA3 -- fA4  = 0 

8. f B l  -- fB2 --  O 

9. fA3hA3 -- fA4hA4 -+" fBlhB1 - fB2hB2  -~ 0 

10 .  fA4 -- fA5 - - -0  

11. f c l  - f c2  = O 

12. f A 4 h a 4 -  fA5ha5  -'1-" f c l h c 1  -- f c 2 h c 2  = 0 

13. fa5 + fAY -- fA8 ~" 0 

14. f a s h a 5  + f a 7 h a 7  -- f a s h a 8  ~- 0 

1 5 .  fA6 -- fAY "~ 0 

16. f o l  - f D 2  = 0 

17. fA6hA6  -- f A 7 h a 7  -k- fDlhD1 - fD2hD2 = O. 

Coefficients for the Specific Enthalpy Equations 

Coefficient A B C D 

O1 - 6 . 8 9 0 9  - 14.8538 - 2 8 . 2 8 0 7  - 11.4172 
/'/2 0.0991 0.1333 0.1385 0 .1229 
173 1.1081 x 10 -4  0 .7539  • 10 -4  0 .9043 • 10 -4  0 .7940  • 10 -4  



6 
SEQUENTIAL PROCESSING 
OF INFORMATION 

In this chapter the mathematical formulation for the sequential processing of both 
constraints and measurements is presented. Some interesting features are discussed 
that make this approach well suited for the analysis of a set of measurements and for 
gross error identification, the subject of the next chapter. 

6. I. INTRODUCTION 

The linear/linearized data reconciliation solution deserves some special attention be- 
cause it allows the formulation of alternative strategies for the processing of infor- 
mation. In this chapter the mathematical formulation for the sequential processing of 
both constraints and measurements is analyzed. 

A recursive procedure is presented that exhibits some advantages over classical 
batch processing since it avoids the inversion of large matrices. It is shown that 
when only one equation is processed at a time, the inversion degenerates into the 
computation of the reciprocal of a scalar. Furthermore, this sequential approach can 
also be used to isolate systematic errors that may be present in the data set (Romagnoli 
and Stephanopoulos, 1981; Romagnoli, 1983). 

6.2. SEQUENTIAL PROCESSING OF CONSTRAINTS 

Consider in general the following set of m balance equations containing only measured 
variables: 

Ax = 0 (6.1) 

93 
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or 

A(y - r - 0, (6.2) 

where A is an (m • g) matrix of known constants; x is the g-dimensional vector 
of process variables; r is the g-dimensional vector of measurement errors whose 
covariance matrix is given by ~ .  The residuum of the balance equations is defined as 

r -  Ay, (6.3) 

and its covariance matrix is stated as 

-- A ~ A  T. (6.4) 

As shown before, the general data reconciliation procedure for the overall system 
must solve the following constrained least squares problem: 

Min cx ~ -  1 r 
E 

s.t. (6.5) 
A(y - r - 0. 

Now, because of the manner in which the balances arise, the total set of algebraic 
equations can be partitioned into two arbitrary subsystems. The first contains (m - a) 
equations and the second contains the remaining a equations, where a is an arbitrary 
number 1 < a < m. Note that the cases a - 0 or a - m correspond to the overall 
reconciliation problem. 

Partitioning matrix A along these lines, we get 

A1 ] (6.6) 
A =  A2 ' 

where A1 and A2 are compatible matrices of dimension [(m - a) • g] and (a • g), 
respectively. Using the partitioning just shown, the constrained least squares problem 
for the overall system was replaced in the work of Mikhail (1976) by the equivalent 
two-problem formulation: 

Problem I 

Min 61T~11r 

s.t. (6.7) 
AI(y - r = 0. 

When the Lagrangian technique is used to solve the preceding problem, the least 
squares estimate of the measurement errors is given by 

gl -- ~II1AT (A1 ~ IAT) - IAly  (6.8) 

Also, for the covariance of the estimation error and the measurement estimates (see 
Appendix A) we have, respectively, 

Y]~] -- tItl AT (A1 tI/1AT)-IA1 tI/1 (6.9) 

and 

~"]~1 - -  l I t  1 - -  ~ ' ]~1  " ( 6 . 1 0 )  
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Problem 2 
From the solution of the first problem, the measurements are adjusted using the 

estimates of the measurement errors ~1. Thus, new information is available when the 
rest of the balances, A2, are processed in Problem 2. 

Let us defined a matrix qJ2 such that 

~I]2 = ~I/1 -- Y]~I, (6.11) 

where ~II2 represents the covariance matrix of the initial measurements for Problem 2. 
By analogy with the resolution of the first problem, the estimate of the measure- 

ment error, ~2, associated with the subset of constraints A2 is given by 

~2 --  ~I~2A T ( A 2 ~ z A T ) - I A z ( y  - ~1).  (6.12) 

The following relationships can also be obtained for the covariance of the estimated 
errors and for the measurement estimates: 

X~s 2 -- ~2A~ (Az~I'2A~)-1A2~2 (6.13) 

and 

Y]~2 --  ltI/2 -- ~-]~2" (6.14) 

It can be shown (Mikhail, 1976), reproduced here in Appendix A, that the solution 
for the overall set of balance equations can be obtained from the equivalent two-stage 
procedure as follows: 

= ~'1 + ~'2 (6.15) 

and 

J = J1 + J2,  (6.16) 

where J is the least squares objective function. 
The same kind of arguments can be extended to consider in general the partition- 

ing of the overall system of balance equations into k smaller subsystems (defining k 
equivalent subproblems). At the i th stage we will have 

and 

~i -- ~iAT (Ai~Tff iAT)-IAi (y - ~ ~j) 
j = l  

(6.17) 

~ ,  - ~ i A  T ( A i ~ i A T ) - l A i ~ i  (6.18) 

ff'i = if'i-1 - ~ , -1 ,  (6.19) 

using as starting values �9 ~ = ~I,. In general, when the total set of balances is processed 
in k steps, the least squares objective and the covariance of the measurement estimates 
are given by 

k 

J -- Z Ji, ( 6 . 2 0 )  
i=1 
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where 

and 

[( i1)1  I( i1)] Ji = Ai y - Z ~ j  (Ai~iAT) -1 Ai y - Z , ~ j  
j - -1  j = l  

(6.21) 

X~k = @k -- ~ (6.22) 

The recursive formulas that have been presented exhibit some advantages over 
classical batch processing. First, they avoid the inversion of the normal coefficient 
matrix, since we would usually process a few equations at a time. Obviously, when 
0nly one equation is involved each time, the inversion degenerates into computing the 
reciprocal of a scalar. Furthermore, these sequential relationships can also be used to 
isolate systematic errors that may be present in the data set, as will be shown in the 
next chapter. 

EXAMPLE 6.1 
Let us apply the sequential processing of the constraints to the system defined 

previously in Example 5.1. We will process one equation at a time starting from the 
unconstrained problem. 

Step 1. According to our definition we have for the first balance 

A1 -- [0.1 0.6 - 0 . 2  -0 .7] ,  

~I/ = II /1 - -  

0.000289 
0.0025 

0.000576 " 
0.04 

The scalar to be inverted is now 

[AI~]-IAT] = 0.0205. 

Accordingly, we have for the estimate of the variables, the measurement errors, and 
the error estimate covariance 

0.1859 
4.7984 

1 = 1.2291 ' ~1 = 

3.7883 

- 0 . 0001  0 0 0 0 
-0 .0049 X~I = 0 0.0001 0 -0 .002  
0.0004 ' 0 0 0 0.0002 |"  

! 

0.0917 0 -0 .002 0.0002 0.0382 J 

Step 2. Processing equation 2, we have 

A2 = [0.8 0.1 

0.0003 

0 
0 

- 0 . 2  

0 
0.0024 

0 
0.002 

-o.1], 

0 
0 

0.0006 
-0 .0002 

0 
0.002 

-0 .0002 
0.0018 

and 

[A2@2A2 T] - 0.000196. 
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Therefore, 

0.1814 
0.7978 
1 . 2 3 1 1  ' 

3.7866 

0.0045 
0.0006 
-0 .002 ' 
0.0017 

0.2633 
~2  = (10-3) 0.0360 

-0.1141 
0.1011 

0.0360 -0.1141 0.1011 
0.0049 -0 .0156 0.0138 

-0 .0156 0.0495 -0 .0438 " 
0.0138 -0 .0438 0.0388 

Step 3. We process the final constraint equation. In this case 

A3 -- [0.1 0.3 - 0 . 6  -0.2] ,  

~I/3 = 
0 0 0.0001 -0.0001 
0 0.0024 0 0.002 

0.0001 0 0.0005 -0.0001 
-0.0001 0.002 -0.0001 0.0018 

and 

[A3~3A~'] = 0.0001816. 

Finally, we have for the estimate of the state and the measurement error 

0.1676 
4.8594 

X 3 -  1.1730 ' ~ 3  = 

3.8540 

0.0138 
-0 .0616 
0.0581 

-0.0675 

0.0233 
-0.1043 

~ 3  -- (10-3) 0.0983 

-0 .1142 

-0.1043 0.0983 -0 .1142 
0.4660 -0.4393 0.5101 

-0.4393 0.4140 -0.4808 " 
0.5101 -0.4808 0.5583 

6.3. SEQUENTIAL PROCESSING OF THE MEASUREMENTS 

For the sequential processing of measurements data, we will consider the total set 
of measurements partitioned into two smaller subsets composed of (g - c) and c 
measurements, respectively. Partitioning the matrix A along these lines, we have 

A = [Ag Ac], (6.23) 

where Ag is an [m x (g - c)] matrix whose columns are composed of the coefficients 
of the (g - c) measurements and Ac is an (m • c) matrix corresponding to the 
remaining c measurements. Assuming that there is no correlation between the various 
measurements, the covariance matrix can also be partitioned, leading to 

~It-- [ ltItg ~Itc ] . (6.24) 
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Introducing this partitioning into the equations, we have for the covariance matrix 
of the residuum in the balances 

c I , = A ~ A  T - [ A g  Ac] ~g 0 Ag 
0 Ac T (6.25) 

= + Ac cAc 

The right-hand side of Eq. (6.25) represents the covariance of the residuum when 
both blocks of measurement equations are used. The first term in the right-hand side 
is the covariance resulting from considering the information provided by the first set 
of measurements. Hence, the second term arises as a correction to the estimate, due 
to the incorporation of new measurements (new information) as it becomes available: 

tX)ne w -- tI)ol d + Ac~I, cAc T. (6.26) 

This procedure can be extended to the case of having an arbitrary number of 
blocks of information (measurements). In this case, the covariance matrix ~I,, which 
uses the information provided by the j th block, is given by 

tX)j --  tX)j_ 1 + (Aj ~I'jA~). (6.27) 

This formula corresponds to adding new observations to the sequential treatment. If 
the covariance matrix of the reduced set of measurements is to be recovered from the 
augmented one, then solving for 'I'j_l from Eq. (6.27), we have 

CI~j_ 1 "- cI)j -- (Aj ~ jAy) .  (6.28) 

Equation (6.28) yields the new covariance when measurements are deleted from the 
original formulation. In Eqs. (6.27) and (6.28), the subscript j denotes the j th set 
of measurements. If we redefine j to corresponds to the j th step of the sequential 
treatment of the measurements, then the covariance matrix emerging sequentially, 
after sets of observations are added or deleted, can be written as follows 

tI)j : tX)j_ 1 ~ (Aj  ~It jAT),  (6.29) 

where the signs + and - correspond to addition or deletion, respectively. Matrix Aj 
in each case is the corresponding submatrix of the original matrix of coefficients. 

To solve the least squares problem for the estimate of the measurement errors we 
need to invert the covariance matrix ~I,. It is possible to relate ~-1 to cI, f l l  through a 
simple recursive formula. Let us recall the following matrix inversion lemma (Noble, 
1969): 

LEMMA 
Let Y and Z be nonsingular matrices of order (n • n) and (p • p), respectively, 

and U an (n • p) matrix. If  

then 

X = Y 4- UZU T, (6.30) 

X-1 = y-1 q= y-1U[Z-1 _4_ u T y - 1 u ] - I u T y - 1 .  

Applying this lemma to the matrices of Eq. (6.29), we have 

T -1 T ci:)f11 }. tX)f 1 -" tx~fl 1 {I T A: ( l I / f  1 q-" A j  t x ) f l l A j )  A j  

(6.31) 

(6.32) 
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When measurements are added or deleted, this recursive formula exhibits the 
advantage of avoiding the inversion of large matrices. Particularly, when only one 
measurement is added or deleted at a time, the inversion degenerates into computing 
the reciprocal of a scalar. 

EXAMPLE 6.2 
Let us consider the same system used in the previous example to show the ap- 

plication of the sequential deletion of one of the sensors from the original problem 
formulation. 

The solution of Example 6.1 is considered as the first stage of the sequential 
procedure. The following residuum in the balances and its corresponding covariance 
matrix are obtained: 

[ ] [ ] -0.06722 483.65 -241.96 -1339.82 
- 0.00591 ~11 -- --241.96 5890.55 --2071.62 rl 

0.05707 --1339.82 --2071.62 5506.04 

In the second stage (j = 2), the deletion of measurement fl from the adjustment is 
desired. In this case, 

0.1] 
A2 -- 0.8 , 

0.1 

The scalar to be inverted is now given by 

~ 2  i~ [2.89 x 10-4]. 

( ~ 2 1  + A T t i l A 2 )  - (1/(2.89 x 10 -4) + [0.1 

483.65 -241.96 
x -241.96 5890.55 

-1339.82 -2071.62 

0.8 0.1] 

and from Eq. (6.32), CI~21 is 

133982][01]) 
-2071.62 0.8 , 
5506.04 0.1 

472.34 -60.47 -1390.07]  
�9 21 - -60.47 2977.47 -1265.08 

-1390.07 -1265.08 5282.73 

with the estimate of the measurement errors and vector x given by 

E J [ ] -0.0425 4.8360 
@2-- 0.0622 , x,2-- 1.1673 . 

0.0445 3.8354 

6.4. ALTERNATIVE FORMULATION FROM ESTIMATION THEORY 

In this section we develop the best linear estimate of x for the general linear measure- 
ment model 

y = Cx + e, C E ~Ixg (6.33) 
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under a set of constraints imposed on the process variables by the balance equations. 
Two cases will be considered: 

1. Estimate x given that the model (6.33) holds and, further, that the set of 
constraints on x is known to be such as indicated by Eq. (6.1)" 

Ax = 0, (6.1) 

where 

rankA = m < g. (6.34) 

2. Estimate x given that the previous measurement model holds and, further, that 
the set of linear constraints is satisfied with an additive random component w: 

Ax + w = 0. (6.35) 

The vector w is an additive error introduced to account for inaccuracies generated by 
approximations and reflects the expected degree of modeling errors. 

6.4.1. Estimation with Nonrandom Constraints 

To incorporate the constraints in our least squares problem, we consider the 
Lagrangian equation 

L = (y - Cx)T~- l (y  -- Cx) + )~TAx, (6.36) 

where ,k is the vector of Lagrangian multipliers. The optimality conditions are then 

OL 
= - - 2 c T ~ - I ( y  -- Cx) + ATA = 0 (6.37) 

0x 

~L 
= Ax = 0. (6.38) 

0A 

These give the necessary conditions for L to be minimum. The solution of the previous 
problem is 

- -  l~0 -- ( C T ~ I t - I c ) - I A T [ A ( C T ~ I s - I c ) - I A T ] - I A ~ , o  (6.39) 

= 2 [ A ( C T  t IJ -  1 C ) -  1 A T ] -  1A~0, (6.40) 

where :~0 is the solution of the least squares problem without constraints i.e. 

X0 --  ( c T l t I t - I c ) - I c T ~ I t - l Y  �9 (6.41) 

It is important to note that 

AX --- A [ x  0 - ( c T I I / - 1 C ) - I A T [ A ( C T I I / - 1 C ) - I A T ] - I A I ~ 0 ]  

= Ax0 - [ A ( C T ~ - I c ) - I A T ] [ A ( C T ~ - I c ) - I A T ] - I A x 0  (6.42) 

= A:~0 - A% - 0, 

as was required. Also note that the covariance matrix of the error in the estimate is 
obtained as follows: 

~ = B ( c T ~ - I c ) - I B  T, (6.43) 
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where 

B = I - ( c T t I j - I c ) - I A T [ A ( C T t I t - I c ) - I A T ] - I A .  (6.44) 

On reducing the covariance to a simpler form, we find that 

~-]~ - -  ( c T t I / - 1 C ) - I  _ ( C T ~ I / - 1 C ) - I A T [ A ( C T ~ I t - I c ) - I A T ] - I A ( C T t I / - 1 C ) - I  

= ~ o  - ( c T t I t - I c ) - I A T [ A ( C T t I t - I c ) - I A T ] - I A ( C T ~ I t - I c )  -1 ,  
(6.45) 

where ~ 0  is the original covariance without the constraints. 
Notice that the addition of information in terms of the constraints leads to a 

reduction in the covariance of the estimate of x(~,). 

6.4.2. Constraints with Additive Random Components 

In this section, we first consider that, in addition to the measurement equations model 
(6.33), we have also the conditions defined by (6.35) imposed on the vector of process 
variables. Furthermore, we will assume, as a more general formulation, that a priori 
information enters into the estimation problem. 

Case I 
The objective function to be minimized is restated as follows: 

J - wTRlw + (y -- Cx)TR2(y - Cx), (6.46) 

where R1 and R2 are symmetric positive definite weighting matrices (usually taken 
as the inverse of the covariance of the errors). R1 reflects the expected degree of 
satisfaction of the constraints (in our case R1 >> R2). The minimization problem 
becomes 

Min wTRlw + (y - Cx)TR2(y - Cx) 
s.t. 

A x + w -  O. 

Defining 

S T = [W T e T ] ; s  E D] m+l 

R -  JR1 -R E D~ (m+l)• 
l R2 ' 

D T = [A T C T] 
z T = [0 T yT], 

the optimal solution for the estimates is given by 

~, = [DTRD]-IDTRz. 

(6.47) 

(6.48) 

E(s) - 0 

P1 E ( s s  T) - -  p -  I 9 (6.50) 

Assume that s is a random error vector with zero mean and covariance P, that is, 

(6.49) 
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which implies that the error vectors si, i = 1, 2, are uncorrelated. The covariance of 
the estimate then becomes 

~ = [DTRD]-IDTRp RD[DTRD] -1. (6.51) 

Assuming that the weighting matrix R is taken as the inverse of the covariance ma- 
trix P, that is, R = p-1 Eq. (6.51) simplifies to 

~ - [DTp-1D] -1 - [ATp]-IA + CTffj-Ic] -1. (6.52) 

Here the covariance matrix has two contributions due to model equations (constraints) 
and measurements, respectively. 

Note: The interpretation of the matrix 2~ as the covariance matrix of the errors in z~ has 
important applications. The value of any estimate is greatly enhanced if its accuracy is 
known. ~ is also very useful in initial design and development, as it can be calculated 
before the estimator is implemented. ~ can be used to study measurement placement 
and what type and accuracy of information is actually needed. & 

Now, for the sequential treatment of constraint and measurements equations, 
consider the system partitioned into two groups as follows: 

[A1]x + Wl] (6.53) 
0 -  A2 W2 

for the constraints, where wl E ~(m-a), w2 E ~a, and A1 E ~(m-a)• A2 E ~a• 
Also, 

Y - -  C2 ~2 

for the measurements, where ~1 6 ~r, ~2 E ~)](l-r), C1 E 9] rxg, and C2 ~ ~(l-r)xg. 
Since no correlation is assumed for the corresponding noises, the weighting matrices 
can be partitioned as well, that is, 

(R1)I Re -- . (6.55) 
R1 = (R1)2 ' (R2)2 

Introducing these partitions into Eq. (6.52), we have for the constraints 

y]21 --  AT(R1)IA] + CTReC + AT(RI)2A2 
= Y]I l + AT(RI)2A2. (6.56) 

A similar arrangement can be obtained for the measurements. In general, 

X~-I= X]~-ll 4-AT(R1)2A2 (6.57) 

for both the addition and the deletion of constraint equations. In the same way, for 
the sequential addition or deletion of measurement equations, we have 

y]~-I __ x ~ - l l - 4 - C T ( R 2 ) 2 C 2  . (6.58) 

The application of the matrix inversion lemma leads to recursive formulas similar to 
those previously obtained in the conventional approach set out in Section 6.3. 
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Case 2 

We can also consider that in addition to the model equations, a priori information 
enters into the estimation problem, that is, some previous knowledge about the process 
variables or system states is available. If the vector of a priori estimated errors p is 
defined as 

p - ~ , -  x, (6.59) 

where ~, is the vector of the a priori estimate of the process variables, then the objective 
function to be minimized can be expanded as follows: 

J - wTRlw + (y - Cx)TR2(y - Cx) + pTR3p. (6.60) 

R3 is a symmetric positive definite weighting matrix. The minimization problem 
becomes 

Min w T R l w  + (y - C x ) T R 2 ( y -  Cx) + pTR3p, 
s.t. 

A x + w -  0. 
(6.61) 

Defining 

R m 

R1 

S T __ [W T eT pT];s E ~)~m+l+g 
1 

R2 [ ; R ~ ~(m+l+g)x(m+l+g) 
R3 / 

D T - [ A  T C T I] 
z T _ [ 0  T yT ~T], 

(6.62) 

the optimal solution for the estimates is given by 

~ , -  [DTRD]- IDTRz .  (6.63) 

Assume that s is a random error vector with zero mean and covariance P, that is, 

E(s) = 0 

[ P '  ] (6.64) 
E(SS T) = P -  ~ , 

P3 

which implies that the error vectors si, i -- 1, 2, 3, are uncorrelated. The covariance 
of the estimate then becomes 

~ -- [DTp-1D] -1 = [ATPllA + cT~It - Ic  -[- P31] -1. (6.65) 

EXAMPLE 6.3 
Let us now take the same system used in Example 4.1 but represented under the 

general formulation. We have 

A 

0.1 0.6 -0 .2  
0.8 0.1 -0 .2  
0.1 0.3 - 0 . 6  

1 0 0 
-0"7/q 0 1 0 
- 0 . 1 ] ,  C =  0 0 1 
- 0 . 2  0 0 0 

0 
0 
0 ' 
1 
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from which the augmented matrix is 

D 

0.1 0.6 -0 .2  -0 .7  
0.8 0.1 -0 .2  -0.1 
0.1 0.3 -0 .6  -0 .2  

i 0 0 0 1 0 0 
0 1 0 
0 0 1 

We will assume that there is no a priori information and that we also need to assign 
the weights corresponding to the balance equations. They represent the expected 
degree of satisfaction of the constraints. Assuming as a first approximation R1 = I, 
the estimate of the process variables is given by the formula 

:~ - -  [ D T R D ] - I D T R z  ' 

that is, 

I 
0.1858 
4.7936 
1.2295 ' 
3.8777 

which are very close to the measured values. This is consistent because we are giving a 
large amount of confidence to the measurements. Next, we consider the case of giving 
larger weights to the satisfaction of the constraints. Table 1 shows the results of the 
reconciliation for different values of the weighting matrix R1. As expected, larger 
corrections are performed to the measured values in order to satisfy the constraints. 
In the limit, the results of the general approach and the data reconciliation results 
from Section 6.2 coincide. 

It is clear that using this general procedure we have additional degrees of freedom 
in terms of assigning weights to the satisfaction of constraints. Furthermore, this 
general formulation clarifies the contributions to the error in the final estimate from 
the processing of both the constraints and the measurements. It is now possible to study 
separately aspects related to modeling problems and aspects related to measurement 
problems. 

TABLE I Results for Example 6.3 

Rt = I Rt = 10001 Rt = I x 1061 

f l  0.1858 0.1852 0.1678 
f2 4.7936 4.8076 4.8591 
f3 1.2295 1.2204 1.1733 
f4 3.877 3.7920 3.8536 
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6.5. CONCLUSIONS 

This chapter discussed the idea of exploiting the sequential processing of information 
(both constraints and measurements), to allow computations to be done in a recursive 
way without solving the full-scale reconciliation problem. 

The sequential procedure can be implemented on-line, in real time, for any pro- 
cessing plant without much computational effort. Furthermore, by sequentially delet- 
ing one measurement at a time, it is possible to quantify the effect of that measurement 
on the reconciliation procedure, making this approach very suitable for gross error 
detection/identification, as discussed in the next chapter. 

NOTATION 

a number of rows of A2 
A matrix of linear constraints 
A1 [(m - a) • g] submatrix of A 
A2 (a • g)submatrix of A 
Ag [m • (g - c)] submatrix of A 
Ac (m x c) submatrix of A 
B (g • g) matrix defined by Eq. (6.44) 
C (l x g) matrix of the general measurement model 
c number of columns of Ac 
D matrix defined by Eqs. (6.48) and (6.62) 
g number of measured variables 
i index for the row sequential processing stage 
j index for the measurement sequential processing stage 
J least square objective function 
k number of subsystems for the row sequential processing of A 
m number of process constraints 
n dimension of matrix Y 
p dimension of matrix Z 
P covariance matrix of the vector s 
R number of rows of C1 
r residuum of process constraints 
R weighting matrix 
s vector defined by Eqs. (6.48) and (6.62) 
U (p x n) general matrix 
w vector of expected degree of modeling errors 
x vector of true value of measured variables 
X (n x n) general matrix 
y vector of measurements 
Y (n • n) general matrix 
z vector defined by Eqs. (6.48) and (6.62) 
Z (p x p) general matrix 

Greek Symbols 

E 

cI, 

measurement random errors 
covariance matrix of measurement errors 
covariance matrix of residuum 
covariance matrix of the error estimates 
covariance matrix of variable estimates 
Lagrangian multipliers 
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Superscripts 
A 

least square estimation 
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APPENDIX A 

Covariance Matrix of the Estimated Measurement Error 
When the Lagrangian technique is used to solve problem (6.5), the following expres- 
sion for the estimate of the measurement error is obtained: 

-- ~AT(A~AT)-IAy.  (A6.1) 

Its covariance matrix ~ is defined as 

~ = E ( ~  T) = E(~AT(A~AT)-IAyyTAT(A~I, AT)- IA~)  

~ = E ( ~  T) = ~AT(A~AT)-IAE(yyT)AT(A~AT)-IA~.  

As tI, = E(yyT), the covariance matrix of the estimated measurement error is 

~ = E ( ~  T) = ~ A T ( A ~ A T ) - I A ~ .  

(A6.2) 

(A6.3) 

(A6.4) 

Covariance Matrix of the Adjusted Measurements 
The adjusted measurements can be stated as 

= y -  ~ = y -  ~AT(AfflAT)-IAy. (A6.5) 

By applying the propagation rules of the covariance, the following expression is 
obtained for the covariance of :~: 

~ - cov(y) - cov(g) - �9 - ~ .  (A6.6) 

Equivalence between the Solution of the Overall Set of Balance Equations 
and the Two-Stage Procedure 

1. Proof that ~ - ~l + 82 (from Mikhail, 1976): 
The total system of equations 

A:~ = 0 (A6.7) 
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can be partitioned to 

o r  

EA'I  [AllyA2 A2 

AI~ - Aly (A6.9) 
A2~ -- A2y. (A6.10) 

Now, if the vectors of measurement errors resulting from the resolution of each stage 
are added and multiplied by matrix A2, we obtain 

Az(gl + g2) - Azgl + AzffJzAzT (AzffJzA~)-IAz(y- gl) - Azy. (A6.11) 

So from Eqs. (A6.10) and (A6.11) it follows that 

- -  ~1 -~- ~2.  (A6.12) 

2. Proof that J - J1 -k- J 2  (from Mikhail, 1976)" 
The computation of J can be accomplished by the expression 

J -- rT(A~AT)-lr,  (A6.13) 

which is equivalent to 

J -- e T ~ - l e  (A6.14) 

because of 
j -- r162 _ [~AT(A~AT)-lr]T~-I[~IIAT(A~IIAT)-lr] 

= [AT(A~I, AT)- 1 r]T ff~ [AT(A~ItAT)- lr] 
= r T ( A ~ A T ) - I A ~ A T ( A ~ A T ) - l r -  rT(A~AT) -1 

If the total system of equations is partitioned into two subsets, the computation 
of J by Eq. (A6.13) can be accomplished as follows" 

where 

 --rT{ AI oEAI A2 AT,} - 1  

r - r T 
AI~A~ AI~A~ ] -1 
Az~A1 T Az~A T r 

j -  [r T r T] 
~I T 1~ 

- 1  El ~ rT --[rT r~] GT 
r~ H r2 

J - (rTM-lr,  - rTM-11~IGTrl) + 2rTGr2 + r~Hr2, 

H - ( 1 M -  I ~ I T I l v I - I ~ / I )  - 1  

G - -  - I ~ I - 1 1 ~ H  

E - -  1 ~  - 1  - ~/I-11~G T. 

Now with regard to the adjustment in steps, from the first step, 

J1 -- r T (A1 ~ItAT) - l r l -  rTl~-lrl  

~1 - -  ff~A~ (AI~AT)-IF1 - ~ATM-IF1 . 

(A6.15) 

(A6.16) 

(A6.17) 

(A6.18) 

(A6.19) 

(A6.20) 

(A6.21) 

(A6.22) 
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From the second step, 

and 

Since 

(A2 ltIt2AT) -1 

r~ - A2~2 - r2 - A 2 ~ l  : A 2 ( y -  ~1) 

J 2 -  (r~)T (A2ffJ2A~) - 1 '  .r2 

= [ A 2 ( ~ ' -  *A~:M-1AI~)AT] -1 

= [(A2fflA T) -(A2ffJAIT)M-'(Alffl)AT)] -1 
- -  (1~r ~ I T M - I ~ / I )  -1 ~-~ H, 

Eq. (A6.24) can be expressed as 

J2 - (r;) THr; 

_ _ ^ "  �9 
r  - A 2 e l )  

^T T = r~Hr2 - 2g~A~'Hr2 + r A2HA2gl 
J2 = r~Hr2 - 2rTM-11~IHr2 + rlTIIr162 

,/2 = --rTM-11QGTrl + 2r]'Gr2 + rzTHr2. 

(A6.23) 

It is obvious from Eqs. (A6.21) and (A6.29) that J = J1 -k- J2. 

(A6.24) 

(A6.25) 

(A6.26) 

(A6.27) 

(A6.28) 

(A6.29) 



7 
TREATMENT OF GROSS ERRORS 

In this chapter we start by defining the data reconciliation problem in the presence 
of gross errors and by describing the different stages to follow for the treatment of 
biased data. Different strategies for testing a set of data are then described and a 
serial elimination strategy discussed for identifying sources of gross errors. Then, a 
method for estimating the amount of gross error (measurement bias and/or leaks) is 
presented that will allow the continuing use of faulty sensors. Finally, a strategy for 
the simultaneous estimation and identification of gross errors will be discussed. 

7. I. INTRODUCTION 

In the previous development it was assumed that only random, normally distributed 
measurement errors, with zero mean and known covariance, are present in the data. 
In practice, process data may also contain other types of errors, which are caused by 
nonrandom events. For instance, instruments may not be adequately compensated, 
measuring devices may malfunction, or process leaks may be present. These biases 
are usually referred as gross errors. The presence of gross errors invalidates the 
statistical basis of data reconciliation procedures. It is also impossible, for example, 
to prepare an adequate process model on the basis of erroneous measurements or to 
assess production accounting correctly. In order to avoid these shortcomings we need 
to check for the presence of gross systematic errors in the measurement data. 

There are various ways to identify a systematic large error: (1) with a theoretical 
analysis of all the effects leading to a gross error, (2) with measurements of a given 
process variable by two methods with different precision, or (3) by checking the 

109 
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satisfaction of the balance equations. This third alternative is particularly attractive 
because it is relatively simple and is based on relations of absolute validity, namely 
on the conservation of mass and energy. 

Several works in the literature have attempted to deal with the problem of the 
location of gross errors. A simple heuristic criterion has been proposed by Vaclaveck 
and Vosolsobe (1975) to test each of the balances. This approach evaluates a ratio 
of the balance residuum to the measured average flow of balanced variables through 
the node, testing after all the double nodes to localize the position of the gross error. 
Almasy and Sztano (1975) suggest a different procedure based on the statistical prop- 
erties of the measurements. Their method of search for the source of large errors is 
limited to systems containing a single element with systematic error, and those cases 
where the ratio of the extreme error to the dispersion of the regular error is not too 
small. Mah et al. (1976) extensively studied the problem of the identification of the 
source of gross errors and developed a series of rules (based on graph-theoretical 
results) that enhance the effectiveness of the algorithmic search. Exploiting the topo- 
logical character of the process, and using available statistical information, a test 
function for each node in the flow graph is developed, which is used in an identifica- 
tion scheme by searching along the internal streams. 

A serial elimination algorithm was first proposed by Ripps (1965) and extended 
later by Nogita (1972). This approach eliminates one measuring element at a time 
from the set of measurements and each time checks the value of a test function, sub- 
sequently choosing the consistent set of data with the minimum variance. In this case, 
after a new measurement has been deleted, the test function and the variance for the 
resulting system have to be recomputed; when the number of suspect measurements 
is increased, this may become a laborious solution. 

A more systematic approach was developed by Romagnoli and Stephanopoulos 
(1981) and Romagnoli (1983) to analyze a set of measurement data in the presence of 
gross errors. The method is based on the idea of exploiting the sequential processing 
of the information (constraints and measurements), thus allowing the computations 
to be done in a recursive way without solving the full-scale reconciliation problem. 

Of the various available techniques, the most widely used are based on the Mea- 
surement Test (Mah and Tamhane, 1982). These are the Modified Iterative Mea- 
surement Test (MIMT) developed by Serth and Heenan (1986) and the Generalized 
Likelihood Ratio (GLR) method presented by Narasimhan and Mah (1987). The 
MIMT method uses a serial elimination strategy to detect and identify only biases in 
measuring instruments. The GLR method allows us to identify multiple gross errors 
of any type. It uses a serial compensation strategy. 

The Unbiased Estimation Technique (UBET) was developed by Rollins and Davis 
(1992). This approach simultaneously provides unbiased estimates and confidence 
intervals of process variables when biased measurements and process leaks exist. 

Gross error detection in steady-state systems has received great attention in the 
past 10 years. Good surveys of the available methodologies can be found in the 
monograph by Mah (1990) and the paper of Crowe (1996). 

In this chapter we start by defining the data reconciliation problem in the presence 
of gross errors and by describing the stages to follow for the treatment of gross 
biased data. Different strategies for testing a set of data are then described and a 
serial elimination strategy discussed for identifying sources of gross errors. Then, 
methods for estimating the amount of gross error (measurement bias and/or leaks) 
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are discussed, which will allow the continuing use of faulty sensors. Finally, a strategy 
for the simultaneous estimation and identification of gross errors (SEGE) is briefly 
described and compared to GLR and MIMT methodologies. 

7.2. GROSS ERROR DETECTION 

As was shown before, the measurement vector in the absence of gross errors can be 
written as 

y = x + e ,  y ~ t  g, (7.1) 

with the following assumptions: 

1. The expected value of e, i.e., E(e) = 0 
2. The covariance matrix of e is known and given by E(~i  eT) -- 

Furthermore, the balance (constraint) equations for the linear or linearized case are 

A[X]  - 0 " u  (7.2) 

In Chapters 3 and 4 we have shown that the vector of process variables can be 
partitioned into four different subsets: (1) overmeasured, (2) just-measured, (3) deter- 
minable, and (4) indeterminable. It is clear from the previous developments that only 
the overmeasured (or overdetermined) process variables provide a spatial redundancy 
that can be exploited for the correction of their values. It was also shown that the gen- 
eral data reconciliation problem for the whole plant can be replaced by an equivalent 
two-problem formulation. This partitioning allows a significant reduction in the size 
of the constrained least squares problem. Accordingly, in order to identify the pres- 
ence of gross (bias) errors in the measurements and to locate their sources, we need 
only to concentrate on the largely reduced set of balances 

Alxl = 0, (7.3) 

where A1 corresponds to the reduced subset of redundant equations and Xl, in this case, 
corresponds to the redundant measured variables (overmeasured). In the following we 
will make the following nomenclature changes: A - A1, x ---- Xl, with the balances 
taking the form 

Ax = 0. (7.4) 

Introducing the measurements within the balances, we obtain the vector of the residua 
in the balances, r: 

r = A(x + e) = Ax + Ae = Ae. (7.5) 

The most common techniques for detecting the presence of gross errors are based 
on so-called statistical hypothesis testing. This is based on the idea of testing the data 
set against altemative hypotheses: (1) the null hypothesis, H0, that no gross error is 
present, and (2) the alternative hypothesis, H1, that gross errors are present. 

Under the H0 hypothesis, if we postulate that the measurement errors are normally 
distributed, then Eq. (7.5) implies that the residua in the balances are also normally 
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distributed. As it was assumed that E(e) = 0, we will have 

E[r] = E[Ae] = AE[e]  = 0. (7.6) 

Furthermore, the propagation of variances and covariance yields 

cI, = E [ r r  T] = AE[eeT]A T = A ~ A  T. (7.7) 

At this point, it is important to make a distinction between the random errors and 
the systematic errors. When the same variable is measured repeatedly, we usually 
get a series of measurement. Because of a number of uncontrollable factors of small 
importance, varying at random, the measurement errors are normally distributed, in 
this case about zero. 

Contrary to random errors, systematic (gross) errors are usually due to one or 
more isolated factors that cause the displacement of the measurement in one direction. 
The observations are distributed around a certain value y, different from the true value 
of the variable x. The systematic error is consequently equal to (y - x) = a. 

In our case the measured quantity is r and the theoretical value is assumed to be 
known and equal to zero. The mean of the residua, that is, E[r],  is calculated, and the 
question now is to decide whether this mean differs significantly from zero, such that 
the null hypothesis of zero mean is not satisfied. 

The following two test functions can be formulated: 

1. Global test. 

r = rT,I , - l r ,  (7.8) 

where r is the residua in the unsatisfied balances and cI, is the covariance matrix of 
the residua. If matrix A has full row rank m, z will have chi-square distribution with 
m degrees of freedom. Thus, at a specified level of significance, ct, such that 

e rob{r  >_ xz_=(m)} = c~, (7.9) 

a test for the inconsistency of a set of measurements in the presence of gross errors, 
at a preassigned probability, is available. We need only preassign an allowable error 
probability, which gives us a critical value of z. The choice of the error probability 
depends on the process characteristics. For example, a value of 0.10 is acceptable in 
many cases. 

The advantages of the global test are that it is simple, and that the test statistic 
applies to the whole set of data a priori, that is, before any reconciliation of the 
measurements is attempted. However, it provides only a global test, and no indication 
of the origin of the failure is provided. Once the presence of gross errors is detected; 
a separate procedure is required to identify their source. 

2. Individual constraints test. The test statistic, 

Iril 
hi - (7.10) 

is used for each constraint in the problem, where hi follows a standard normal distri- 
bution, that is, hi '~ N(0, 1). In this case, in place of a single test, we have a different 
number of tests for each constraint in the problem. As with the global test, a separate 
analysis is required to identify the source of the gross error. However, in this case the 
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presence of a gross error can be related to one equation, or to a subset of equations, 
within the global problem. 

Now we consider the estimate of the measurement error, ~, 

g - y -  ~, - ( I -  M ) y .  

In the absence of gross errors, the vector ~ has the following properties: 

E ( g ) - - 0  

and 

where 

Cov(g) = (I - M) �9 (I - M)T __ V, 

M = I -  ~AT(A~AT)- IA.  

(7.11) 

(7.12) 

(7.13) 

with 

d = ~ -~  (y - ~,) (7.16) 

Cov(d) = AT(A~AT)-IA = W, (7.17) 

which follows a standard normal distribution. Unlike the previous test statistics, the 
test on the estimates of the measurement errors is applied after the reconciliation 
procedure. On the other hand, again in contrast to the previous tests, it provides a 
test associated with each measurement in such a way that no additional identification 
procedure is required. 

In practice, linear balances are only encountered for total mass balances. The 
equations for general component and energy balances are nonlinear. Consequently, 
Eq. (7.5), relating the balance residuals to the measurement errors, requires lineariza- 
tion around the approximate values e (~ For nonlinear balances, Eq. (7.7) may be 
further generalized as 

- Gre~Gr T (7.18) 

O r  
Gr~ - 

8--8(0) 
(7.19) 

Although in practical applications linearized functions are used regularly for the 
propagation of variances and covariance, it should be pointed out (Brandt, 1970; 
Mikhail, 1976) that this is appropriate only if the range of dispersion in e is small for 
linear approximations compared to the curvature of the function in the neighborhood 
of e (~ In other words, the functions would be well approximated by their tangents 
within the region of interest, that is, the region of dispersion of the random variable. 
From a formal point of view it should be noted that in linearization the properties of 

where 

Vector g has a multivariate normal distribution. Mah and Tamhane (1982) proposed 
the use of the test on the estimates, 

Id/I  
I z i l -  ~/W~//' (7.15) 

(7.14) 
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random variables change from the variables themselves (in the nonlinear form) to the 
increments 

e = e  ( ~  and r = r  ( ~  (7.20) 

Thus, the error properties (i.e., the characteristics of the probability distribution) are 
now associated with Ae and Ar instead of e and r, respectively. 

EXAMPLE 7.1 
To illustrate the usage of test functions for the detection of gross errors, we 

will consider the problem presented by Ripps (1965), which has been presented in 
Example 5.1. The residua in the balances and their corresponding variances are given 
by [0067 ] 

r - -  -0 .0059 , ~-1  = -242.0  5890.6 -2071.6  . 
-0.0571 -1339.8 -2071.6  5506.0 

By direct application of the global test defined in Eq. (7.8), we have 

z = r T ~ - l r  = 8.5347. 

If we consider an error probability of 0.10, the critical value for r with three degrees 
of freedom is rc = 6.251. Since in this case r >> rc, we can say that the inconsistency 
is significant at an error probability level of 0.10, and gross errors are present in the 
set of data. 

7.3. IDENTIFICATION OF THE MEASUREMENTS WITH GROSS ERROR 

If an extreme error is found by the test function, we need to identify which mea- 
surement has the gross error in order to guide instrument repair and to correct the 
corresponding measurement or to delete it from the set of data during the reconciliation 
procedure. In typical processes, small errors are usual and gross errors are unusual. 
A gross error is likely to occur only occasionally in any of the instruments; therefore, 
in any given set of measurements the number of such large errors is generally small 
compared with the total number of measurements taken. 

In the following a serial elimination procedure (Romagnoli and Stephanopoulos, 
1981; Romagnoli, 1983) is described. This scheme isolates the sources of gross errors 
by a systematic treatment of the measurements. 

7.3. I. A Serial Elimination Procedure 

Let us consider the system of g overmeasured (redundant) variables in m balance 
equations. Assuming that all of the errors are normally distributed with zero mean 
and variance ~ ,  it has been shown that the least squares estimate of the measurement 
errors is given by the solution of the following problem: 

Min eT~I t-1 e 
(7.21) 

s.t. 
Ae : r, 
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with the solution given by 

- -  tIIAT(A~IIAT)-IAy = tIJAT~-lr. (7.22) 

If certain measurements have gross biases, this solution is not valid. 
Assume now that c measurements have gross errors while the rest (g - c) have 

only random errors with zero mean. Partitioning the matrix A along these lines, we 
have 

A -  [Ag Ac], (7.23) 

where Ag is an [m • (g - c)] matrix whose columns are composed of the coefficients 
of the (g - c) measurements, and Ac is an (m • c) matrix corresponding to the c 
measurements with gross errors. Assuming that there is no correlation between the 
various measurements, the covariance matrix can be also partitioned, leading to 

On EOg 0 1 0 ~c + A ~  ' (7.24) 

where A �9 is the increase in the variance of the c measurements with gross errors. 
Accordingly, the variance for the residuals in the balances can be expressed as 

(I)n - -  AtI/n AT - -  [Ag Ac] tItg 0 Ag 
0 ~c + A ~I, Ac T 

= Ag~gA~ + Ac(~I,c + A~)Ac T (7.25) 

= ~ + Ac(A~)Ac T, 

where 

and 

~ - -  [~g0 ~c0] (7.26) 

- -  A ~ A  T - -  [Ag Ac EOg o ] rAT] 
0 ~c LA T (7.27) 

= AgtItgA T + Ac~cA T 

are the variances of the measurements and the balance residua if all the measurements 
are assumed to possess only random errors. 

In order to estimate the vector g in the presence of gross errors, we need to invert 
the covariance matrix, ~ , ,  as Eq. (7.22) indicates. It is possible, though, to relate r 1 
to ~-1  (the inverse of the balance residuals in the absence of gross errors) through 
the simple recursive formula (6.32), which was presented in the previous chapter. 
In this case we obtain the following relation: 

~ n  1 : ~ - 1  {I - Ac [(A~II) -1 ~- ATq~-IAc]-'AT@ - '  }. (7.28) 

Equation (7.28) can also be used for a different situation. Consider that initially 
ci specified measurements are suspected to possess gross errors, and let CI) i be the 
corresponding covariance matrix of the residuals in the balances. If a different set 
ci+l of suspect measurements is obtained by adding measurements to the set ci, the 
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covariance matrix of the residual for the new case, denoted as ~i_t_ 1, can be calculated 
as follows: 

tI~i-+l 1 --" (I~i -1 {I - Ac(i+l)[(A~I/i+I)-I @ A T tI~i-lAc(i+l)] - 1 A  T (I~i -1 } C(i+I) C(i+I) �9 

It is interesting to note that in Eq. (7.29) we need to invert the matrix 

[(A~II)i-11 + A T r C(i+I) 

(7.29) 

which is a square matrix of order equal to the number of new suspect measurements 
Ci+l .  Given the fact that in usual practical situations the number of suspect measure- 
ments is small, it is clear that Eq. (7.30) provides a simple recursive formula for 
computing the variance of the residua in the balance equations when the effect of 
different sets of suspect measurements is analyzed. 

For each set of suspect measurements, the estimate of the measurement error is 
given by 

where 

~i = ~ I t iAT~i  - l r ,  (7.31) 

with 

ffffi__I~t~g(i) 0 ] (7.32) 
0 IX/c0) -t- (AlI / ) i  " 

Also, the value of the least squares objective is given by 

Ji - -  ~ T ~ i - l ~ i  - (~IJ/AT@i-lr)T~Ili -1 (~IJ/AT@i -lr)  -- rT@i -lr.  (7.33) 

Therefore, in order to compute the value of the least squares objective resulting from 
a given set of suspect measurements, we can use the recursive formula of Eq. (7.29) 
for @~-1, exploiting the information already available from previous calculations, as 
is codified by the value &711 . 

It is now clear how we can establish a recursive strategy to identify the measure- 
ments with gross errors: 

1. Consider the ith set of ci suspect measurements and assign to them a variance 

1LIJc(i) + (AlII) i  , (7.34) 

miX/i ~ oo (7.35) 

while the remaining ( g  - c i )  measurements have a variance ~I,g~i ). 
2. Compute the inverse of the variance of the residua in the balances using the 

recursive formula 

T -1 ~j-ll } (7.36) tI~i -1 = tX~i-J 1 { I  __ Ac(/) [Ac(i)t~i_IAc(i) ] -1 Ac(/)T 

and by inverting the matrix 

A T [ c~,) ~i-_11Ac~,, ] (7.37) 

of low order, equal to the number ci of suspect measurements. 

(7.30) 
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3. The estimate of the measurement errors after the deletion of the suspect mea- 
surements is given by 

T ~-1  r (7.38) ~i --  ~I/g(i)Ag(i) 

and the objective function is given by Eq. (7.33). 
4. If J/ << J/-1, then we can conclude that some of the ci that were deleted as 

suspect measurements possess gross errors. 

Note: If one measurement is deleted at a time, the matrix [AT/) ~i-llAc(o -- is a scalar 
quantity and then the inverse ~ 1 can be easily calculated using a previously computed 
�9 ,l, 

The foregoing procedure can be implemented on-line, in real time, for any pro- 
cessing plant without much computational effort, by sequentially deleting one mea- 
surement at a time to quantify the effect of that measurement on the reconciliation 
procedure. 

EXAMPLE 7.2 
Let us consider again the system defined in Example 5.1. From the application of 

the global statistical test, gross errors were detected among the data set as indicated in 
Example 7.1. Now the serial elimination strategy will be applied to isolate the source 
of gross error, that is to identify which set of measurements contains gross error. 

Step 1. Deletion of measurement f l .  The new system matrices, according to our 
definition, are 

E ] [ I E 1 
0.6 - 0 . 2  - 0 . 7  0.1 0.0025 

A u -  0.1 -0 .1  -0 .1  , A c -  0.8 , ~ u -  0.000576 . 
0.3 - 0 . 6  - 0 . 2  0.1 0.04 

The scalar to be inverted is given by 

483.7 
AcV~- lAc- [0 .1  0.8 0.1] -242.0  

-1339.8 

and ~-1  from Eq. (7.28) is 

2420 13398][01] 
5890.6 -2071.6  0.8 - 3432.88, 

-2071.6  5506.0 0.1 

[ 122"5 412 J 460.9 122.5 -1440.7  
~ - l =  -452.1 . 

-1440.7 -452.1 5057.6 

From here the least squares objective is given directly by 

-- r f ~ n l r -  7.2953. J1 

Also, the estimates of the measurement error ~ and vector f are given by [ 0061 ] [4 
~ n -  0.0575 , f 1.1720 . 

0.0293 3.8507 
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Step 2. Deleting measurement f2. For this case the system matrices are now i01 02 07] E!!6] [ 
Ag = 0.8 -0 .2  -0 .1  , Ac = 1 , ~g - 

0.1 - 0 . 6  - 0 . 2  3 

0.00029 
0.000576 

0.04 

Consequently, we have 

. 

ATq~- IAc-  [0.6 0.1 
483.7 -242 .0  

0 . 3 ] -  2429 08 5890.6 
- -2071.6  

and from Eq. (6.33), 'I'n 1 is 

133981[061 
-2071.6  0.1 = 92.8938, 
5506.0 0.3 

[ ] 284.7 -501.9  -402.1 
- -501.9  5551.0 -846.5 . 

-402.1 -846.5 1086.3 

The new value of the least squares objective is 

J2 = rTq'~lr  -- 0.9636, 

with estimates of the measurement error ~ and vector f given by [ 0010  ] 
~n = 0 . 0 0 3 9 ,  fn-" 1.2256/. 

-0 .1470 4.0270J 

Following the same procedure, we have considered the deletion of f3 and f4. The cor- 
responding values of the least squares objectives were J3 = 1.5702 and J4 = 8.4374, 
respectively. The results indicate that measurement f2 contains a gross error and has 
to be deleted, or some corrective action has to be undertaken with the corresponding 
measurement device. 

7.3.2. A Combined Procedure 

The previous approach for solving the reconciliation problem allows the calculation, 
in a systematic recursive way, of the residual covariance matrix after a measurement 
is added or deleted from the original adjustment. A combined procedure can be de- 
vised by using the sequential treatment of measurements together with the sequential 
processing of the constraints. 

Consider, in general, the overall problem consisting of m balances and divide it 
into m smaller subproblems, that is, we will be processing one equation at a time. 
Then, after the i th balance has been processed, a new value of the least squares 
objective (test function) can be computed. Let Ji denote the value of the objective 
evaluated after the i th equation has been considered. The approach for the detection 
of a gross error in this balance is based on the fact that Ji is a random variable whose 
probability distribution can be calculated. 

When a normal distribution of the errors can be assumed, the least squares fit 
can be combined with a X e-test after each step of the sequential processing. We will 
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F I G U R E  I Steps in the identification procedure: (a) searching along equations; (b) searching along 
measurements; (c) combined procedure (from Romagnoli, 1983). 

reject the result of the adjustment if 

Ji > X2_~(i), (7.39) 

that is, if Jg exceeds the critical value of X 2 belonging to a level of significance, or. 
Thus, Ji gives us an individualized criterion as each balance is processed. 

Now if the test fails at the ith step, a systematic error has been detected. The source 
of the gross error will be located in one or more of the new measurements incorporated 
by the i th balance, and so they constitute a subset of suspect measurements. In practical 
applications we will be faced with two possible alternatives: 

1. Only one measurement is suspected to have gross error; then it can be 
deleted and a new reliable estimate obtained 

2. More than one measurement is suspected; then the serial elimination of the 
measurements is initiated until a new reliable estimate is obtained 

Figure 1 illustrates, schematically, the use of this recursive scheme for con- 
straints/measurements processing in any identification procedure. 

EXAMPLE 7.3 
In this example we will show the combined procedure. Let us take the simple 

serial system in Fig. 2 for which the available data is given in Table 1. Only total mass 
balances are considered and the covariance matrix is the identity matrix, that is, ~ - I. 

Now, applying the sequential approach we have the following: 

Step 1. Processing Equation 1, we have 

A, - [ 1  - 1  1 0 0 0], ~I, - ~ 1  - I, [ A I $ , A  T] - 3, rl - 1.5, 
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1 TABLE I Data for Example 7.3 (from 
Romagnoli and Stephanopoulos, 198 I) 

Measured values True values 

fl 10.5 10 
f2 14.5 15 
f3 5.5 5 
f4 14" 10 
f5 19.5 20 
f6 20.5 20 

14 
1 IF- - - - - -~I  2 ~ 3 

3 
1 F I G U R E  2 Simple serial system for Example 7.3 (from Romagnoli and Stephanopoulos, 1981). 

with the corresponding estimates given by 

"0.5- 1 / 3  
0.5 - 1 / 3  
0.5 1/3 

E 1  - -  ' Y]~I  - -  0 0 
0 0 
0 0 

- . 

The value of the objective is now 

J1 -- 0.75 < X 2 (1) -- 2.75 0.1 

Step 2. Processing Equation 2, we have 

A2 -- [0 1 - 1 1 - 1 0], 

- 1 / 3  1/3 0 0 0 
1/3 - 1 / 3  0 0 0 

- 1 / 3  1/3 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 

(acceptable). 

ltII2 -'- 1till - -  Y]'~I' 

and 

[A2~I/2 AT] "-- 2.6667, r2 -- 4.5, 

with the estimates given by 

and 

~ 2 -  

1.1250 
0.5625 

-0.5625 
1.6875 

-1.6875 

J2 = 13.67 > X 2 (2) -- 4.61 0.1 
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This estimate is not acceptable. Since measurements fl ,  f2, and f3 were used in step 1 
and they gave a good estimate, the gross error is in either measurement f4 or f5 or 
both. Now, applying the combined approach, we delete sequentially measurements 
f4 and f5 from the adjustment. 

Step 3. 

(a) Deleting measurement f4, we have 

[ J [,0] [ 1 
1 - 1  1 0 0 0 3 - 2  0 

A g -  0 1 - 1  - 1  0 , A c -  , cI ,= - 2  4 - 1  , 
0 0 0 1 - 1  0 - 1  2 

with 

[AT~Ac] -0 .4615 ,  
0.337 0 0 ] 

tI~nl - -  0 0 0 

0 0 0.5 

From here, the value of the least squares objective becomes 

J4 - r X ~ n l r -  1.25. 

(b) Deleting measurement fs, 

-/5 -- rT~n lr  -- 5.34. 

Thus, 

J4 << Js. 

It is obvious from these results that measurement f4 is grossly faulty and has to be 
deleted during the rectification process. Finally, estimates of the measurement error 
and the process variables when measurement f4 is deleted are given by 

0055 10 

20 
0.5 20 

Solving for f4 from the balances using the estimates of f, 

f4 - -  - 1 5  + 5 + 20 -- 10. 

7.4. ESTIMATION OF THE MAGNITUDE OF BIAS AND LEAKS 

Once the existence of systematic errors is ascertained, their effect is modeled func- 
tionally. In the following, three cases of gross error estimation are discussed: 

1. Bias in the measurements 
2. Leaks in units 
3. Combinations of leaks and measurement biases 
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7.4.1. Bias in the Measurements 

In the following discussion, one or several sensor failures are assumed, so a constant 
bias of magnitude mb is added to the measurement vector y. In the presence of a 
failure in the sensors, the measurement equation takes the form 

y = x + e + Brmmb, (7.40) 

where s is the number of gross errors in the data set (which is known from the gross 
error identification phase) and Brm is a matrix of order (g x s) whose elements are all 
zero or one depending on whether the corresponding measurement is faulty or not. 
The vector of constants mb represents the sign and magnitude (bias) of the failure. 
We proceed, in consequence, to minimize the error criterion: 

M i n e  T ~I/-1 e 
(7.41) 

s.t. 

A ( y -  e - Brmmb) = 0.  

Using the method of Lagrange multipliers, the solution of the problem is given by 

-- ~ A T ( A ~ A T ) - I [ A y -  Pb~lb], (7.42) 

where 

and 

l f l b -  [pT(A~AT)-Ipb]-IpbT(A~AT)-IAy (7.43) 

Pb - -  ABrm. ( 7 . 4 4 )  

This can be rewritten more conveniently as 

-- ~IJAT(A~ItAT)-IAy- ~IIAT(A~IJAT)-Ipblilb (7.45) 

or in compact notation as 

--- ~c + Xb, (7.46) 

where gc is the bias-flee estimate of the measurement error and x b is a correction term 
arising because of the biases in some measurements. 

This means that the computation of the optimum estimate of x is effectively 
decoupled from the estimate of the bias. Moreover, it can be computed in terms of 
the residuals of the bias-free estimate. In terms of x, this can be expressed as follows: 

- y -  ~ItAT(A~ItAT)-IAy_ ~ItAT(A~ItAT)-lpblhb, (7.47) 

or more generally, this can be rewritten as 

- x0 + X c  + X b .  (7.48) 

That is, the least squares estimate can be finally expressed as the contribution of 
three terms. The first one arises from the solution of the original problem, without 
constraints (for data reconciliation x0 = y); the next is a correction term due to the 
presence of constraints; and the last one takes into account failures in the model 
(systematic errors). 
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A quite important part of the adjustment is the determination of the precision 
in the estimation problem. Such precision is in the form of the covariance matrix. 
Following a similar procedure we arrive at 

Z = E{XoX~} + E{xcx T } + E{XbX T} 

= ~ -  f f t A T [ A ~ A T ] - I A ~ -  ~AT[A~AT]-Ipb~mbpT[A~AT]-IA~ (7.49) 

--- ~]0 -~- Y]c + ~-']b, 

where 

~ m ~ -  [pT(A~AT)-'Pb] -1. (7.50) 

The covariance of the residuals in the estimate can be expressed as the contribution 
of two terms, the first corresponding to the original adjustment and the second to a 
correction term. Furthermore, the quadratic objective can be expressed as 

- , , T  T 1 J --  e T ~ I / - l ~  --  rT(A~I tA T) l r -  m b P b ( A ~ I J A T )  - r = arc - Jb, (7.51) 

which can be used as a checking procedure after the correction for bias has been 
performed. 

EXAMPLE 7.4 
The same example proposed for the sequential treatment of the measurements 

(Example 7.2) serves as a test case to illustrate the application of the scheme developed 
for estimation of the magnitude of the bias term. The data for the new problem is 
given in Table 2. 

Case 1. A bias present in the measurement of f2 was identified by the sequential 
processing of the measurements (see Example 7.2). We augment, in consequence, the 
vector of parameters of the original problem by adding an additional component to 
represent the uncertain parameter (bias term). 

Accordingly, 

B r m - [ 0  1 0 0] T, Pb- - [0 .6  0.1 0.3] T. 

Using this value for Pb, we have 

[pT(A~AT)-IPb]-I -- 0.010733, 

from which the bias is calculated as 

fiab = [pT(A~I 'AT)- IPb]- IpT(A~AT)-IAy--0 .2840.  

TABLE 2 Data for Example 7.4 (from Romagnoli, 1983) 

Measurement, Measurement, 
Case I Case 2 True value 

f! 0.1858 0.2058 0.1739 
f2 4.7935 4.7935 5.0435 
f3 1.2295 1.2295 1.2175 
f4 3.88 3.88 4.00 
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I TABLE 3 Results for Example 7.4 (Case 2) 

Measured value Estimate with bias Bias-free estimate 

f l  0.2058 0.1677 0.1747 
f2 4.7935 4.8640 5.0667 
f3 1.2295 1.1741 1.2230 
f4 3.88 3.8577 4.0183 

With this numerical value, the correction vector of the measurements due to the pres- 
ence of systematic errors and the estimates of the process variables may be computed: 

X b = -~ItAT(A~ItAT)-Ipblil b -- [-0.0075 -0.0659 -0.0526 -0.1729] T 

and 

- [0.1751 5.0775 1.2256 4.0270]. 

Case 2. In this case an additional bias present in measurement of fl was consid- 
ered. In accordance with the previous development, 

[lOO olT O 01IT 
B r m -  0 1 0 0 ' Pb--  0.6 0.1 0.3 

[ 0 . 0 3 1 1 ]  -0.2730 l h b - - [  T ] T ) A.u P ( A ~ A T ) - I p b - I p  ( A ~ A T - 1 -  

With these numerical values, the correction vector for the measurement and the esti- 
mate of the process variables may be computed. They are given in Table 3. 

7.4.2. Estimation of Leaks 

If one or more leaks are considered, the constraint model for the process must be 
modified to take them into account. Now, the least squares formulation of the problem, 
when measurement bias are absent, can be stated as 

Min S T ~I / -  1 e 

s.t. 

A ( y -  r - Brpmp = 0, 

where 

(7.52) 

Brp is an (m x p) matrix with ei column vectors indicating the positions of the 
leaks 

mp is the p-dimensional vector of the magnitudes of the leaks 

Again, using the Lagrangian approach, the estimates of mp, e, and x are given by 

f lap- [Br~(AgAT)-IBrp]-~BT(A~AT)-IAy (7.53) 

-- ~ A T ( A ~ A T ) - I [ A y -  Brpfilp] (7.54) 

~, = y -  ~ A T ( A ~ A T ) - I [ A y -  Brpmp]. (7.55) 
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7.4.3. Estimation of Leaks and Biases 

If combinations of leaks and measurement biases are considered, both the measure- 
ment model and the process constraints equations need to be modified. The formula- 
tion for the least squares problem is now 

Min eT~I j -1  e 
X 

s.t. 
A ( y -  e - B ~ m b )  - -  B r p m p  = 0 .  

Again, we can use the Lagrangian approach to obtain estimates for mp, mb, e, and x. 
The estimates for mp and mb are obtained by solving the following system: 

IAbPb AbBrp ] _ [AbAy 
CpPb CpBrp] [ mb m v CbAy] (7.57) 

where Ab -- pT(A~AT)-l  and Cp - BT(A~AT) -1. 
Finally, for the estimates of x and e we have 

= qJAT(A~I tAT)- I  [ A y -  PbIhb -- Brpfilp] (7.58) 

:~ = y -  ~I~AT(A~AT)-I [ A y -  Pblilb -- Brplilp] - Brmlilb. (7.59) 

(7.56) 

7.5. A RECURSIVE SCHEME FOR GROSS ERROR IDENTIFICATION AND ESTIMATION 

This section briefly discusses an approach that combines statistical tests with si- 
multaneous gross error identification and estimation. The strategy is called SEGE 
(Simultaneous Estimation of Gross Error Method). It was proposed by S~inchez and 
Romagnoli (1994). 

Recall that, in the absence of gross errors, the measurement and linear constraint 
models are given by Eqs. (7.1) and (7.4), respectively. Furthermore, the solution of 
the least square estimation problem of x variables is 

~, = y -  ~AT(A~AT)-IAy.  (7.60) 

By a direct application of propagation rules, the covariance matrix of i is 

Cov(:~) = ~ = ~ -  ~ A T ( A ~ A T ) - I A ~ ,  (7.61) 

so :~ can be expressed in terms of its covariance matrix using Eq. (7.61) as follows: 

:~ = ~ff~-ly = ( ~  _ ~ A T ( A ~ A T ) - I A ~ ) ~ - l y ,  (7.62) 

where it should be noted that the set of process constraints is only involved in the 
calculation of ~.  

As was indicated in Section 7.2, the vector of measurement adjustments, ~, has a 
multivariate normal distribution with zero mean and covariance matrix V. Thus, the 
objective function value of the least square estimation problem (7.21), ofv = ~T ~-1  ~, 
has a central chi-square distribution with a number of degrees of freedom equal to 
the rank of A. 

In order to detect the presence of gross errors in the proposed measurement 
and constraint models, the strategy SEGE applies a collective hypothesis statistical 
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test based on the vector of measurement adjustments, ~. The null and alternative 
hypotheses are stated as follows: 

H0 = E(~) -- 0 

Ha = E(~) # 0. 

The global test statistic gT~i,-lg is used to compare both alternatives. Thus, an ap- 
2 2 propriate a-level test is to reject H0 in favor of Ha, iff gT~tt-lg > Xm,a, where m X m , a  

is the upper (100a)th percentile of the Xm 2 with m - rank(A). 
If H0 is rejected, a two-stage procedure is initiated. First, a list of candidate 

biases and leaks is constructed by means of the recursive search scheme outlined by 
Romagnoli (1983). All possible combinations of gross errors (measurement biases 
and/or process leaks) from this subset are analyzed in the second stage. Gross error 
magnitudes are estimated simultaneously for each combination and chi-square test 
statistic calculations are performed to identify the suspicious combinations. We will 
now explain the stages of the procedure. 

Stage I 
The recursive search is undertaken to identify a set of constraints that do not 

satisfy the proposed models for measurements and constraints. 
Let us suppose that an initial data reconciliation problem has been resolved using 

a set of process constraints and the covariance matrix for the estimated variables (~old) 
is available. If a set of constraints Bi is incorporated into the least square estimation 
problem, the covariance matrix ~ for the new case (~new) can be estimated using the 
previous one by means of the formula 

~-]new __ ~-]old _ ~OlaBT (Bi~OldBT)-lBi~ola. (7.63) 

The corresponding demonstrations are included in Appendix A. 
Also, the vector :~ for the new case is calculated as 

~new ~-]new ~ i / -  1 = --c Y" (7.64) 

It should be noted that if one constraint is added at a time, the vector ~ is easily 
estimated as function of ~--]new by the inversion of a scalar. 

The preceding results are applied to develop a strategy that allows us to isolate 
the source of gross errors from a set of constraints and measurements. Different least 
squares estimation problems are resolved by adding one equation at a time to the set 
of process constraints. After each incorporation, the least square objective function 
value is calculated and compared with the critical value. 

Two different situations can arise when an equation is incorporated: 

�9 If ofv > re, gross error is detected. The equation is eliminated from the set of 
constraints. The procedure is repeated with the following equation. 

�9 If ofv < re, no gross error is detected, so the following equation is analyzed. 

By this procedure, all of the measurements involved in the deleted constraints 
and the leaks from the corresponding units are included in the list of suspected gross 
errors. 
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Stage 2 

In this stage, all possible combinations of suspicious leaks and/or bias are ana- 
lyzed. For each combination, the following tasks are accomplished: 

�9 Modification of measurement/constraint models to take into account the 
presence of gross errors 

�9 Least square estimation of ~ and gross error magnitudes 
�9 Test statistic (ofv)  calculation 

Then the values of the test statistic for all combinations are compared with the critical 
value. The presence of gross errors correspond to the combinations with the low 
objective function value (ofv).  Detailed algorithms for Stages 1 and 2 are included 
in Appendix B. 

7.5.1. Performance Evaluation 

A simulation procedure can be applied to study the performance of different methods 
in detecting gross errors and in estimating their magnitude. 

As it is common practice (Iordache et al., 1985), each result is based on 10,000 
simulation trials for given magnitudes of gross errors. In each simulation trial, a 
different set of measurements is randomly generated. Three performance measures 
can be used: 

1. The overall power (OP) 
2. Average number of type I errors (AVTI) 
3. Expected fraction of correct identification (OPF) 

They are defined as follows: 

No. of gross errors correctly identified 
O P =  

No. of gross errors simulated 

No. of gross errors wrongly identified 
AVTI -- 

No. of simulations trials 
No. of trials with perfect identification 

OPF = 
No. of simulations trials 

The first two measures were proposed by Narasimhan and Mah (1987) and the last 
one was presented by Rollins and Davis (1992). 

EXAMPLE 7.5 
Consider the well-known example (Rosemberg et al., 1987) consisting of a re- 

cycle system with four units and seven streams (Fig. 3). In this example, true flowrate 
values are considered to be ~, - [5 15 15 5 10 5 5] and the standard deviations of 
the flowrates are taken as 2.5 % of the true flowrate values. As in previous publications, 
all possible combinations of two measurement biases are simulated. Fixed gross error 
magnitudes of 7 and 4 standard deviations are considered for the corresponding 
flowrates. The measurement value for each simulation trial is taken as the average of 
10 randomly generated values. 

Three methods were applied to detect bias measurements in this process network 
where only total mass balances are considered. These are the Generalized Ratio 
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TABLE 4 Performance Results for MIMT, GLR, and SEGE for Example 7.5 

MIMT GLR SEGE 

Str. AVTI OP OPF AVTI OP OPF AVTI OP OPF 

1-2 0.152 0.969 0.910 0.167 0.971 0.904 0.008 0.996 0.992 
1-3 0.153 0.969 0.908 0.168 0.972 0.903 0.000 1.000 1.000 
1-4 0.070 0.974 0.929 0.063 0.973 0.934 0.049 0.974 0.948 
1-5 2.088 0.035 0.028 1.950 0.145 0.021 0.615 0.704 0.692 
1-6 1.048 0.500 0.000 0.143 0.993 0.868 1.000 0.997 1"6"7" 
1-7 0.403 0.821 0.614 1.074 0.504 0.000 1.000 0.997 1"6"7" 
2-3 1.045 0.500 0.000 1.041 0.997 0.005 1.000 0.999 2*3*4* 
2-4 0.963 0.501 0.000 0.961 0.500 0.000 0.948 0.958 2*3*4* 
2-5 0.043 1.000 0.956 0.089 0.999 0.911 0.000 0.999 0.999 
2-6 0.050 0.989 0.951 0.130 0.966 0.889 0.027 0.987 0.973 
2-7 0.046 0.999 0.954 0.057 0.999 0.944 0.002 0.999 0.998 
3-4 0.965 0.501 0.000 0.964 0.500 0.000 0.951 0.960 2*3*4* 
3-5 0.044 0.999 0.956 0.086 1.000 0.913 0.000 1.000 1.000 
3-6 0.051 0.988 0.949 0.125 0.967 0.893 0.027 0.987 0.973 
3-7 0.049 0.999 0.951 0.054 0.999 0.947 0.001 0.999 0.999 
4-5 1.037 0.500 0.000 0.077 0.999 0.925 1.000 0.999 4*5*6* 
4-6 0.189 0.923 0.814 1.063 0.577 0.002 0.999 0.998 4*5*6* 
4-7 0.035 0.999 0.965 0.067 0.998 0.936 0.004 0.998 0.996 
5-6 0.062 0.978 0.933 1.026 0.500 0.000 0.996 0.977 4*5*6* 
5-7 0.051 0.996 0.949 0.144 0.996 0.864 0.006 0.997 0.994 
6-7 0.045 1.000 0.955 0.820 0.886 0.324 1.000 1.000 1"6"7" 

4 

F I G U R E  3 Recycle process network (from Rosenberg et al., 1987). 

Test Method (Narasimhan and Mah, 1987), the Modified Iterative Measurement Test 
(MIMT), and the Simultaneous Estimation of Gross Error Method (SEGE). In order 
to compare results on the same basis, the level of significance of each method is 
chosen such that it gives an AVTI, under null hypothesis, equal to 0.1. 

In Table 4 the results are presented in terms of identification performance mea- 
sures for the three methods. Two different situations arise from this table: 

1. For 12 of the 21 cases, a numerical value can be calculated for the overall 
performance of the SEGE strategy. For these combinations of gross errors, SEGE 
exhibits a larger fraction of perfect identification runs (OPF) compared to the other 
two methods. 

2. For the other nine cases, a numerical value for the SEGE's overall performance 
is not available. Nevertheless, the OP for this methodology is high and, in many cases, 
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TABLE 5 Bias Estimation Results for SEGE and GLR for Example 7.5 

SEGE GLR 

Stream SIM.M EST.M ST.DEV EST.M ST.DEV 

1-2 0.875 1.5 0.876 1.503 0.053 0.127 0.805 1.474 0.052 0.126 
1-3 0.875 1.5 0.876 1.501 0.053 0.129 0.805 1.475 0.052 0.126 
1-4 0.875 0.5 0.876 0.505 0.054 0.099 0.925 0.487 0.053 0.095 
2-5 2.625 1.0 2.625 0.999 0.130 0.091 2.404 0.973 0.128 0.089 
2-6 2.625 0.5 2.627 0.503 0.137 0.082 2.330 0.439 0.128 0.071 
2-7 2.625 0.5 2.625 0.499 0.129 0.053 2.478 0.491 0.128 0.052 
3-5 2.625 1.0 2.626 0.998 0.131 0.091 2.405 0.973 0.129 0.089 
3-6 2.625 0.5 2.628 0.503 0.138 0.082 2.331 0.440 0.129 0.071 
3-7 2.625 0.5 2.626 0.499 0.130 0.053 2.478 0.492 0.129 0.053 
4-7 0.875 0.5 0.875 0.499 0.103 0.054 0.895 0.554 0.168 0.087 
5-7 1.750 0.5 1.748 0.499 0.092 0.054 1.552 0.470 0.090 0.051 

is greater than the others. This indicates that the strategy identifies the simulated gross 
errors, but includes an extra flowrate in the suspicious set. It should be noted that GLR 
and MIMT perform poorly for seven and six of these nine cases, respectively. 

SEGE is unable to give a perfect identification with the current process knowledge 
in the following situations: 

1. The objective function value is equal for different combinations of gross 
errors 

2. The matrices [P~(AffjAT)-IPb] in (7.43) or [Br~(Aff~AT)-IBrp] in (7.53) or 
the system of equations in (7.57) is singular 

In these cases it gives a suspicious subset of gross errors that includes the simulated 
ones but is larger than the real set. The user is advised that a unique solution is 
not possible. To sort out these difficulties, additional information on the process, 
for example, component or energy balances using fixed values of composition or 
temperature, may be included in Stage 2 of the procedure. 

In Table 5, bias estimation results are given for GLR and SEGE. This table 
contains the cases from Table 4 with overall performance values greater than 0.9. The 
values in the SIM.M column are the simulated gross error magnitudes. EST.M and 
ST.DEV stand for the bias magnitude and its standard deviation estimate, respectively. 
They are obtained from the simulation trials with perfect identification. The SEGE 
method shows superior performance in estimating the size of gross errors; it gives 
unbiased and minimum variance estimators. 

7.6. CONCLUSIONS 

In this chapter we first presented a number of different, simple strategies for gross 
error identification. The serial elimination of measurements, the search along equa- 
tions, and a combined procedure have been demonstrated to be simple and efficient 
ways for identifying gross errors. The estimation of gross errors due to both bias and 
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leaks was also considered. These estimates have been evaluated using the least square 
technique. 

Furthermore, we discussed a new strategy for the simultaneous identification 
and estimation of gross errors that can be applied for both bias in the measurements 
and leaks. This method is especially suited to large-scale, automated plants, where 
a low amount of gross error is present. The first stage of the procedure is the quick 
identification of suspicious systematic errors, which are then investigated in the second 
stage in order to identify the faulty sensors and leaks. This method significantly 
reduces the number of combinations for the second stage of the analysis. 

The simultaneous estimation of gross errors enhances identification performance 
and the accuracy of the estimation. This is a key characteristic when instruments 
cannot be repaired until the units are out of service. In these situations the corrected 
measurement data are used for control and optimization purposes. 

NOTATION 

a 

A 
Ag 
Ac 
Aux 
AVTI 
Bi 
Brm 
Brp 
r 

d 
e r  

EG 
f 
g 
G 
Ho 
H1 
h 
I 
J 
m 

mb 
mp 
mnh 
mfo 
M 
nh 
ofv 
OP 
OPF 
l'b 
F 

S 

SE 
SM 
U 

magnitude of a gross error 
matrix of linear constraints 
[(m x (g - c)] submatrix of A 
(m x c) submatrix of A 
auxiliary matrix for constraints 
average number of type I errors 
row of A 
(g x s) matrix with ei column vectors indicating bias positions 
(m x p) matrix with ei column vectors indicating leaks positions 
number of measurements with gross error 
vector defined by Eq. (7.16) 
number of incorporated equations 
set of gross errors 
vector of total flowrates 
number of measured variables 
Jacobian matrix of nonlinear constraints 
null hyphotesis 
alternative hyphotesis 
nodal test statistic 
identity matrix 
least square objective function 
number of process constraints 
vector of bias magnitudes 
vector of leaks magnitudes 
maximum number of hypothetical gross errors 
minimum objective function value 
matrix defined by Eq. (7.14) 
number of hypothetical gross errors 
vector of least square objective function values 
overall performance 
expected fraction of perfect identification 
matrix defined by Eq. (7.44) 
residuum of process constraints 
number of gross errors in the data set 
set of suspicious equations 
set of suspicious measurements 
vector of unmeasured variables 
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V covariance matrix of measurement error estimates 
W covariance matrix of d 
y vector of measurements 
x vector of true value of measured variables 
xl vector of redundant measured variables 
z measurement test statistic 

Greek Symbols 
E 

T 

O/ 

Xm 

~mb 

measurement random errors 
covariance matrix of measurement errors 
covariance matrix of residuum 
global test statistic 
level of significance 
chi-square distribution with m degrees of freedom 
covariance matrix of 
matrix defined by Eq. (7.50) 

Superscripts 
A 

0 
n e w  

old 

least square estimation 
linearization point 
new case 
old case 

Subscripts 

i index for the sequential processing stage 
0 without constraints 
c with process constraints 
b due to the presence of bias 
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APPENDIX A 

If an equation, or a set of equations, Bi, is incorporated into a system of constraints 
defined by a matrix A, the new process model can be stated as 

Bi 1 A x -  B x -  0. (7A.1) 

The covariance matrix of :~ for the new case is by definition 

~new = ~ _  ~BT(B~BT) - IB~ .  (7A.2) 

~new can be calculated as function of Bi and the covariance matrix for the old case, 
~o~d, by the following expression: 

~--]new __ ~-]old _ ~ o l d l T ( l  / ~o ld lT) - lB /y ]o ld  (7A.3) 

Demonstration 
The difference between the rigorous definitions of the covariance matrix of :~ for the 
new and old cases is 

y ] n e w  y-]old= ~ItAT(A~ItAT)-IA~It_ ~ItBT(B~ItBT)-IB~It, 

so 

~-]new _ y]old _]_ ~ A T ( A ~ A T ) - I A ~ _  ~ B T ( B ~ B T ) - I B ~ .  

BT(B~BT)-IB can be written in terms of A and Bi matrices as follows" 

AT][Bi~BT B i ~ A  T -1 
A~B/T A ~ A  T ] [ ~ ]  

BT(B~BT)-IB -- [B/T 
L 

A 

: [ ( B / T C l l + A T C 2 1 ) ( B T C 1 2 + A T C 2 2 ) ]  [ ~  1 

= B/TC11Bi + ATC21Bi + B/TC12A + ATC22A, 

(7A.4) 

(7A.5) 

(7A.6) 
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where the elements Cij c o m e  from the development of the inverse of a partitioned 
matrix (Noble, 1969): 

Cll - -  [Bi~B T - Bi~AT(A~'AT)-IA~B/T] -1 

= [ B i ( ~ -  ~AT(A~AT)-IA~)BT] -1 

= [Bi ~~ -1 

C12 = - CllBi~I/AT(A~AT) -1 

C21 - - (Aff~AT)-IAff~BTCll 

C22 - (A~AT) -1 + (A~AT)- IA~B/TCl lB i~AT(A~AT)  -1. 

Replacing these formulas in (7A.5), we obtain 

~-]new __ y]old + I_~IIB/T [BiY~flldB/T]-IBi~] 

+ ~AT(A~AT)-IA~B/T IBi ~~ -1Bi ~ 

+ ~ItBT [Bi ~~ - 1 Bi ~ A T ( A ~ A T ) -  1A~ 

_ ~pAT(A~AT)-IA~,BT [Bi~OlOBT]-IBi~AT(A~AT)-IA, ~, 

~new _ ~old_ ~I, BT [ a i~o ldaT] - lB i [~_  ~AT(A~AT)-IA~I, ] 

+ ~AT(A~'AT)-IA~BT [ai ~~ T] -1ai [~  _ ,~,AT(A~I, AT)-IA~] 

~new __ ~o10 _ ~i,a T [ai ~~ ~old 

+ ~I'AT(Ag'AT) -1A,I,B T [Bi ~~ ~old 

~new__ ~old_ [ ~ _  ~AT(A~AT)-IA~]BT[Bi~OlOBT]-IBi~old 

~new __ ~old _ ~oldaT [ai~ol0aT]-~ai~old. 

APPENDIX B 

Stage I 

The recursive search algorithm is as follows: 

(a) Variable initialization: 

�9 ot = level of significance 
�9 e c  = 0; number of incorporated equations 
�9 Aux = 0; auxiliary matrix for constraints 
�9 ~--]old = ~I  j 

�9 SE = Q; set of suspicious equations 
�9 SM = Q; set of suspicious measurements 

(b) For i = I: number of equations: 

�9 A u x -  [ Bi Aux ]; the row corresponding to the ith equation is incorporated into 
the auxiliary matrix 
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�9 e c  = e c  + 1 

�9 Calculate 

* ~-]new using ~-~old [Eq. (7.63)] 
, ~, using ~--]new [Equation (7.64)] 
, o f v  as function of 
* rc - -  X ~ _ . ( e c )  

�9 I f  o f v  > rc, 

, Equation i is included in SE 
, Variables corresponding to equation i are included in SM, avoiding 

repetitions 
, e c  = e c  - 1 

, The last incorporated row of Aux is eliminated 

Else 

~-']old .._ ~-]new. 

(c) Go to Stage 2. 

Stage 2 
Gross error identification is accomplished by the following procedure: 

(a) Variable initialization: 

�9 m n h  = maximum number of hypothetical gross errors 
�9 nh  = 1; number of hypothetical gross errors 
�9 rc = critical value for the Chi-square distribution with (m - 1) degrees of 

freedom 
�9 o f v = O  
�9 E G = O  

(b) For each hypothetical gross error i, that is, for each leak corresponding to 
a unit whose balance equation is included in SE, or for each bias of a measurement 
included in SM, calculate 

�9 Bias or leak magnitude 
�9 o f v ( i ) ;  objective function value of the least square technique 

(c) Selection of the minimum value of the objective functions, min (ofv) = m f o .  

(d) For each gross error in (b), 

�9 If o f v ( i )  < rc and o f v ( i )  = roo f ,  include i in the set of gross errors EG 

(e) If EG 5~ O, go to (1). 
(f) Variable initialization: 

�9 n h  = n h  + 1 

�9 o f v = Q  
�9 rc = critical value for the chi-square distribution for (m - nh )  degrees of 

freedom 
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(g) Formulation of all nh possible combinations of leaks, biases, and leaks with 
bias. 

(h) For each combination of gross error, i, formulated in (g), calculate: 

�9 Gross error magnitude 
�9 ofv(i)  

(i) Selection of the minimum value of the objective functions; min (ofv) = m f o .  
(j) For each combination of gross error, i, formulated in (g), 

�9 If ofv(i)  < rc and ofv(i)  = m o f ,  include i in the set of gross errors EG 

(k) If EG ~ Q, go to (1). 
Else 

If nh < mnh, go to (f) 

Else EG = {combination i / o f v ( i )  = m fo}  

(1) End. 
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8 
RECTIFICATION OF PROCESS 
MEASUREMENT DATA IN 
DYNAMIC SITUATIONS 

In this chapter, the data reconciliation problem for dynamic/quasi-steady-state evolv- 
ing processes is considered. The problem of measurement bias is extended to consider 
dynamic situations. Finally in this chapter, an alternative approach for nonlinear dy- 
namic data reconciliation using nonlinear programming techniques will be discussed. 

8. I. INTRODUCTION 

In the previous chapters the data reconciliation problem was analyzed for systems that 
could be assumed to be operating at steady state. Consequently, only one set of data 
was available. In some practical situations, the occurrence of various disturbances 
generates a dynamic or quasi-steady-state response of the process, thus nullifying 
this steady-state assumption. In this chapter, the notions previously developed are 
extended to cover these cases. 

Under dynamic or quasi-steady-state conditions, a continuously monitored pro- 
cess will reveal changes in the operating conditions. When the process is sampled 
regularly, at discrete periods of time, then along with the spatial redundancy previ- 
ously defined, we will have temporal redundancy. If the estimation methods presented 
in the previous chapters were used, the estimates of the desired process variables cal- 
culated for two different times, tl and t2, are obtained independently, that is, no 
previous information is used in the generation of estimates for other times. In other 
words, temporal redundancy is ignored and past information is discarded. 

In this chapter, the data reconciliation problem for dynamically evolving pro- 
cesses is considered. Thus, temporal redundancy is taken into account by using 

137 
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filtering techniques. A scheme for sequential processing information within a dy- 
namic environment is also developed, allowing us to check for the presence and 
source of gross errors. 

The second problem to be tackled is data reconciliation for applications in which 
the dominant time constant of the dynamic response of the system is much smaller 
than the period in which disturbances enter the system. Under this assumption the 
system displays quasi-steady-state behavior. Thus, we are concemed with a process 
that is essentially at steady state, except for slow drifts or occasional sudden transitions 
between steady states. In such cases, the estimates should be consistent, that is, they 
should satisfy the mass and energy balances. 

Finally in this chapter, an altemative approach for nonlinear dynamic data rec- 
onciliation, using nonlinear programming techniques, is discussed. This formulation 
involves the optimization of an objective function through the adjustment of estimate 
functions constrained by differential and algebraic equalities and inequalities and thus 
requires efficient and novel solution techniques. 

8.2. DYNAMIC DATA RECONCILIATION: A FILTERING APPROACH 

8.2.1. Problem Statement 

Let us now consider a system modeled by the following system of equations: 

-- f(x) + w(t) (8.1) 
y = q~(x) + e(t) (8.2) 

x(0) = x0, (8.3) 

where modeling and observation errors are taken to be Gaussian, white noise pro- 
cesses, that is, 

w(t) ~ N[0; Q(t)], Q(t) = QT(t) > 0 
(8.4) 

e(t) .~ N[0; R(t)] R(t) - RT(t) > 0. 

The first term in the bracket stands for the mean, and the second for the spectral 
density matrix. For the continuous formulation, the covariances for the model and 
observation errors are given as 

E[w(t)wT(t)] -- Q(t)6(t - ~) (8.5) 
E[e(t)e(t) T] = R(t)6(t - ~), 

where the operator ~ is the Dirac delta function. 
The distinctive feature of the dynamic case is the time evolution of the estimate 

and its error covariance matrix. Their time dependence is given by 

~, - f (x,  t) (8 .6)  

~(t)  = E(xf T) - R~T + E(fx T) _ ~RT + Q(t) (8.7) 

x(0)  = x0, 2C(0) = 2C0, (8 .8)  

where the caret (^) implies the expectation operator. 
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These differential equations depend on the entire probability density function 
p(x, t) for x(t). The evolution with time of the probability density function can, in 
principle, be solved with Kolmogorov's forward equation (Jazwinski, 1970), although 
this equation has been solved only in a few simple cases (Bancha-Reid, 1960). The 
implementation of practical algorithms for the computation of the estimate and its 
error covariance requires methods that do not depend on knowing p(x, t). 

An often-used method consists of expanding f in Eq. (8.1) as a Taylor series 
about a certain vector that is close to x(t). In particular, if a first-order expansion is 
carried out on the current estimate of the state vector, we obtain 

where 

f(x, t) = f(~,, t) + A(i, t)(x - ~) + . . . .  (8.9) 

~jS(x, t) 
A i j ( x , t )  = . (8.10) 

Oxj x(t)=yc(t) 

Application of the expectation operation on both sides of equation (8.9) and substi- 
tution into Eq. (8.6) yields 

~(t) - f(i, t); x(0) - x0. (8.11) 

Substitution of Eq. (8.11) into Eq. (8.7) allows us to obtain an expression for the 
differential equation of the estimation error covariance matrix: 

~( t )  = A(~,, t ) ~ ( t )  + ~(t)AT(:~, t) + Q(t) 

~2(0) -  ~20; ~ 0 -  ~20 x > 0. (8.12) 

Equations (8.11) and (8.12) are approximate expressions for propagating the estimate 
and the error covariance, and in the literature they are referred to as the extended 
Kalman filter (EKF) propagation equations (Jaswinski, 1970). Other methods for 
dealing with the same problem are discussed in Gelb (1974) and Anderson and Moore 
(1979). 

When implementing the solution, some discretization in time has to be done; 
therefore, it may be convenient to divide the system into time intervals, and approxi- 
mate (8.11) and (8.12) with the difference equations, that is, 

X k + l  - -  Fkxk + (W)k, (8.13) 

where A is the sampling interval, A' = tk+l -- tk, i = A/A ' ,  that is, A' is contained 
i times in A; (w)k is now a stochastic sequence w ~ N[0, Q~]; and Qk = Q(t)A'. 

The discrete version of the equation for the estimate error covariance propagation 
is now 

~k+l  - F k ~ k F ~  + Q~, (8.14) 

where Fk represents the transition matrix for the system equation (8.11). 
Summarizing, the statistical characterisation of the random process (mean and 

covariance) can be projected through the interval tk <_ t <_ t~+l, and in this process 
there is an input noise that will increase the error, damaging the quality of the estimate. 

Suppose that at a time tk-1, the updated values of the mean and the estimate error 
covariance (:~(t~_l [ t~_l) and ~ ( t k - l l t k - 1 ) )  are already available where the argument 
means "at time tk-1, given information up to time tk-l." These values are then used 
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as initial values for the propagation in time, that is, for tk_ 1 <_< t < tk, of the mean 
and covariance via the model equations. 

If the predicted values f~k/k-1 and ~2k/k-1 are already computed, the minimum 
variance estimates of the states are obtained as the solution of the minimization 
problem 

T -1 T - Min J -- a k ~ / ~ _ l a  k + e k R k l S k ,  (8.15) 

where 
^ 

a k  = X~ - -  X k / I , -  1 (8 .16)  

ek = Yk -- CXk, 

where the first term in the objective function accounts for the modeling prediction er- 
rors, and the second term for the observation errors. The solution to this minimization 
problem is given by the formula 

where 

Xk - ~k [~k)k-lXk/k-1-'[- CTRklyk], 

~ ] k -  [~k-/lk-1 + CTR~-IcI-1 �9 

(8.17) 

(8.18) 

Since ~ is a positive definite symmetric matrix, its trace can be taken as a measure 
of the estimate error covariance. 

As in the static analysis, the processing of the information (provided by the 
addition of the new measurements) can be done systematically by means of a recursion 
formula. As a result, the computational effort is reduced considerably. The procedure 
is initialized with the determination of the error covariance for a single measurement, 
say Cl, where Cl is the first row vector of the measurement matrix C: 

(8.19) ~-'](k 1 ) -  [~']k/k-1 @ CTRllCl] -1" 
This formula requires the inversion of a (g x g) matrix. The remaining (1 - 1) pieces of 
sensor information are added one at a time. As in the static case, this is accomplished 
with the recursion formula 

(8.20) ~-]~i) = ~"~k~'(i-1){I :t= c T [Ri -Jr- ci ~-]k(i-1)cT] -lciY]k(i-1) }, 

where the upper and lower signs correspond to addition and deletion, respectively. 
It should be noted that the solution of the minimization problem simplifies to the 

updating step of a Kalman filter. In fact, if instead of applying the matrix inversion 
lemma to Eq. (8.19) to produce Eq. (8.20), the inversion is performed on the estimate 
equation (8.18), the well-known form of the Kaman filter equations is obtained. 

8.2.2. Analysis of Systems under Quasi-Steady-State Operation 
In this section, the analysis of the data reconciliation problem is restricted to quasi- 
steady-state process operations. That is, those processes where the dominant time 
constant of the dynamic response of the system is much smaller than the period 
with which disturbances enter the system. Under this assumption the system displays 
quasi-steady-state behavior. The disturbances that cause the change in the operating 
conditions may be due to a slow variation in the heat transfer coefficients, catalytic 
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activity in reactors, etc., or the source of a disturbance may be a sudden but lasting 
change. This is a process that is virtually at steady state but that exhibits slow, or 
occasionally sharp, transitions between steady states. The model for these kinds of 
processes consists of the following (Stanley and Mah, 1977). 

1. A set of g transition equations 

Xk+l - -  Xk -F- nk, k = 0, 1 . . . . .  (8.21) 

where nk is the process noise. 
2. A set of I measurement equations at time k, 

y ~ = C x k + r  k = 0 , 1  . . . . .  (8.22) 

3. A set of m steady-state algebraic balance equations at time k, 

Ax~ + Wk = 0, (8.23) 

where w~ accounts for the modeling errors. 

In this model, the noises n, e, and w are assumed to be uncorrelated, with zero 
mean and known covariance, that is, 

nk ~ N[0, S] 

r ~ N[0, R] (8.24) 

Wk ~ N[0, Q], 

and the state vector x is also assumed to be a random variable with x0 ~ N[:~0, ~20]. 
Now consider the situation at time &. Suppose the predicted values are already 

available. As in the completely dynamic situation, the minimum variance estimates 
of the states are obtained as the solution of the following minimization problem: 

T -1  T Min J ( x )  - -  [Xk --  Y~k/k-1]TY]k/k_l [Xk -- Xk/k-1] -+- e k Rk e~ + w k Q k l W k  . 

(8.25) 

Now, the solution of the data reconciliation problem at time k is given by 

Xk --  ~ak [~ak;k_lY~k/k_l -F- CTR~-lyk], (8.26) 

where 

~ k  - -  [ X k / k _ l  + C T R k - I c  + ATQk'A] - '  (8.27) 

is the estimate error covariance. These values of i~ and ~ are used as initial values 
for the propagation in time, via the model equation for t~ < t < &+l, that is, 

Xk+~/k --  f~k (8.28) 

and 

~ k + l / k  = ~k + Qk. (8.29) 

The initial values for the recursive calculations are assumed to be available and given 
by 

x(0) = :~0 (8.30) 
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and 

~(0) = ~o. (8.31) 

The solution of the minimization problem again simplifies to updating steps of a 
static Kalman filter. For the linear case, matrices A and C do not depend on x and 
the covariance matrix of error can be calculated in advance, without having actual 
measurements. When the problem is nonlinear, these matrices depend on the last 
available estimate of the state vector, and we have the extended Kalman filter. 

8.2.3. Fault Detection-Identification in Dynamic Processes 

Problem Formulation 
In the following we will be mostly concerned with the analysis of linear, stochastic 

models in the standard state space form: 
System equations: 

Xk+l = AXk + BUk + Wk. 

Sensor equations: 

(8.32) 

Yk = Cxk + ek, (8.33) 

where Uk is a known input, and w and e are assumed to be zero mean and independent 
white sequences with covariances defined by 

(8.34) 
T 

where r is Kronecker delta function. 
Equations (8.32) and (8.33) describe what we call the "normal" or "no failure" 

operation of the system of interest. The problem of failure detection is concerned with 
the detection of abrupt changes in a system, as modeled in Eqs. (8.32) and (8.33). 
Changes in (8.33) will be referred to as sensor failures. The main task of failure 
detection and compensation design is to modify the normal mode configuration to 
add the capability of detecting abrupt changes and compensating for them. In order 
to do that, we need to formulate what is called the "failure" model system: 

Xk+l = Axk + Buk + Eq k + Wk + Pb/ (8.35) 

Yk = CXk + G g / +  ei + Db/, (8.36) 

where bk0 s fit sb, gk0 S 9t sg, and qk0 ~ 9vq are the jumps of unknown magnitudes at 
k = k0 of the inputs, outputs, and states, respectively. 

Note: The previous formulations for both normal and abnormal situations are very 
general and include inputs to the process as well as different types of perturbations 
(jumps) in normal process behavior. Later on in this chapter we will consider a reduced 
version of this formulation, since we will be mainly interested in the measurement 
bias detection and identification problem. & 

Now the failure detection problem consists of three tasks: alarm, isolation, and 
estimation. The alarm task consists of making a binary decision: either something 
has gone wrong or everything is fine. The problem of isolation is that of identifying 
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the source of the failure, that is, which sensor has failed. The estimation problem 
involves the determination of the extent of the failure. For example, a sensor may 
become completely inoperable or it may suffer degradation in the form of a bias. In 
the latter case, estimation of the bias may allow the continued use of this sensor. 

An important part of the failure detection problem involves the analysis of the 
necessary and sufficient conditions for detectability of jumps in the system. These 
are related to properties of matrix A and are discussed in detail by Caglayan (1980). 
The detectability of jumps in the outputs will be dictated by the observability of the 
discrete system defined by the pair (A0, Co) (Caglayan, 1980). 

Fault Detection by Statistical Tests 
Failure detection methods are based on successive monitoring of the innovation 

sequence and statistical tests. Basically, the standard filter calculations are performed 
until some form of aberrant behavior is detected. A test was suggested first by Wilsky 
and Jones (1976) and is based on the following. 

Under normal behavior of the filter, the innovation sequence is as follows: 

"Y~ -- Yk -- ~k/I,-1 -- Yk -- C~/~-1,  (8.37) 

where 7~ is a Gaussian white noise sequence with E{3'k} = 0 and covariance matrix 

M -  E {'Tj,3/T } -- { O, j r k 
[C~k/k-IC T +Rk], j -  k " (8.38) 

This will be termed the null hypothesis H0. If Yk belongs to a distribution with some 
other mean, the alternative hypothesis H1 is satisfied, so the fault is declared. That is, 

H0 : E[-),~] = 0 (measurements are good) 
H1 " E[7 k] # 0 (fault is declared). (8.39) 

The following test statistic is applied in order to compare the hypotheses: 

T - T - "YkM 1,.yk. (8.40) 

This statistic has chi-square distribution with l degrees of freedom under the null 
hypothesis, where 1 is the number of elements of "Tk. If T > X2t, H0 is rejected, 
otherwise H0 is accepted, ot is the significance level of the test. 

As in the steady-state case, the implementation of the chi-square test is quite 
simple, but has its limitations. One can use a more sophisticated technique such 
as the Generalized Likelihood Ratio (GLR) test. An alternative formulation of the 
chi-square test is to consider the components of 7~ separately (this may be useful 
for failure isolation information). In this case we compute the innovation of the i th 
measurement as 

~ k i  - -  Yki - -  Ci ff~ki (8.41) 
where c i is an g vector. Thus, in this case the test statistic 

'=)/2 i 
"gi - ( C i Y ] k / k _ l C T  @ ei) (8.42) 

is tested against a chi square distribution with one degree of freedom. Note that only 
the first component of "7 is equal to the first innovation generated by the sequential 
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Yl 

Y2 

FIGURE I Innovation vector. 

test. However, an advantage of performing the hypothesis test on the whole innovation 
vector is that the test is more sensitive to the detection of a failure, because the 
probability density function is n-dimensional as is shown in Fig. 1 for n = 2. In this 
figure vector x is outside of the region of acceptance, but with the first test it would 
be declared good, whereas in the case of processing the whole innovation vector it 
would be declared faulty. On the other hand, the vector x2, which is inside of the 
region with the first test, would be declared bad. 

Finally, the selection of the critical value for the test is a trade-off between the 
sensitivity to fault detection and the probability of giving a false alarm. 

Identification of Faulty Sensors 
One of the disadvantages of replacing fault detection tests on components of 

the innovation vector by a test on the vector itself is that there is no longer a simple 
indication of the origin of the fault. In order to solve this problem the following 
procedure was implemented. 

During the standard Kalman filter calculations, the matrix M has been evaluated 
from Eq. (8.38). When the test gives an alarm of malfunction, one or more elements 
of the innovation sequence vector is supposed to be at fault. In order to satisfy the 
abnormal situation, if one element is assumed to be at fault, the corresponding term 
in the matrix M would be greater than under normal circumstances. Thus, 

M IM o ii 1 
lYil T Ml l  + $m 1 

l - 1  1 

(8.43) 

where 1VI and m contain the original elements of M (without change) and all the 
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change is assumed in Mlt. 6m is the increase in the variance due to the fault. This can 
be seen as considering the corresponding measurement in fault resulting in a change, 
3R, to the Rtl element. Since R is a diagonal matrix, it will affect M only in the 
corresponding diagonal elements. If we subdivide the innovation sequence vector, as 
well as the matrix M -1, as follows, 

T - -  ["Tg "Tf] ( M ~n 

-1  

where g and f mean good and faulty, respectively, then with 3m ~ c~, the following 
recursive formula can be obtained: 

- 1 T - 1 Ci Mold  ] , Mne  w - -  M ~  [I - ci (ci MoldC i ) - 1  T -1  (8.45) 

where ci is the i th row of the matrix C of measurements. In this way we can select 
the element of the vector "7 that leads to a minimum value of r in a sequential 
form. Since the number of elements in the innovation sequence are considered to be 
suspect one at a time, Eq. (8.45) provides a simple recursive formula for computing 
the variance of the innovation sequence when the effects of the various elements are 
analyzed. In this case, the recursive formula requires the inversion of a scalar quantity. 

Bias Estimation 
Once the occurrence of bad data is detected (through the previous procedure), 

we may either eliminate the sensor or we may assume simply that it has suffered 
degradation in the form of a bias. In the latter case, estimates of the bias may allow 
continued use of the sensor. That is, once the existence of a systematic error in one 
of the sensors is ascertained, its effect is modeled functionally. 

Consequently, in the following discussion a sensor failure that affects one or more 
sensors will be assumed to add a constant bias of magnitude 3y to the measurement 
vector, y. In the presence of a sensor failure, let us consider the following models for 
the process and measurement: 

Xk+l ~ - -  Axk + w~ (8.46) 
Yk = Cxk + G6y + ek, (8.47) 

where G is a matrix of all zeros or ones, depending on whether the corresponding 
measurement is faulty or not. The constant 3y represents the sign and magnitude of 
the failure. Once a bad sensor is identified, by any of the previous algorithms, the 
matrix G can be constructed. 

Note: This is a more restricted formulation than the one posed in Eqs. (8.35) and 
(8.36), since only bias in the measurements is considered and an autonomous system 
is assumed. Also, here vector ~y stands for vector g in Eq. (8.36). & 

Defining a new state vector 

Zk - -  
6Yk 

(8.48) 
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we can rewrite Eqs. (8.46) and (8.47) as 

Zk+l --  jt~Zk -q- Wk 

Yk -- Lzk + ek, 

where 

(8.49) 

12g = 120 + ~12k 

Xk = x ~ + ~xk, 
(8.51) 

where I20 and x ~ are the normal original elements of the filter in the absence of bias. 
Each element 6xk and 812k corresponds to the correction (for the original filter) due 
to the bias estimation. They are calculated as 

6x~ - V ~ 3 y ~  

3y T 
- 

while the estimate of the bias can be obtained from the recursion 

8y x G) ~yk- 3Yk-  6Yk-1-+- Kk [ m g -  (CU k + 1], (8.53) 

where mk is the residual calculated from the standard Kalman filter, without the bias 
estimation. All of the recursion equations, as well as the complete procedure, can be 
found in the aforementioned publications. 

This scheme may be viewed as a two-channel calculation procedure, where one 
channel corresponds to the filter in the normal way, and the other corresponds to 
the corrective part. This parallel computation will generate a corrective term (due 
to the bias estimation) that will affect the final results of the original normal filter. 
Since the state and parameter estimates are decoupled, the corrective term can be 
activated only when necessary, that is, when an anomaly occurs. 

EXAMPLE 8.1 
The results of an experimental application given in Porras and Romagnoli (1987) 

serve to display the features of this approach. The same experimental setup (see Fig. 2) 
used to illustrate the on-line implementation of a multichannel estimator (Bortolotto 
et al., 1985) is considered here. It basically consists of a solid cylindrical rod with a 
heater housed in a hole longitudinally drilled at one end of the rod. An energy balance 
on the rod yields 

O2T 2 h pc  OT 
-- ( T - T o )  = 0 ,  

O~ 2 )~ r ~ Ot 

(8.52) 

[o 0] L = [C G]. (8.50) 
/~=  I ' 

The solution of this general state-bias estimation problem can be obtained through 
the application of the classical Kalman filtering technique. However, an efficient and 
altemative algorithm can be constructed for on-line implementation. This algorithm is 
based on the idea of a parallel processing technique that uses a decoupling procedure 
for the state-bias estimation (Friedland, 1969; Romagnoli and Gani, 1983). 

By defining the auxiliary matrices U and V, it is possible to obtain the corrected 
values of the error covariance and the estimate of the state as follows: 
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HEAT PROCESS SET POINT COMMANDS 

. . . .  

I - - A m l  r .................... , 

~ F | G U R E  2 Process and data acquisition system for Example 8.1 (from Bortolotto et al., 1985). 

with boundary conditions 

q m 
Q d T  

S d (  (=0 
- constant 

QL d T  
= qL -- --)~ 

S d (  (=L 
-- h(TL - To) 

or 

d T  

d (  (=L 

h 
- - ( T L  - To), 

where T is the air temperature and ( the axial coordinate. For more details of the 
process and model description the reader is referred to the already-mentioned publica- 
tions. A lumped version of the model was obtained by replacing the partial derivatives 
in these equations by their finite difference analogs. 

The behavior of the detection algorithm is illustrated by adding a bias to some of 
the measurements. Curves A, B, C, and D of Fig. 3 illustrate the absolute values of the 
innovation sequences, showing the simulated error at different times and for different 
measurements. These errors can be easily recognized in curve E when the chi-square 
test is applied to the whole innovation vector (n = 4 and ot = 0.01). Finally, curves 
F, G, H, and I display the ratio between the critical value of the test statistic, r, and the 
chi-value that arises from the source when the variance of the ith innovation (suspected 
to be at fault) has been substantially increased. This ratio, which is approximately 
equal to 1 under no-fault conditions, rises sharply when the discarded innovation is 
the one at fault. 

This behavior allows easy detection of the source of the anomaly. In practice, 
under normal operation, the only curve processed in real time is E. But whenever 
the chi-square test detects a global faulty operation, the sequential process leading to 
curves F, G, H, and I starts, and the innovation at fault is identified. 

For the case of the bias estimation, several runs were performed simulating a 
known bias in one of the measurements, assuming different initial values of the 
variance of the bias. From Fig. 4 it can be seen that the convergence and the speed of 
response are heavily dependent on the initial values of ~23y. To help in the interpretation 
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I FIGURE 3 Tests for the innovation vector (from Porras and Rornagnoli, 1987). 

of the results, a band was drawn around a nominal value of the bias (about 12% of 
the bias). An estimate is considered good when the values predicted by the filter are 
inside the band. 

8.3. DYNAMIC DATA RECONCILIATION: USING NONLINEAR 
PROGRAMMING TECHNIQUES 

8.3.1. Problem Statement 
As was previously shown, Kalman filtering techniques can be, and have been, suc- 
cessfully used on dynamic process data, to smooth measurement data recursively and 
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FIGURE 4 Speed of response (from Porras and Romagnoli, 1987). 

to estimate parameters for linear systems. Modifications have been developed to han- 
dle nonlinear systems. These modifications typically involve replacing the nonlinear 
equations that represent the system with first-order approximations. For processes 
operating in highly nonlinear regions, linear approximations may not be satisfactory. 

In this section, the use of nonlinear programming techniques for solving dy- 
namic data reconciliation problems is discussed, as well as some existing methods 
for solving the resulting nonlinear differential/algebraic programming (NDAP) prob- 
lem. The discussion follows closely the work performed by Edgar and co-workers 
in this area. The general nonlinear dynamic data reconciliation (NDDR) formulation 
can be written as (Liebman et al., 1992; McBrayer and Edgar, 1995): 

where 

.~(t): estimate functions 
y: discrete measurements 

Min �9 [y, $,, cr] 

s.t. 

f ~-,~(t) - o  

r/[S'(t)] - - 0  
w[~,(t)] > O, 

cr: measurement noise standard deviations 
f: differential equation constraints 

r/: algebraic equality constraints 
w: inequality constraints 

(8.54) 

Note that the measurements and estimates include both measured state variables and 
measured input variables. The inclusion of the input variables among those to be 
estimated establishes the error-in-variable nature of the data reconciliation problem. 
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The lengths of ~(t) and tr are equal to the total number of variables (state and 
input). The vector y comprises all Yk, where Yk represent the measurements at discrete 
time tk. The lengths of vectors f, r/, and w are problem specific. 

For most applications, the objective function is simply the weighted least squares 
(Liebman e t  al . ,  1992) 

&[y, ~,(t), tr] -- ~ [S'(tk) -- Y k ] T f f f f - l [ y ( t k )  --  Y~], 
k=O 

(8.55) 

where ~(tk) represents the values of the estimate functions at discrete time tk and ~I' 
is the variance-covariance matrix with ~ i i  - -  0"2 �9 Variables to and tc represent the 
initial and current times, respectively. 

As in the classical steady-state data reconciliation formulation, the optimal es- 
timates are those that are as close as possible (in the least squares sense) to the 
measurements, such that the model equations are satisfied exactly. 

8.3.2. Solution of the Differential/Algebraic Optimization Problem 
The problem to be solved by the estimator may be stated as 

Min �9 [y, ~, tr] 

s . t .  

d~ 
d t  
- -  - f ( y )  - o 

n [~ ( t ) ]  = 0 

~oE~(t)] >__ 0. 

(8.56) 

There are two methods for computing solutions to problem (8.56): 

1. Sequential solution and optimization 
2. Simultaneous solution and optimization 

1. The classic methods use an ODE solver in combination with an optimization 
algorithm and solve the problem sequentially. This solution strategy is referred to 
as a sequential solution and optimization approach, since for each iteration the opti- 
mization variables are set and then the differential equation constraints are integrated. 
Though straightforward, this approach is generally inefficient because it requires the 
accurate solution of the model equations at each iteration within the optimization, 
even when iterates are far from the final optimal solution. 

2. In order to avoid solving the model equations to an unnecessary degree of 
accuracy at each step, the differential equations are approximated by a set of al- 
gebraic equations using a weighted residual method (Galerkin's method, orthogo- 
nal collocation, etc.). The model equations are then solved simultaneously with the 
other constraints within an unfeasible path optimization algorithm, such as successive 
quadratic programming. Using this approach, the differential equations are treated in 
the same manner as the other constraints and are not solved accurately until the final 
iteration of the optimization. Unfortunately, this method results in a relatively large 
NLP problem. 
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The original problem is restated as 

Min ~I, [y, .~, cr] 

s.t. 
Ny - f(~,) -- 0 

r/[.~(t)] -- 0 

w[.9(t)] >_ O, 

where N is a matrix of collocation weights (Villadsen and Stewart, 1967). Any deriva- 
tives with respect to spatial coordinates may be handled in a similar manner, and 
integral terms may be efficiently included by using appropriate quadrature formulas. 

The simultaneous solution strategy offers several advantages over the sequential 
approach. A wide range of constraints may be easily incorporated and the solution of 
the optimization problem provides useful sensitivity information at little additional 
cost. On the other hand, the sequential approach is straightforward to implement and 
also has the advantage of well-developed error control. Error control for numerical 
integrators (used in the sequential approach) is relatively mature when compared, for 
example, to that of orthogonal collocation on finite elements (a possible technique 
for a simultaneous approach). 

As pointed out by Liebman et  al.,  given a perfect model, an ideal data reconcili- 
ation scheme would use all information (process measurements) from the startup of 
the process until the current time. Unfortunately, such a scheme would necessarily 
result in an optimization problem of ever-increasing dimension. For practical imple- 
mentation we can use a moving time window to reduce the optimization problem to 
manageable dimensions. A window approach was presented by Jang et al. (1986) and 
extended later by Liebman et al. (1992). 

If the most recent available measurements are at time step c, then a history hori- 
zon H A t  can be defined from (to - H A t )  to tc, where At is the time step size. In 
order to obtain enough redundant information about the process, it is important to 
choose a horizon length appropriate to the dynamic of the specific system (Liebman 
et al.,  1992). As shown in Fig. 5, only data measurements within the horizon will be 
reconciled during the nonlinear dynamic data reconciliation run. 

(8.57) 

• Measurements, y 
~ Estimates, y, 

I 

X 

I 

X 

X 
~ x 

I 

, , , I I 
t - H  t c c 

I FIGURE 5 History horizon (from Liebman et al., 1992). 
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A possible implementation algorithm comprises several steps (Liebman et al., 

1992), as shown below: 

Step 1: Obtain process measurements 
Step 2" Optimize ~ for all ~(t) over (to - H At) < t < tc 

Step 3" Save the result of ~(t) 
Step 4: Repeat at next time tc+l 

An implementation of this algorithm, using the sequential procedure within the 
MATLAB environment, was proposed by Figueroa and Romagnoli (1994). To solve 
step 2, the constr  function from the MATLAB Optimization Toolbox has been used. 
The numerical integration necessary in this step has been performed via the function 
ode45 for the solution of ordinary differential equations. 

EXAMPLE 8.2 
We now proceed to demonstrate the application of the NDDR technique using a 

simulated CSTR with a first-order, exothermic reaction. The example was taken from 
Liebman et al. (1992). The dynamic model is given by 

d A  _ _ q (Ao - A)  - OtdKA 
d t  V 

_ - A H r  U A R  
d T  _ q ( T o -  T ) 4 - ~ d ~ K A -  ~ ( T -  Tr 
d t  V pCp  p C p V  

where 

K -- K0 exp(--EA/T), an Arrhenius rate expression 
A0: feed concentration, gmol cm -3 
To: feed temperature, K 
A: tank concentration, gmol cm -3 
T: tank temperature, K 

The parameter Old is included to allow for catalyst deactivation as shown by Liebman. 
The data for the example (physical constants) are shown in Table 1. All temperatures 
and concentrations were scaled using a nominal reference concentration (A~ = 1 x 
l0 -6 gmol cm -3) and a nominal reference temperature (Tr = 100.0 K). 

TABLE I Data for the Example (Physical 
Constraints) (from Liebman et al., 1992) 

Parameter Value Units 

q 10.0 
V 1000.0 
AHr -27,OO0.0 
p 0.001 
cp 1.o 
U 5.0 • 10 -4 
AR 10.0 
Tc 340.0 
Ko 7.86 x 1012 
EA 14,090.0 
0r d 1.0 

cm 3 s -  1 
cm 3 
cal gmo1-1 

-3 g crn 
cal (g K)- I  
cal (cm 2 s K) -1 
cm 2 
K 
s-1 
K 
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Measurements for both state variables, A and T, and both input variables, A0 and 
To, were simulated at time steps of 2.5 s by adding Gaussian noise to the "true" values 
obtained through numerical integration of the dynamic equations. A measurement 
error with a standard deviation of 5% of the correspoding reference value was con- 
sidered and the reconciliation of all measured variables (two states and two inputs) 
was carried out. 

The proposed NDDR algorithm was applied with a history horizon of five time 
steps. The variance matrix was defined as 

= diag{0.3252 0.1752 0.00752 0.2052}. 
Input variables were treated as constants over the entire horizon, allowing a decrease 
in the dimensionality of the optimization problem and also improving the performance 
of the reconciliation. 

The steady-state simulation was initialized at a steady-state operating point of 
A0 = 6.5, To ----- 3.5, A = 0.1531, and T = 4.6091. At time 30 s, the feed concen- 
tration was stepped from 6.5 to 7.5. 

The results are shown in Figs. 6 to 9. In these figures the stars correspond to the 
measured values, the dotted line to the simulated (free noise) values, and the solid 
line corresponds to the estimated values of the measurements. The estimate values 
for the states contain far less noise than the simulated measurements, as is shown in 
Figs. 6 and 7. Figures 8 and 9 show the estimate of the inputs. For the estimate of 
feed concentration, a lag is observed in the transient. 
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8.3.3. Bias Detection and Estimation 

The reconciliation method outlined before requires gross errors to be absent from 
the data before the rectification is carried out. If these error types are not absent, the 
reconciled values will exhibit "smearing" when compared with the true values. 

Bias estimation in variables that are known a priori to be biased can be incorpo- 
rated into the previous problem by incorporating the bias as a parameter (McBrayer 
and Edgar, 1995). The new Objective Function in Eq. (8.55) in the presence of bias 
becomes 

'I'b[y, .~(t), or, b] -- ~ [.~(tk) - (y~ - bj)lTtIj-l[~r(tk) -- (Y~ -- bj)] ,  
k=O 

( 8 . 5 8 )  

where bj  is the bias estimate for variable j .  
The problem to be solved by the estimator may now be stated as 

Min cI, [y, ,~, or, b j  ] 
~,bj 
s.t. 

d~ 
dt 
- -  - f ( ~ )  = o (8.59) 

o [ Y ( t ) ]  - 0 

co[.~(t)] > 0.  
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By including bj in the inequality constraints, physical limits can be put on the range 
of admissible biases. 

Remark. Although this method of estimation exhibits some oscillation, bias 
is a systematic parameter and the variance of the estimate is small relative to the 
measurement variance (McBrayer and Edgar, 1995). & 

The same authors proposed an algorithmic approach for detecting the presence 
of a bias and for identifying the faulty sensor. Briefly, the main steps of the algorithm 
are as follows: 

1. Using the model, a set of "base case" data is generated by adding Gaussian 
noise to the calculated measurements, using the same variance as the physical mea- 
surement. 

2. These data are then reconciled and the test statistics calculated. These results 
correspond to the correct answer to which the measurements are compared. 

3. The data reconciliation is then performed using the actual data, and these 
statistics are compared with those of the base case to determine the presence or 
absence of a bias. 

4. If the test is positive, a bias term is added to a suspected measurement and 
estimated using the procedure outlined before. 

5. The bias is then subtracted from the appropriate measurement, the reconcilia- 
tion repeated, and the statistic compared with that of the base case. If the comparison 
is favorable, then the correct variable has been identified to contain a bias. If not, 
the procedure is repeated for a new suspected measurement, until the correct one is 
identified. 

The complete procedure, together with a simulation application for a continuous 
stirred tank reactor, can be found in McBrayer and Edgar (1995). 

Albuquerque and Biegler (1996) followed a different approach to incorporating 
bias into the dynamic data reconciliation, by taking into account the presence of a 
bias from the very beginning through the use of contaminated error distributions. This 
approach is fully discussed in Chapter 11. 

8.4. CONCLUSIONS 

In this chapter different aspects of data processing and reconciliation in a dynamic 
environment were briefly discussed. Application of the least square formulation in a 
recursive way was shown to lead to the classical Kalman filter formulation. A simpler 
situation, assuming quasi-steady-state behavior of the process, allows application of 
these ideas to practical problems, without the need of a complete dynamic model of 
the process. 

Modification of the normal operation of the filter, to add the capability of detecting 
and compensating for abrupt changes, was discussed through the formulation of a 
"failure" model. It was shown that the solution of the general state-bias estimation 
problem can be obtained through the application of the classical Kalman filtering 
technique. A decoupling strategy was also introduced, based on the idea of parallel 
processing techniques. 
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Finally, an approach for nonlinear dynamic data reconciliation using nonlinear 
programming techniques was discussed. This formulation involves the optimization 
of an objective function through the adjustment of estimate functions constrained by 
differential and algebraic equalities and inequalities. 

NOTATION 

a vector defined by Eq. (8.16) 
A Jacobian matrix of fix, t) 
B matrix defined by Eq. (8.32) 
b jump of imputs 
c index for current time 
C measurement model matrix 
D matrix defined by Eq. (8.36) 
E matrix defined by Eq. (8.35) 
f differential equations constraints 
F transition matrix 
g jump of outputs 
G matrix defined by Eq. (8.36) 
H width of the window 
J least square objective function value 
k time index 
l number of measurements 
L matrix defined by Eq. (8.49) 
m number of constraints 
M covariance matrix of "7 
n vector of process noise 
N matrix of collocation weights 
p(x, t) probability density function for x(t) 
P matrix defined by Eq. (8.35) 
q jumps of states 
Q spectral density function for w 
R spectral density function for e 
S covariance matrix of n 
t time 
u known imput 
U / auxiliary matrix 
V / auxiliary matrix 
w vector of modeling errors 
x vector of state variables 
y vector of measurements 
z vector defined by Eq. (8.48) 

Greek Symbols 
~b vector of measurement functions 
e vector of errors between measurements and predictions 

Dirac delta function 
estimate error covariance matrix 

A sampling interval 
-y vector of measurements residuals 
r test statistic 
8y magnitude of the bias 
/~ matrix defined by Eq. (8.35) 
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,I~ general objective function 
~r standard deviation 
~/ equality constraints 
w inequality constraints 
~P covariance matrix for the measurement errors 

Subscripts 

0 initial state 

Superscripts 

derivative 
estimated value 
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9 
JOINT PARAMETER 
ESTI MATI 0 N-DATA 
RECONCILIATION 

In this chapter, the general problem of joint parameter estimation and data recon- 
ciliation will be discussed. The more general formulation, in terms of the error-in- 
variable method (EVM), where measurement errors in all variables are considered in 
the parameter estimation problem, will be stated. Finally, joint parameter and state 
estimation in dynamic processes will be considered. 

9. I. INTRODUCTION 

The estimation of model parameters is an important activity in the design, evaluation, 
optimization, and control of a process. As discussed in previous chapters, process data 
do not satisfy process constraints exactly and they need to be rectified. The reconciled 
data are then used for estimating parameters in process models involving, in general, 
nonlinear differential and algebraic equations (Tjoa and Biegler, 1992). 

In a classical regression approach, the measurements of the independent variables 
are assumed to be free of error (i.e., for explicit models), while the observations of the 
dependent variables, the responses of the system, are subject to errors. However, in 
some engineering problems, observations of the independent variables also contain 
errors (i.e., for implicit models). In this case, the distinction between independent and 
dependent variables is no longer clear. 

As pointed out by Tjoa and Biegler, in the first case, the optimization needs only 
to be performed in the parameters spaces, which is usually small. In the second case, 
we need to minimize the errors for all variables, and the challenge here is that the 
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degrees of freedom become large, and increase with the number of experimental runs 
(data sets). 

In the error-in-variable method, measurement errors in all variables are treated 
in the calculation of the parameters. Thus, EVM provides both parameter estimates 
and reconciled data estimates that are consistent with respect to the model. 

Deming (1943) was among the first to consider the parameter estimation method 
for implicit models, formulating the general problem of parameter estimation in mod- 
els by taking into account the errors in all measured variables. Britt and Luecke (1973) 
presented general algorithms for EVM where the objective function was optimized us- 
ing Lagrange multipliers and the constraints were successively linearized with respect 
to the parameters and the measured variables. In this approach both the parameter 
estimates and the reconciled measurements were obtained simultaneously. 

Other methods were proposed by Peneloux et al. (1976) and Reilly and Patino- 
Leal (1981). Their main characteristic is that the data reconciliation routine is nested 
within the parameter estimation routine. The advantage is that explicit calculation 
of the reconciled measurements is unnecessary and the size of the estimation prob- 
lem is greatly reduced. More recent studies in EVM have been made by Schwetlick 
and Tiller (1985) and Valko and Vadja (1987). The main difference, with respect to 
previous approaches, is the separation of the parameter estimation step and the data 
reconciliation step, resulting in a two-stage calculation. Liebman and Edgar (1988) 
demonstrated improved reconciliation estimates using nonlinear programming, since 
the data reconciliation portion of the EVM seems to be especially sensitive to lin- 
earization errors. Further studies on the effect of linearization and the use of NLP 
to perform the data reconciliation problem were done by Kim et al. (1990). In this 
paper, several algorithms were tested using different case studies. 

In this chapter, the general problem of joint parameter estimation and data rec- 
onciliation is discussed. First, the typical parameter estimation problem, in which the 
independent variables are error-free, is analyzed. Aspects related to the processing of 
the information are considered. Later, the more general formulation in terms of the 
error-in-variable method, where measurement errors in all variables are considered 
in the parameter estimation problem, is stated. Alternative solution techniques are 
briefly discussed; some special attention is given to the method of Valko and Vadja 
(1987) because it facilitates programming. This is because it can be implemented by 
putting together existing programs, especially those used in classical reconciliation 
routines. Finally, joint parameter and state estimation in dynamic processes will be 
considered and two different approaches, based on filtering techniques and nonlinear 
programming techniques, will be discussed. 

9.2. THE PARAMETER ESTIMATION PROBLEM 

Parameter estimation problems result when we attempt to match a model of known 
form to experimental data by an optimal determination of unknown model parameters. 
The exact nature of the parameter estimation problem will depend on the mathematical 
model. An important distinction has to be made at this point. A model will contain 
both state variables (concentrations, temperatures, pressures, etc.) and parameters 
(rate constants, dispersion coefficients, activation energies, etc.). 
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A further distinction still is possible by decomposing the state variables into two 
groups: independent and dependent variables. This decomposition will lead us to two 
different problems, as we will discuss later. 

Let us now specify the model we will be considering. The following variables 
are defined: 

0: n-dimensional column vector of parameters whose numerical values are 
unknown [01, 02 . . . . .  On] T. 

x: r-dimensional column vector of state variables [xl, x2 . . . . .  Xr] v. 

y: g-dimensional column vector of observed variables. These are the process 
variables that are actually measured in the experiments [yl, y2 . . . .  , yg]T. 

A single experiment consists of the measurement of each of the g observed 
variables for a given set of state variables (dependent, independent). Now if the 
independent state variables are error-free (explicit models), the optimization need 
only be performed in the parameter space, which is usually small. 

So first we will concentrate on the problem in which the x independent variables 
are error-free and only errors in the dependent variables y need to be minimized. In 
fact y can be expressed as an explicit function of x and parameters 0, that is, 

y - f(x, 0), (9.1) 

where f is a g-vector function of known form. 

Note: When the independent variables, x, are also subject to errors (implicit models), 
the distinction between independent and dependent variables is no longer clear and 
we need to minimize the errors for all variables. This will be the subject of Sec- 
tion 9.3. & 

Coming back to problem (9.1), since we want to determine n parameters, we 
must perform at least n observations. If we assume that M different experiments are 
performed, then for each individual experiment we have a set of y's and x's. For the 
j th experiment we have 

y j  - -  f(xj, 0), j = 1, 2 . . . . .  M. (9.2) 

It must be noted that the cases where the states and parameters are related by ordinary 
differential equations can be included in this general formulation. Suppose 

dx~ 

d t  
= fs(t, x(t), 0), xs(O) - Xos, s = 1, 2 . . . . .  r. (9.3) 

The simplest case of this parameter estimation problem results if all state variables 
Xs(t)  and their derivatives i t s ( t )  are measured directly. Then the estimation problem 
involves only r algebraic equations. On the other hand, if the derivatives are not 
available by direct measurement, we need to use the integrated forms, which again 
yield a system of algebraic equations. In a study of a chemical reaction, for example, 
y might be the conversion and the independent variables might be the time of reaction, 
temperature, and pressure. In addition to quantitative variables we could also include 
qualitative variables as the type of catalyst. 
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EXAMPLE 9.1 
Consider the isothermal rate equations 

dCa 
= K I C A  

d t  

dCB 
= K1CA - K2C8  

d t  

corresponding to the reactions 

A /~>B X2>C 

If the initial conditions are such that the total numbers of initial moles are known, 
that is, 

Cao = 1, CBo = 0 ,  Cco = 0 ,  t - - 0 ,  

we have for the integrated forms 

CA m e-Kit 

K1 (e_K1 t _e_Kzt)" 
CB = K e - K 1  

If we measure the concentrations of both A and B, then according to the previous 
definitions, 

y -  [Ca; CB] T 0 -  [K1 K2] T x -- t 

and we have the form (9.1). If we measure CA and CB at M discrete values of time, 
then we have (9.2). 

Because of error in the measurements and inaccuracies in the model, it is im- 
possible to hope for an exact fit of (9.2). Instead, we will try to find values of these 
parameters that minimize some appropriate measure of the error. That is, 

y j : -  f ( x j ,  0 )  -a t- ].tj,  j = 1, 2 . . . . .  M, (9.4) 

where tt -- [/Zl,/z2 . . . . .  /zu] T is the vector of errors or residuals, between the obser- 
vations and the predicted values. Now the parameter estimation problem, regardless 
of the form of the model, seeks the global minimum of 

Min ( y -  ~,)TW(y- $,) 
o 

s.t. (9.5) 
- f(x, 0) - 0, 

where W is the weighting matrix. There are different ways to solve this problem. 
One approach is to solve it as a general NLP problem. In Tjoa and Biegler (1991), a 
hybrid SQP (HSQP) method was developed for nonlinear parameter estimation when 
the independent variables are error-free. 

The first phase of the parameter estimation problem consists of choosing the 
measurements in such a way that the necessary conditions for estimability are satisfied. 
This means that we have to design the experiment such that if the measurements were 
totally without error, it would be possible to recover the desired parameters. These 
conditions were defined in Chapter 2. For instance, in the previous example, it would 
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be theoretically impossible to recover K1 and K2 by measuring only CA. In order to 
have the estimability conditions verified we should measure C8, or CA and C8, or 
CA and C c .  

The identification of the minimum set of observations required for a unique 
solution of a given problem is also included in this phase. That is, let n represent the 
number of parameters to be estimated and go the minimum set of observations, with 
go > n. Once these questions have been answered, the next step is to estimate the 
parameters. The analysis of the accuracy of the estimates is very important, in order 
to know along which variable we should move, when to take the samples, etc. This 
is what is called "design of the experiments" and will be discussed later. 

In the following we describe the sequential processing of the information applied 
to parameter estimation. This allows us to analyze the accuracy of the estimate at each 
step in the procedure. 

9.2. I. Sequential Processing of the Information for Experiment Design 
In this section the sequential approach discussed in Chapter 6 will be extended to 
parameter estimation. An initial estimate of 0 can be obtained from a minimal data 
set for which the number of observations is equal to the number of components of 0. 
Let Y0 denote an observation at time t = to; if 0 has n components, the minimal data 
set is symbolized by the vector 

I 
Y~ 

Yo - �9 (9.6) 

LYonJ 

The initial estimate, 0o, can be computed from the system of equations 

] 
Lfo.iOo)j 

+ eo = Yo, (9.7) 

where each element of fo represents a prediction of an observed quantity at time 
t = t j ,  j - -  1, 2 . . . . .  M .  Now it is necessary to obtain the covariance matrix of the 
initial estimate error. Expanding the prediction function, fo(0o), about the true value 
of the parameter set, 0, and retaining only the constant and linear terms, we have 

fo(0o) - f0(0) + Do(0)(0o - 0), (9.8) 

where 

Do(0) = Vfo(0). (9.9) 

Since 

A0 =/90 -- 0, (9.10) 

we can write 

D o ( O ) A o  = f o ( 0 o )  - f o ( 0 )  - e o ,  (9.11) 
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where e0 is the measurement error corresponding to the minimal data set. Thus, 

= E[e0e T] = E[DoAoA~DT]. (9.12) 

If we denote by ~0 = E[AoAT] the covariance of the estimation error A0, we have 

~ 0 -  [D~-ID0] -1. (9.13) 

We have now completed the preliminary step of obtaining the covariance for the 
initial estimate as a function of the known covariance matrix of the measurement 
errors. At time t = tl, following the initial estimation, a new observation Y l is 
completed. Now the objective to be minimized by combining the new data with the 
previous estimate can be written as 

J(OIAo, ~1) --  AT~-']O1A0 -+- ~T~I / - I~I  
(9.14) 

--  (0  0 -- o )T~oI ( IO0  -- O) -I- [Yl -- f l ( O ) ] T ~ - I [ y l  -- f l (O)] ,  

where fl (0) is the predicted value of the observation Yl at time t = tl based on the 
value of the system parameters. Note the similarities between this formulation and the 
one described in Chapter 6 for data reconciliation using the general formulation from 
estimation theory, Eq. (6.61). In this case 00, is the a priori estimate of the system 
parameters and ~0 is the covariance of the a priori estimate error; however, there is 
no term related to the constraints (model) equations. The estimate error covariance, 
as we have seen in Chapter 6, is now given by 

~-']1 --  [ ~ O  1 + DT~I'-ID1] -1. 

That is, 

(9.15) 

Y]I 1 = [Y]O 1 + DT~I / -1D1] .  (9.16) 

This gives us the new error covariance when the measurement at time t = ta is 
processed as a function of the previous one. Note again that this formula is equivalent 
to the expressions in Chapter 6 when considering different blocks of information. 
The process can be iterated at each step with the introduction or deletion of new 
observations. By induction, the covariance for the error estimate at the i th step can 
be written as 

y]i-+ll = ~-]~-1 + D/T+I ~ I t - ID i+I ,  (9.17) 

where positive signs stand for the addition of information. 
Until now we have only considered moving along the variable time. This proce- 

dure, however, can be extended in general to other kinds of variables such as temper- 
ature, pressure, or some other qualitative variable such as the type of catalyst. In this 
way we can cover a whole range of operating conditions, processing the information 
at each stage in a sequential manner, using the information available from previous 
calculations. 

Now, since the purpose of an experimental program is to gain information, in 
attempting to design the experiment we will try to plan the measurements in such a way 
that the final error estimate covariance is minimal. In our case, this can be achieved 
in a sequential manner by applying the matrix inversion lemma to Eq. (9.17), as we 
have shown in previous chapters. 
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EXAMPLE 9.2 
Let us consider the simple, but very illustrative, example consisting of the reac- 

tions 

A / ~ B  /~2 C, 

where K1 and K2 are first-order rate constants. Suppose further that CB, the concen- 
tration of compound B, is measured at various times t, and CB0 = 0, C c o =  0 and 
Ca0 = 1 are the initial values at time t = 0. Because of the estimability condition, we 
need to consider a minimum set of measurements composed of at least two different 
values of C B at two times. According to our definition we have 

yj  = CBj, 0 - [ K 1 ,  K2] T, x = t, 

and 

where 

yj  = PjO + ej ,  j = l . . . . .  M ,  

Pllj  -'- 

P12j -- 

{KI(KI - K2)tj  q- K2}e -K'tj - K2e -K2tj 

(K1 - -  K 2 )  2 

{ -KI (K1 - K2)tj  + K 1 } e  - K l t j  - K2e -K2tj 

(K1 -- K2) 2 

A routine to calculate the optimal minimum set (optimal sampling times) has 
been implemented, which gives the minimum variance of the estimate errors. We have 
considered possible samples at M discrete times (equally spaced in time), for example, 
M = 6. That is, six measurements spaced every At = 1 period of time. The algorithm 
then looks at all of the possible combinations of measurement number 1 (at time t = 1) 
with each of the remaining, choosing the best combination. Then, combinations of 
measurement number 2 (at time t -- 2) with each of the others are examined, and so 
on. It can be seen (Table 1) that to obtain the optimal minimum set, corresponding to 
two optimally located samples, measurements should be taken at times close to t = 1 
and t = 6. In Table 1 the results are also given for M = 12 (12 equally spaced points 
in time At = 0.5). In this case the minimal set is composed of measurements number 
2 and 12 (corresponding to times t = 1 and t = 6 for At -- 0.5). In the same way we 
can isolate exactly the optimal minimum set of sampling times by further increasing 
M, that is, the number of allowable sampling points. 

TABLE I Optimal Sampling Times for Different Values 
of M for Example 9.2 

Optimal sampling times 

Values of M Two Three Four Five 

6 1;6 1;6;5 
12 1 ;6 1 ;6;5.5 
20 0.9;6 0.9;6;5.7 

1;6;5;4 
1;6;5.5;5 
0.9;6;5.7;5.4 

1;6;5;4;2 
1;6;5.5;5;1.5 
0.9;6;5.7;5.4;1.2 
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Trace of the error covariance as function of the number of optimal samples in time. 

We have also considered the effect of increasing the number of optimally located 
samples on the final estimate. In this case, we start with the optimal minimum set 
and increase by one (optimally located) the number of samples. Figure 1 shows the 
results for different values of M = 6, 12, 20. As expected, the quality of the estimate is 
better when the number of optimally located samples is increased. However, after a few 
optimally located samples, the quality of the estimate does not improve significantly. 
Table 1 shows the corresponding optimal samples for different values of M and for 
different numbers of optimally located samples. In each case, after the minimum 
optimal set is determined, the next optimal samples are located around the times 
corresponding to the values for this optimal minimum set. The quality of the estimate 
is also directly affected by the variance of the measurements. 

9.3.  JOINT PARAMETER ESTIMATION-DATA RECONCILIATION PROBLEM 

In the error-in-variable method (EVM), measurement errors in all variables are 
treated in the parameter estimation problem. EVM provides both parameter esti- 
mates and reconciled data estimates that are consistent with respect to the model. 
The regression models are often implicit and undetermined (Tjoa and Biegler, 1992), 
that is, 

f(y, x, O) - 0, (9.18) 

where x are the independent variables and y are the dependent ones. As stated by 
Tjoa and Biegler, "the estimation problem for these systems is often referred to as 
parameter estimation with implicit models or orthogonal distance regression (ODR), 
and we directly minimise a weighted least squares function that includes independent 
as well as dependent variables." 
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Now defining 

z__ [yl 
an implicit model comprising b equations, p process variables, and n parameters can 
be described as 

f(z, 0) = 0, (9.19) 

where 

f =  (/1,  . . . ,  fb) T 

z = (zl . . . . .  Zp) T (9.20) 

O --" (01 . . . .  , On) T. 

In experiments we observe the measurements values, ~, of the variables, z, and 
allow for errors in all of them. Thus, 

Zj  = Zj  + ~ j ,  j = 1 . . . . .  M .  (9.21) 

Assuming that r are normally distributed and uncorrelated, with zero mean and 
known positive definite covariance matrix ~ j ,  the parameter estimation problem can 
be formulated as minimizing with respect to zj and 0: 

M 

Min Z ( ~ j  - zj)T~21 zj,0 (zj - zj) 
j - ' l  

s . t .  

f(zj, O) = O, j = 1 . . . . .  M. 

(9.22) 

In the following sections, different approaches to the solution of the preceding 
problem are briefly described. Special attention is devoted to the two-stage nonlinear 
EVM, and a method proposed by Valko and Vadja (1987) is described that allows 
the use of existing routines for data reconciliation, such as those used for successive 
linearization. 

9.3. I. Solution Strategies for EVM 

Several alternative algorithms have been proposed in the literature for dealing effi- 
ciently with EVM systems. The main approaches can be readily distinguished: 

1. Simultaneous solution methods 
2. Nested EVM 
3. Two-stage EVM 

I. Simultaneous Approach 
The most straightforward approach for solving nonlinear EVM problems is to 

use nonlinear programming to estimate zj and 0 simultaneously. In the traditional 
weighted least squares parameter estimation formulation there are only n optimiza- 
tion variables corresponding to the number of unknown parameters. In contrast, the 
simultaneous parameter estimation and data reconciliation formulation has ( p M  + n) 
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optimization variables. The dimensionality of the problem increases directly with the 
number of data sets and can become large. 

A feasible path optimization approach can be very expensive because an iterative 
calculation is required to solve the undetermined model. A more efficient way is to 
use an unfeasible path approach to solve the NLP problem; however, many of these 
large-scale NLP methods are only efficient in solving problems with few degrees of 
freedom. A decoupled SQP method was proposed by Tjoa and Biegler (1991) that is 
based on a globally convergent SQP method. 

2. Nested EVM 
IClm et al. (1990) proposed a nested, nonlinear EVM, following ideas similar to 

those of Reilly and Patino-Leal (1981). In this approach, the parameter estimation is 
decoupled from the data reconciliation problem; however, the reconciliation problem 
is optimized at each iteration of the parameter estimation problem. 

The algorithm is as follows: 

Stepl: A t i = l , i - i a n d 0 = 0 0 .  
Step 2: Find the minimum of the function for i and 0: 

M 

J1  - -  M i n  ~--~(~j - z j ) T ~ I / ; I ( z j  - -  i j )  

j = l  
s . t .  

M 

J 2  - -  Min E(7,j - -  z j ) T ~ I / ; I ( 7 - j  - -  Z j )  
zj . 

J = l  
s . t .  

f ( z / , 0 ) = 0 ,  j = l , 2  . . . . .  M. 

(9.23) 

As pointed out by Kim et al. (1990), the difference between this algorithm and 
that of Patino-Leal is that the successive linearization solution is replaced with the 
nonlinear programming problem in Eq. (9.23). The nested NLP is solved as a set 
of decoupled NLPs, and the size of the largest optimization problem to be solved is 
reduced to the order of n. 

3. Two-Stage EVM 
To define the two-stage algorithm we will follow the work of Valko and Vadja 

(1987), which basically decouples the two problems. Starting from the definition of the 
general EVM problem in Eq. (9.22), the vectors zl . . . . .  ZM minimize the constrained 
problem at fixed 0, if and only if each z j, j = 1, 2 . . . . .  M, is the solution to 

Min J(z) = (~ - z ) T ~ I t - l ( z  - -  z )  

s.t. (9.24) 
f(z, 0) = 0, 

where the index j is dropped, since problem (9.24) is solved for each j = 1, 2 , . . . ,  M 
separately. 

Now, linearizing the constraints in (9.24) about some estimate f~, and defining 
the equation error in terms of this linear approximation, 

e = f(~, 0) + N(f~, 0)[~ - ~], (9.25) 
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where N is the Jacobian matrix of f with respect to the variables z. Thus, keeping 
fixed, we need to solve the typical linear (linearized) data reconciliation problem 

Min d T ~ - l d  
s.t. (9.26) 

-N(~, 0)d + f(~, 0) + N(~, 0 ) ( $ -  $) -- 0, 

whose solution is given by 

t] - t~NT(N~NT)-I [f + N ( ~ -  $)], (9.27) 

where d = ~ -  z. 
The problem can be solved using the successive linearization technique until 

convergence is achieved. The fixed point in the iteration is denoted by ~. It is the 
solution of (9.24) and satisfies 

- ~ -- ~NT(N~NT)-I [ f  + N ( ~ -  ~)] (9.28) 

Setting this equation into Eq. (9.24), we can compute the minimum of J in an 
alternative way" 

J(f0 - [f + N ( $ -  f0]T(N~NT)-I[f + N ( $ -  $)]. (9.29) 

This equation contains explicit information about the effect of the parameters on the 
objective function J. This has been exploited in the following algorithm. 

Algorithm 
Step 1: At i = 1 select $ j ( i )  --  ~j ,  j = 1, 2 . . . .  , M .  

Step 2: Find the minimum 0 i+1 of the function 

M 
J(O)  = Z [ f j  + N j ( $ j  - ~ j ( i ) ] T ( N j ' ~ N T ) - I [ f j  + N j ( $ j  - Sj(i)], (9.30) 

j=l 

where fj = f(zj, 0) and Nj = 0f(zj, 0)/0z computed at ($j(i), 0). If i > 1 and 
II Oi - 0i+1 II _< Tb, then finish; otherwise, proceed to step 3. 

Step 3: At fixed 0 TM perform the data reconciliation for each j = 1, 2 . . . . .  M 
using successive lineafization: 

~new T (Nj IIIjNT)-I j = $j - ~ j N j  [fj + N j ( $ j  - Sj)]. (9.31) 

Denote by ~(i + 1) the result of repeating Eq. (9.31) until convergence. Replace i by 
i + 1 and return to Step 2. 

This type of algorithm facilitates programming, since the entire procedure can be 
implemented by putting together existing programs, such as the case of the successive 
linearization step, which can be implemented using the already available data recon- 
ciliation strategy. An alternative formulation was proposed by Kim et  al. (1990), the 
difference being that the successive linearization solution is replaced with a nonlinear 
programming problem in Step 3. 

EXAMPLE 9.3 
To demonstrate the application of the two-stage EVM algorithm on a simulated 

example, let us consider the flowsheet of Fig. 2 taken from Bahri et  al. (1996) .  It 



J 70 CHAPTER 9 JOINT PARAMETER ESTIMATION-DATA RECONCILIATION 

Feed TF1,CF1,QF 1 

T 1 
W, OU 

TF2,CF2,Q 2 

Coolant W 1 

T 1 " 
w, ln 

CSTR 1 

Q1,C1,T1 

Mixer 
QM 'CM'TM 

T 2 
W, OU 

Coolant W 2 

T2 . " - - ~  
w, ln 

1 F I G U R E  2 The two CSTRs flowsheet (from Bahri et al., 1996). 

CSTR 2 

Product Q3,C3,T3 

consists of two continuous stirred tank reactors (CSTRs) in series with an intermediate 
mixer for the introduction of the second feed. A single, irreversible, exothermic, first- 
order reaction (A ~ B) takes place in both reactors. 

For our analysis we will just consider steady-state operation. The stage variables 
are the temperatures and concentrations in the reactors and the mixer. The four in- 
dependent variables are input composition (CF), two input flowrates (Q 1 F, Q2 F), and 
input temperature (TF). A CSTR steady-state model was used to simulate the mea- 
surements of the dependent variables. Details of the model equations representing 
the material and energy balances can be found in de Henning and Perkins (1991). 
The total number of measurements considered in this study is 21. The reference data 
set was generated adding a 1% Gaussian noise to each measurement. The parameters 
requiring estimation are the heat transfer coefficient in each reactor. As they are con- 
sidered to be equal, a single parameter estimation problem results. The actual value 
of this parameter, used in the simulations that generated the measurements, is 0.35. 

Different runs were performed by changing the noise level on the measurements 
as well as initial value of the parameter. Only a single set of experimental data was 
considered in our calculations. Table 2 gives a summary of the results, that is, the final 
value of the parameter obtained from the application of the algorithm, as a function 
of the initial value and the measurement noise. We can clearly see the effect of the 
noise level on the parameter estimator's accuracy, as well as its effect on the number 
of iterations. 

Cases 4 and 5 deserve some special consideration. They were performed under 
the same conditions in terms of noise and initial parameter value, but in case 5 the 
covariances (weights) of the temperature measurements were increased with respect 
to those in the remaining measurements. For case 4 it was noticed that, although 
a normal random distribution of the errors was considered in generating the mea- 
surements, some systematic errors occur, especially in measurement numbers 6, 8, 
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TABLE 2 S u m m a r y  of Results for the Two CSTRs Example 

Initial value Final value Noise Number of Iterations for parameter 
Case of parameter of parameter level iterations estimation 

1 0.5 0.3209 1% 5 14,7,7,7,7 
2 0.5 0.3363 0.5% 4 11,7,7,7 
3 0.5 0.3473 0.1% 3 12,7,7 
4 0.2 0.3249 1% 4 7,7,7,7 
5 0.2 0.3565 1%* 22 12,8 . . . . .  8,3,3 

TABLE 3 Comparison of Actual,  Measured, and Reconciled 
Data for Case 4 in Table 2 

Variable 
(from Fig. 2) Actual value Measured value Reconciled value 

c 1 0.0307 0.0311 0.0282 
T 1 385.0744 387.4882 387.4414 
C 2 0.0509 0.0509 0.0421 
T 2 360.7426 362.0110 362.4886 
CM 7.3654 7.3141 6.8828 
TM 372.1917 378.5046 377.0245 
C~ 20.0000 20.0118 20.2201 
T~ 350.000 356.2898 356.7557 
C~ 20.0000 20.0528 20.1560 
T~ 350.0000 353.0509 353.1371 
T 1 319.3400 314.7218 314.8330 W,OU 

T 2 283.7160 281.7267 281.7218 W,OU 

W1 0.3318 0.3359 0.3722 
We 0.7996 0.7945 0.8048 
T 1 250.0000 251.4434 251.4409 w,in 

T 2 250.0000 249.0999 249.1162 w,in 

Q~ 0.3552 0.3547 0.3556 
Q~ 0.2062 0.2034 0.1828 
Q1 0.3552 0.3507 0.3556 
QM 0.5614 0.5669 0.5384 
Q2 0.5614 0.5611 0.5384 

and 11. Consequently,  in case 5 a larger covariance for these measurements  was also 
considered. Under  these conditions, the accuracy of the parameter  est imation and data 
reconcil iat ion further improved. This shows the importance of a good knowledge of 
the covariance matrix as well as the importance of being able to deal with systematic 
errors. Tables 3 and 4 and Figs. 3 and 4 illustrate the comparisons,  in terms of 
the amount  of correction on each data point after the joint  parameter  estimation and 
data reconcil iat ion procedure.  This joint  approach for parameter  est imation and data 
reconcil iat ion is further investigated in Chapter  12 in the context of estimating the 
heat transfer coefficient for an industrial furnace from available plant data. 



172 CHAPTER 9 JOINT PARAMETER ESTIMATION-DATA RECONCILIATION 

1 TABLE 4 Comparison of Actual ,  Measured, and Reconciled 
D a t a  for  C a s e  5 in T a b l e  2 

Variable 
(from Fig. 2) Actual value Measured value Reconciled value 

C 1 0.0307 0.0311 0.0300 
T 1 385.0744 387.4882 385.8322 
C 2 0.0509 0.0509 0.0496 
T 2 360.7426 362.0110 361.1329 
CM 7.3654 7.3141 7.3149 
TM 372.1917 378.5046 373.9660 
C~ 20.0000 20.0118 20.0114 
T~ 350.0000 356.2898 353.2848 
C~ 20.0000 20.0528 20.0528 
T~ 350.0000 353.0509 350.9374 
T 1 319.3400 314.7218 320.6448 W,OU 

T 2 283.7160 281.7267 283.8052 W,OU 

W1 0.3318 0.3359 0.3358 
W2 0.7996 0.7945 0.7944 
T 1 250.0000 251.4434 251.4434 w,in 
Tw,inZ 250.0000 249.0999 249.1000 
Q~ 0.3552 0.3547 0.3563 
Q~ 0.2062 0.2034 0.2045 
Q1 0.3552 0.3507 0.3563 
QM 0.5614 0.5669 0.5608 
Q2 0.5614 0.5611 0.5608 

0.5 

0 x It 

-0.5 

-1 

-1.5 

1 FIGURE 3 

x 

11 jt ~t 

~ u  ~ i l ,, 

5 10 15 20 25 
M e a s u r e m e n t  # 

Amount of correction on the measurements after joint parameter and data reconciliation 
for case 4 in Table 2. 
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-2 

-4 

5 10 15 20 25 
M e a s u r e m e n t  # 

1 F I G U R E  4 Amount of correction on the measurements after joint parameter and data reconciliation 
for case 5 in Table 2. 

9.4. DYNAMIC JOINT STATE-PARAMETER ESTIMATION. A FILTERING APPROACH 

9.4.1. Problem Statement and Definition 

The problem of state-parameter estimation in dynamic systems is considered in terms 
of decoupling the estimation procedure. By using the extended Kalman filter (EKF) 
approach, the state-parameter estimation problem is defined and a decoupling proce- 
dure developed that has several advantages over the classical approach. 

Following Bortolotto et al. (1985), let us consider the dynamic system governed 
by the following stochastic model: 

Xk+l = FXk -~- Wk (9.32) 
Yk -- CXk + e~, 

where w~ and e~ represent the forcing random noise entering the system and the 
random noise that corrupts the measurements, respectively. The statistical character- 
ization of these Gaussian white noises is represented as 

E[WW T] ---- R1, 

E[x(0)] -- x0, 

E [ e e  T] - -  Re 

z Ex0x ] - r i0 .  
(9.33) 

Furthermore, matrices F, C, and ri0 may depend, in general, on a finite- 
dimensional vector 0 that must be determined. The EKF approach for determin- 
ing the unknown vector a involves extending the state vector x with the parameter 0; 
thus, 

a_ E01  934) 
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with the model 

where 

Yk = c(ak) + ek, 
(9.35) 

f(ak) = If(00~ xk] 

C ( a k )  : C(Ok)xk .  
(9.36) 

9.4.2. Decoupling the State-Parameter Estimation Problem 
According to the previous section, in order to deal with the state-parameter estimation 
problem we have to solve a nonlinear set of filtering equations. The extended Kalman 
filter leads to the following equations (Ursin, 1980): 

~lkW1 "-" Gk~lk d- B k [ Y k + l  - -  Lk+lGk~lk]  (9.37) 

Bk -- ~2 L T'~-I k k Ok (9.38) 

~']k+l  - -  Gk[I - BkL]~kG~ + Q, (9.39) 

where 

Sk : (Lk~kL~ + R) (9.40) 

and 

a 0 / - 1  = a ( 0 )  -~ (9.41) 

�9 o (9.42) 

Fk H I �9 H~,] ii i 
G k -  ~ a=~k : 

�9 o 

(9.43) 

Oe] = [Ak A 1 Lk = ~ a  T a=~k . . .  (9.44) 

0(G(0)Xk) 
O0 i 

X--YC k 

O=Ok 
(9.45) 
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O ( C k ( O k ) )  

O0  i 
a--ak 

(9.46) 

Q =  [O' :] (9.47, 

R - [ R 2  00] " (9.48, 

In view of the aforementioned augmented problem, the error covariance matrix 
for the augmented system will be of the form 

~d m 
~d x " �9 ~dXOm 1 

~dOm x �9 . Y]~Om J 

(9.49) 

which shows the interaction between the state-parameter estimation problems, where 

~x - E { ( x -  :~)(x- ~,)T} (9.50) 

and 

: xo, - E{ x -  )oT } 
~o, --E{OiOT}. (9.51) 

Romagnoli and Gani (1983) and Bortolotto et al. (1985) developed and imple- 
mented on-line a methodology for decoupling the state-parameter estimation prob- 
lem. It was shown that the estimates of the states and error covariance matrix could 
be expressed as 

x~ - x ~ + ~_~ a x i 

i--1 (9.52) 
n 

_ + Z 
i=1  

where ~0 and x ~ are the normal (original) elements for the filter, in the absence of 
the parameter estimation. Each element 6x i and 6~ i corresponds to the correction 
(on the original estimate) due to the parameter estimation. They are evaluated as 

i ,,i 
~X i - -  Vx(k)0 ~ 

~ y ] i  i i i T (9.53) 
- . 

The individual estimates for the parameter can be obtained from the recursion 

.,i ,,i i i (k)Oik] (9.54) Ok+ 1 - -  O k -3 t- B~ [n~ - (ChUg 

where U i, V i, and E i are auxiliary matrices. The complete procedure, with all the 
recursions, can be found in Romagnoli and Gani (1983). 
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EXAMPLE 9.4 
The experimental setup, described in Example 8.1, for calculating the bias in a dy- 

namic environment will be used here to discuss the parameter estimation methodology. 
In this case both the surface heat transfer coefficient (h) and the thermal conductivity 
(~.) of the body in the condition of natural convection in air are considered (Bortolotto 
et al., 1985). 

The extended state vector is now defined as 

a - -  ~ 

and a multichannel scheme implemented for the joint state-parameter estimation. 
The algorithm was tested under conditions: 

1. The channel for state estimation opened first and after some period of time 
(when a"good" reference trajectory was obtained) the two channels for the parameters 
were opened simultaneously. 

2. The channel for state estimation opened first and the two other channels were 
opened sequentially at different periods of time. 

3. The algorithm was tested at different operating conditions. 

As a sample, the performance of the algorithm for different initial values of 
Nh and Nx is given in Fig. 5. Figure 6 shows the improvement in convergence 
characteristics when channels are opened one at a time rather than simultaneously. 
Some of the runs, along with the specified statistical characterization, are given in 
Table 5. Additional information, as well as results, can be obtained from Bortolotto 
et al. (1985). 

The multichannel procedure introduces an alternative approach to the problem 
of dynamic state-parameter estimation. The decoupling of the state estimator from 

[ ~ 0 Run #3 

203 

193 

183 

173 t 
i 

1 - '  ' " 0 0 2  . . . . . . . .  ' . . . . . . . . . . . . . . .  30 40 50 60 
Time (m) 

l FIGURE 5 Behavior of the filter with different initial values of Ei. (From Bortolotto et al., 1985.) 
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TABLE 5 Results for Different Initial Values of ~-~h and ~ 
(from Bortolotto et al., 1985) 

Initial parameter Weights for Final parameter 
values covariance matrices values 

Run # ~ h ~-~h ~ h A 

1 203 8.04 10 1000 7.38 196.1 
2 203 8.04 1 100 7.31 195.8 
3 203 8.04 0.1 10 7.34 197.2 
4 203 8.04 0.01 30 7.38 196.9 
5 203 8.04 0.01 30 7.41 196.5 
6 173 6.81 10 1000 8.23 190.7 
7 173 6.81 1 100 8.23 191.3 
8 173 6.81 0.1 10 8.20 199.5 
9 173 6.81 0.01 1 8.20 180.3 

10 173 6.81 0.3 50 8.23 191.3 
11 187 7.38 10 1000 7 .82  195.00 
12 187 7.38 1 100 7 .85 195.00 
13 187 7.38 0.1 10 7.85 194.7 
14 187 7.38 0.01 1 7.56 190.5 
15 187 7.38 0.2 40 7.85 194.5 

203 

, , 193 

I I 

183 

173 
& ! I . . . .  I I ,  . I J , I ! I . I ! ,, �9 

10 20 30 40 50 60 

Time (m) 

FIGURE 6 Convergence characteristics of the algorithm selecting the channel: A, both parameters 
estimated simultaneously; A, channel for parameter h opened first; O, Channel for parameter ~. opened 
first (from Bortolotto et al., 1985). 

the parameter  est imator  results in the manipula t ion of smaller  vectors and matrices,  
leading to efficient practical application. The data handl ing is reduced,  as the infor- 
mat ion is taken only when required, in accordance with the expected variation of the 
particular parameter  with time. In this way, the size of the p rob lem becomes  indepen- 
dent of the number  of  parameters  to be estimated,  since such est imation is performed 
sequential ly and whenever  desired. 



J 78 CHAPTER 9 JOINT PARAMETER ESTIMATION-DATA RECONCILIATION 

9.5. DYNAMIC JOINT STATE-PARAMETER ESTIMATION: 
A NONLINEAR PROGRAMMING APPROACH 

In this section the extension of the use of nonlinear programming techniques to solve 
the dynamic joint data reconciliation and parameter estimation problem is briefly 
discussed. As shown in Chapter 8, the general nonlinear dynamic data reconciliation 
(NDDR) formulation can be written as: 

Min ~[y, ~, or] 

s.t .  

o[~(t)] = 0 

~[~(t)]  >_ 0. 

Note: The measurements and estimates include both measured state variables and 
measured input variables. The inclusion of the input variables among those to be 
estimated establishes the error-in-variable nature of the data reconciliation problem. 

& 

If the measurement noises are normally distributed and independent across the 
data sets, the objective function is simply the weighted least squares 

~ 1  ]T~-I  @[y, ~(t), or] = ~ [$'(tk) -- Yk [,~(tk) -- Yk]. (9.56) 
z . ,  

k=0 

By discretizing the differential algebraic equations model using some standard 
discretization techniques (Liebman et al., 1992; Alburquerque and Biegler, 1996) to 
convert the differential constraints to algebraic constraints, the NDDR problem can 
be solved as the following NLP problem: 

Min ~[y, ~, or] 

s.t .  
r/[~(t)] = 0 (9.57) 

.~[~(t)] >__ 0, 

where 17 now includes all the equality constraints. 
Parameters and unmeasured variables can be incorporated into this formulation 

(Alburquerque and Biegler, 1996). Let us consider that we have measured variables, 
x, and unmeasured variables, u, and also suppose that they are constrained by some 
physical model and are dependent on unknown parameters, 0. Then we can represent 
the equalities in Eq. (9.57) by the general form 

O(x, u, 0) = 0. (9.58) 

The general problem is then to estimate 0 and u knowing the values of the 
measurements, y, and the probability distribution function of e (measurement error). 
If P(e) is the error distribution, then y will be distributed according to P(y - x I 0, u). 
Thus, according to Bayes' theorem, (Alburquerque and Biegler, 1996), the posterior 
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distribution of the parameter and the unmeasured variables, given the data, will be 

P(O, u ly)  -- L(O, u)l-I(O, u), (9.59) 

where H(O, u) is the a priori distribution function of the parameters, O, and the un- 
measured variables, u. Following Alburquerque and Biegler and using the maximum 
a posteriori method, we minimize the negative of the log posterior subject to the 
model, that is, 

Min - log  P(O, u ly)  
O,u 

s.t. 
r/[x, u, O] = 0 

w[x,  u, O] >__ O. 

(9.60) 

If the measurement noise is normally distributed and independent across the data set, 
and if we use a flat prior distribution, problem (9.60) become a nonlinear least squares 
problem and can be solved using the techniques discussed in Section 9.3. 

9.6. CONCLUSIONS 

In this chapter, the general problem of joint parameter estimation and data reconcili- 
ation was discussed. First, the typical parameter estimation problem was analyzed, in 
which the independent variables are error-free, and aspects related to the sequential 
processing of the information were considered. Later, the more general formulation 
in terms of the error-in-variable method (EVM), where measurement errors in all 
variables are considered in the parameter estimation problem, was stated. Alternative 
solution techniques were briefly discussed. Finally, joint parameter-state estimation 
in dynamic processes was considered and two different approaches, based on filtering 
techniques and nonlinear programming techniques, were discussed. 

NOTATION 

a 

A 
b 
B 
C 
Ci 
g 

d 

Do 
e 

f 
F 

G 
g 
go 
H 

vector defined by Eq. (9.34) 
matrix defined by Eq. (9.46) 
number of model equations 
matrix defined by Eq. (9.38) 
matrix of measurement model 
concentration of component i 
vector defined by Eq. (9.36) 
vector defined by Eq. (9.27) 
matrix defined by Eq. (9.9) 
vector defined by Eq. (9.25) 
auxiliary matrix 
vector function that comprises the process model 
transition matrix 
matrix defined by Eq. (9.43) 
number of measurements 
minimum set of observations 
matrix defined by Eq. (9.45) 
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h heat transfer coefficient 
j index of experiments 
J objective function value 
K constant of reaction rate 
L matrix defined by Eq. (9.44) 
M number of experiments 
N Jacobian matrix of f(9., 0) 
n number of parameters 
p number of process variables for implicit models 
Q flowrate 
Q matrix defined by Eq. (9.47) 
r number of state variables 
R matrix defined by Eq. (9.48) 
R1 covariance matrix of w 
R2 covariance matrix of e 
s index for state variables 
S matrix defined by Eq. (9.40) 
T temperature 
Tb threshold value 
t time 
U / auxiliary matrix 
u unmeasured variables 
V / auxiliary matrix 
w forcing random noise entering the system 
W weighting matrix 
x vector of state variables 
y vector of measurements 
z vector of process variables for implicit models 

Greek Symbols 

0 
A 
rio 

r 
8 
or 

vector of measurement errors 
covariance matrix of measurement errors 
vector of parameters 
parameter estimation error 
covariance matrix of x0 
thermal conductivity 
covariance of the parameter estimation error 
vector of errors between measurements and predictions 
general objective function 
correction due to parameter estimation 
standard deviation 
equality constraints 
inequality constraints 

Subscripts 
initial state 

Superscripts 
measured value 
derivative 
estimated value 
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I0 
ESTIMATION OF MEASUREMENT 
ERROR VARIANCES FROM 
PROCESS DATA 

Most techniques for process data reconciliation start with the assumptions that the 
measurement errors are random variables obeying a known statistical distribution 
and that the covariance matrix of measurement errors (~)  is given. In contrast, in 
this chapter we discuss direct and indirect approaches for estimating the variances of 
measurement errors from sample data. Furthermore, a robust strategy is presented for 
dealing with the presence of outliers in the data set. 

I O. I. INTRODUCTION 

Most of the available techniques for data reconciliation are based on the assumption 
that the measurement errors are random variables obeying a known statistical distri- 
bution, namely, a normal distribution. Furthermore, they start with the assumption of 
a known covariance matrix of the measurement errors. Very little has been said about 
how such information is available, and in most practical situations, this matrix is 
unknown or known only approximately. Added to this, the covariance matrix, ~ ,  will 
vary when the process is at different operating conditions. That is, for one measure- 
ment device, the measurements' error level may be different from range to range. For 
instance, a normally operating pressure gauge will have different errors when working 
in different scale ranges, say 20% and 50%. In such cases, changes in the measure- 
ments' error level indicate that the magnitude of the covariance matrix elements will 
be different. Even if the covariance is already known, it still needs to be validated. 
Consequently, the definition or calculation of this statistical property of the data is of 
prime importance in implementing a reliable and accurate reconciliation procedure. 

183 
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Only a few publications in the literature have dealt with this problem. Almasy 
and Mah (1984) presented a method for estimating the covariance matrix of mea- 
sured errors by using the constraint residuals calculated from available process data. 
Darouach et al. (1989) and Keller et al. (1992) have extended this approachto deal 
with correlated measurements. Chen et al. (1997) extended the procedure further, 
developing a robust strategy for covariance estimation, which is insensitive to the 
presence of outliers in the data set. 

The next sections describe direct and indirect techniques, developed in these 
publications, for estimating the variances of process data, as well as a robustification 
procedure for dealing with contaminated information. 

10.2. DIRECT METHOD 

As pointed out by Keller et al. (1992), if the process is truly at steady state, then 
estimation by the so-called direct method using the sample variance and covariance 
is adequate and simple to use. Let Yi be the i th element in a vector of measured 
variables, then the sample variance of the r repeated measurements of Yi is given by 

1 r )2 
v a r ( y i )  - -  E ( Y i k  -- Yi ( 1 0 . 1 )  

r - 1  
k = l  

and the covariance of yi and yj is given by 

where 

r 

C O V ( y i ,  yj)  = E ( Y i k  -- Y i ) (Y j k  -- Y j ) ,  (10.2) 
r - 1  

k = l  ' 

_~. = -  Yik. 
r 

k = l  

(10.3) 

r is the size of the window, which is a function of the time during which the process 
is truly at steady state. This is an unbiased maximum likelihood estimator, based on 
the assumption of an independent error distribution with constant variance. 

This procedure (based on sample variance ~ and covariance) is referred to as the 
direct method of estimation of the covariance matrix of the measurement errors. As it 
stands, it makes no use of the inherent information content of the constraint equations, 
which has proved to be very useful in process data reconciliation. One shortcoming of 
this approach is that these r samples should be under steady-state operation, in order 
to meet the independent sampling condition; otherwise, the direct method could give 
incorrect estimates. 

As pointed out by Almasy and Mah (1984), in real practical situations, the process 
conditions are continuously undergoing changes, and steady state is almost never 
attained. Practically speaking, steady state has meaning only within the framework 
of the time interval and the range of variation allowed by the analyst. Variance and 
covariance estimated by the foregoing technique will be very poor if the variation is 
comparable in ~ magnitude to, or exceeds, the measurement errors. This drawback can 
be eliminated through the use of an indirect method, which is discussed next. 
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10.3. INDIRECT METHOD 

As discussed before, in a strict sense, there is always some degree of dependence 
between the sample data. An alternative approach is to make use of the covariance 
matrix of the constraint residuals to eliminate the dependence between sample data 
(or the influence of unsteady-state behavior of the process during sampling periods). 
This is the basis of the so-called indirect  approach.  

Consider a g-dimensional process sample data vector at a time k, 

Yk : Xk + Ck, (10.4) 

where Xk is the vector of process variables at time k and ek is the vector of measurement 
errors, also at time k. Usually, x~ is called to satisfy the m-dimensional (m < g) set 
of algebraic equations (e.g., multicomponent mass and energy balances) 

Axk = 0, (10.5) 

where A = (a i j  )m x g , i = 1 . . . .  , m; j = 1 . . . . .  g. 

From Eqs. (10.4) and (10.5), the residuals r~ in the balance equations can be 
calculated by 

r~ = Ayk = Axk + Aek = A e k .  (10.6) 

Assuming that ek is Gaussian with zero mean and positive definite covariance 
matrix tI, then 

E ( e k )  = 0  

- 

E(rk) = E(Aek) = A E ( e k )  = O, 

where ~ = (~i j )g•  i = 1 . . . . .  g; j = 1 . . . . .  g. 

(10.7a) 

(lO.7b) 

(10.7c) 

From Eqs. (10.6) and (10.7) we can obtain the covariance matrix of the residuals, 
,I,, as follows: 

,I, : cov(rk)=  E(r~r  T) - E ( A e k e T A  T) = A E ( e k e T ) A  T = A ~ A  T, (10.8) 

where ~ = (f~ij)mxm, i = 1 . . . . .  m; j = 1 . . . . .  m.  

Using the Kronecker product of matrices and the vec(o) operator (Almasy and 
Mah, 1984; see also Appendix A), Eq. (10.8) can be restated as 

vec(~) = (A | A) vec(tI,). (10.9) 

The indirect method uses Eq. (10.9) to estimate ~I,. This procedure requires the 
value of the covariance matrix, ,I,, which can be calculated from the residuals using 
the balance equations and the measurements. 

i 0.3. I. Computational Procedure 

Two alternative procedures have been suggested in the literature to solve the problem 
and they will be discussed next. Al terna t i ve  1 was proposed by Almasy and Mah 
(1984). They attempt to minimize the sum of the squares of the off-diagonal elements 
of a measurement error covariance matrix subject to the relation deduced from the 
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statistical properties of the residuals constraints. Alternative 2 was proposed by Keller 
et al. (1992) to deal with the diagonal and non-diagonal case. They presented an 
analytical procedure (following Dorouach et al., 1989) based on the relation deduced 
from the statistical properties of the material constraints. 

Alternative I (Almasy and Mah, 1984) 
From Eq. (10.9), with reference to ~ ,  let d be the vector of g(y) diagonal elements, 

and t the vector of g(t) off-diagonal elements. In general, 

[ g ( y ) -  1] 
g(t) _< g(y) . (10.10) 

2 
The remaining off-diagonal elements are zero by specification. Vectors d and t may 
be obtained from vec (~)  by premultiplying by the appropriate mapping matrices D 
and T, that is, 

d = D vec(~) (10.11) 

t -- T vec(gs), (10.12) 

It is then possible to recover qs from 

vec(~) = D+d + T+t (10.13) 

with appropriate matrices D + and T +. 
As before, a vector p of g(p) elements can be defined, associated with ~ ,  such 

that 
[g(r) + 1] 

g(p) = g(r) (10.14) 
2 

and 

p = P vec(~). 

Substituting Eqs. (10.9) and (10.13) into Eq. (10.15) yields 

p = P(A | A). (D+d + T+t) 
= Md + Nt. 

(10.15) 

(10.16) 

The problem of estimating the covariance matrix of the measurement errors may now 
be formulated as 

Min tTt, (10.17) 
d,t 

subject to the constraints given by Eq. (10.16). 
The solution of this problem is given by 

d = SM T Rp (10.18) 

and 

t = N T ( R -  RMSMTR)p, (10.19) 

where 

R -- (NNT) -1 (10.20) 

S = (MTRM) -1. (10.21) 
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The necessary conditions for the existence of the inverse matrices in Eqs. (10.20) and 
(10.21) are 

g(t) _> g(p) >_ g(y). (10.22) 

According to Almasy and Mah: 

1. The conditions imposed by Eq. (10.22) by themselves do not guarantee the 
existence of R and S. 

2. We need to compute matrices SMTR and N T(R - RMSMTR) only once and 
apply the results of Eqs. (10.18) and (10.19) each time a p is obtained. 

A procedure for computing matrices M and N is given in Almasy and Mah (1984). 

Alternative 2 (Keller et al., 1992) 
In this approach we have two possible situations: 

1. Diagonal case. If the measurement errors are not correlated, �9 is a diagonal 
matrix. Let us consider 

d = [ k I / l l ,  ki /22 . . . . .  ~gg]T. (10.23) 

This vector contains all of the parameters that need to be estimated. Equation (10.9) 
can be written as 

vec(~) = Fd, (10.24) 

where 

vec(~) = [ ( I ) l l  , ( I )12 . . . . .  ( I ) l m  , ( I )2 l  , ( I )22 . . . . .  ( I )2m . . . . .  ( I ) m l  , ( I )m2  . . . . .  di)mm] T 
(10.25) 

FallA1 a12A2 . . .  algAg 1 
F = ] a 2 1 A 1  a22A2 ..."" a2gAg I (10.26) 

LamlA1 amzA2 . . .  amgAg] 
and Aj is the j th column of matrix A; vec(~I,) is an m 2 vector, d is a g vector, and F 
is a (m 2, g) matrix. 

Now, if (m 2 > g), the solution of Eq. (10.24), under the assumption of an 
independent and normal error distribution with constant variance can be obtained as 
the maximum likelihood estimator of d and is given by 

t] - (FTF)-lFrvec(cI,). (10.27) 

EXAMPLE 10.1 
To illustrate the application of the strategy for the diagonal case, we consider 

the process system taken from Ripps (1965). As indicated in Chapter 5, it con- 
sists of a chemical reactor with four streams, two entering and two leaving the pro- 
cess. All the stream flowrates are assumed to be measured, and their true values are 
x = [0.1739 5.0435 1.2175 4.00] z. The corresponding system matrix, A, and the 
covariance of the measurement errors, K,, are also known and given by 

0.1 0.6 -0 .2  -0 .7]  0.000289 
A1 = 0.8 0.1 -0 .2  -0 .1  , ffj = 0.0025 

0.1 0.3 -0 .6  -0 .2  0.000576 " 
0.04 
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A multivariate normal distribution data set with the variance and mean given 
by this �9 and x was generated by the Monte Carlo method to simulate the process 
sampling data. The data size was 1000 and it was used to investigate the performance 
of the indirect method. 

In the estimation of �9 from the conventional indirect approach, using the Keller 
et al. (1992) method, ( ~ c )  is given by 

~I/c -- 

0.0002678 0 0 0 

0 ~ 

0.00246 0 0 
0 0.000512 0 " 
0 0 0.0416 

2. General case. If some measurement errors are correlated, the covariance ma- 
trix is not diagonal. It is assumed that we know the sensors which are subjected to cor- 
related measurement errors, for example because they share some common elements 
(e.g., power supplies). There are then s off-diagonal elements of ~ ,  (~J~pq . . . . .  ~bl ) ,  
that need to be estimated in addition to the diagonal ones. 

Let f = ( k I / l l  , k i /22  . . . . .  kIIgg, kIIpq . . . . .  k~bl) T. Then Eq. (10.9) can be written as 

vec(~) = Gf, (10.28) 

where 

G __. I 
allA1 a12A2 . . .  algAg alpAp a t- alqAq . . .  albAb -Jr allAl 
a21A1 a22A2 a2gAg a2pAp -Jr- a2qAq ...''" a2bAb + aElA1 , 

lamlA1 am2A2 . . .  amgAg ampAp ~ amqAq . . .  ambAb -Jr- amlAl 

(10.29) 

where Aj is the j th  column of matrix A, A = (A1, A2 . . . . .  Ag). 
From Eq. (10.28), the maximum likelihood estimator of f is given by 

f = (GTG)-IGTvec(@). (10.30) 

The estimability conditions of variance are now rank(G) = g + s. 

EXAMPLE 10.2 
This example was taken from Keller et al. (1992). It consists of the network of 

7 nodes and 12 streams giVen in Fig. 1. In this case, we make a change about the 
position of the correlated sensors to make sure that the target covariance conforms 

I 

1 FIGURE I 

2 ~ 3 ~ 4 ~ 5 ~ 6 

7 \  / 8  9 \  / 1 0  

11 I 12 

Process network for Example 10.2 (from Keller et al., 1992). 
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to the common assumption on the property of positive definiteness. Thus, the mea- 
surement errors of sensors 2 and 5 and sensors 6 and 11 are to be correlated. The 
simulation condition is similar to the uncorrelated case. The system matrix, A, and 
target covariance, ~ ,  for this case are 

1 - 1  0 0 0 0 - 1  0 0 0 0 0 
0 1 - 1  0 0 0 0 - 1  0 0 0 0 
0 0 1 - 1  0 0 0 0 0 0 0 0 
0 0 0 1 - 1  0 0 0 - 1  0 0 0 
0 0 0 0 1 - 1  0 0 0 - 1  0 0 
0 0 0 0 0 0 1 1 0 0 - 1  0 

_0 0 0 0 0 0 0 0 1 1 0 - 1 

A m 

-30.00 0 0 0 0 0 0 0 0 0 0 0 " 

0 30.00 0 0 6.00 0 0 0 0 0 0 0 

0 0 20.00 0 0 0 0 0 0 0 0 0 

0 0 0 20.00 0 0 0 0 0 0 0 0 

0 6.00 0 0 7.50 0 0 0 0 0 0 0 

0 0 0 0 0 15.00 0 0 0 0 9.00 0 

0 0 0 0 0 0 10.00 0 0 0 0 0 

0 0 0 0 0 0 0 10.00 0 0 0 0 

0 0 0 0 0 0 0 0 10.00 0 0 0 

0 0 0 0 0 0 0 0 0 8.10 0 0 
0 0 0 0 0 9.00 0 0 0 0 20.00 0 

0 0 0 0 0 0 0 0 0 0 0 20.00 

A comparison with the target covariance shows that the conventional indirect 
approach gives a very good estimation of the covariance in this case: 

-29.52 0 0 0 0 0 0 0 0 0 0 0 

0 30.01 0 0 4.92 0 0 0 0 0 0 0 

0 0 19.72 0 0 0 0 0 0 0 0 0 

0 0 0 19.24 0 0 0 0 0 0 0 0 
0 4.92 0 0 7.09 0 0 0 0 0 0 0 
0 0 0 0 0 12.52 0 0 0 0 9.51 0 
0 0 0 0 0 0 11.25 0 0 0 0 0 " 
0 0 0 0 0 0 0 11.25 0 0 0 0 

0 0 0 0 0 0 0 0 11.44 0 0 0 
0 0 0 0 0 0 0 0 0 8.24 0 0 

0 0 0 0 0 9.51 0 0 0 0 20.17 0 

0 0 0 0 0 0 0 0 0 0 0 21.51 

~ 7  c ---- 

10.4. ROBUST COVARIANCE ESTIMATOR 

The performances of the indirect conventional methods described previously are very 
sensitive to outliers, so they are not robust. The main reason for this is that they use 
a direct method to calculate the covariance matrix of the residuals (~ ) .  If outliers 
are present in the sampling data, the assumption about the error distribution will be 
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violated. In such situations, the final estimation of the covariance of the measurements 
will not be a maximum likelihood estimator. In other words, this may lead to an 
incorrect estimation. For this reason an alternative robust procedure is needed. 

D E F I N I T I O N  

An estimator is called robust if it is insensitive to mild departures from the under- 
lying assumptions and is also only slightly more inefficient relative to conventional 
approaches when these assumptions are satisfied. 

10.4. I. The M-Estimator 

One type of common robust estimator is the so-called M-estimator or generalized 
maximum likelihood estimator, originally proposed by Huber (1964). The basic idea 
of an M-estimator is to assign weights to each vector, based on its own Mahalanobis 
distance, so that the amount of influence of a given point decreases as it becomes less 
and less characteristic. 

Let z l, . . . ,  Zr be samples of j dimension. Then, the M-estimator of the location 
(vector m) and the scatter (matrix V) are obtained by solving the following set of 
simultaneous equations (Maronna, 1976; Huber, 1981, p. 212): 

1 i=r 

-~ ~-~Ul(U)i)(Zi - -  m) = 0 
i--1 

(10.31) 

i--r 
1 

r - 1 ~ u 2  (1/)2)(zi - -  m)(zi - m) T = V, 
i=l 

(10.32) 

where U l  and U2 are arbitrary weights and w E = ( z i  - m ) T v - I ( z i  - -  m), i = 1 . . . . .  r, 
are the squared distances of the observation vectors from the current estimate of 
location m. Note that when Ul = u2 = 1, Eqs. (10.31) and (10.32) become 

1 i--r 

r ~ ( Z i  - -  m) = 0 
i--1 

i--r 

1 ~'~(Zi -- m)(zi -- m) T = V. 
r - 1  i=l 

In this case, V is the classical sample covariance matrix of z. 
In Chen et al. (1997)  the following simultaneous estimation strategy is adopted 

to construct the M-estimator: 

�9 Assuming the covariance V is positive definite, the Cholesky decomposition 
of V is 

V = CC T. (10.33) 

Then Eqs. (10.31) and (10.32) can be written as 

E { u l ( l i f - l ( z  - m ) l l ) f - l ( z  - m ) }  = 0 

E { u 2 ( l l C - l ( z  - m)llE)[f- l(z - m ) ] [ f - l ( z -  m)] T} = I, 

(10.34) 

(~0.35) 
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where 11. II denotes the norm of vectors or matrixes and I stands for the identity matrix. 
�9 Let n = II C -1 (z - m)I[. Then the functions U l and u2 will be determined by 

the following minimax problem: 

qg(n, c) = max{-c,  min(n, c)} 
(10.36) 

with ~0i--nui(n), i = 1, 2, 

where qg(n, c) is known as the Huber's psi function; c is a constant specified by the 
user to take into account the acceptable loss in efficiency of the Gaussian model in 
exchange for resistance to outliers. 

Taking 

qgl = qg(n, c) (10.37) 

(t92 -'- qg(n, C2)/1~, (10.38) 

where fl is chosen to make V an asymptotically unbiased estimator of the covariance 
matrix in a multivariate normal situation, the following algorithm can be devised to 
estimate the covariance matrix of the residuals, cI,. 

10.4.2. The Algorithm (Chen et al., 1997) 
Let Y l, Y2 . . . . .  Yr be the g-dimensional vector of data with Yi --  [Y l i ,  Y2i . . . . .  Ygi ]T, 
A - -  ( a i j ) m •  is the matrix for the constraint equations. The algorithm for robust 
covariance estimation can be implemented as follows. 

Step 1: Calculation of the residuals, ri, by means of Eq. (10.6). 
Step 2: Calculation of the covariance matrix of residuals: 

�9 Variable initialization. Initialize the location (mean) m j,  scale b j,  and 
covariance matrix ,I, with 

m~, o = median(rj i ) ;  j - - l , 2  . . . . .  m; i = 1 , 2  . . . . .  r 
l 

bj = median(Irj i  - m j  I)/0.6745 

�9 ~ = diag(b 2, b2, . . . ,  b2). 

�9 Iterative calculation. The solution of the M-estimator Eqs. (10.31) and 
(10.32) is obtained by means of an iterative procedure that, for iteration q, is 
made up of the following steps: 
(a) Estimation of the weight function u l, u2: 

1 1/3 i < C  
Ul(Wi) = c / w i  otherwise 

with 

U2(I/) 2) - - ( U l ( W i ) ) 2 / ~ ,  

(10.39) 

(10.40) 

(10.41) 

fl = G(c2 /2 ,1 .5 )  + 2c2(1 - F(c)) ,  (10.44) 

where F represents the multivariate normal cumulative distribution 
function and G(a,  f )  is the gamma distribution with f degrees of 

(10.43) 

(10.42) 
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freedom. In this work, c 2 is taken to be the 90% point of the X 2 
distribution. 

The Mahalanobis distances 

w/2 = (ri - mq_l) T(~q_l)  -1 (ri - mq_l),  i = 1, 2 . . . .  ,r, (10.45) 

of the sample vectors from the current estimate of location m* are 
measured in the metric of ~*, the current estimate of the covariance 
matrix. 

(b) Estimation of the location m*" 

* * ~ * / ~ U i ( W i ) .  (10.46) m q  --- m q _  1 -~- i=1 U l ( l l ) i ) ( F i  - -  mq-1)/ 
i=1 

(c) Estimation of ~*" 

* - -  -- U2(//32) ( r i  * ) ( r i  , ) T  tI)q r -- mq -- mq . (10.47) 
i=1 

The iteration process terminates when the maximum difference in the 
elements of �9 between two successive iterations is smaller than a 
prespecified threshold, in this work taken to be 10 -6. 

Step 3: Robust maximum likelihood estimation of ffJ" 
First calculate the maximum likelihood estimator of vec (frO: 

vec(ffO - f = (GTG)-lG'rvec(~).  (10.48) 

Then the robust covariance ffJ can be obtained by reshaping vec(ff0 as follows" 

= vec- 1 (vec(~)) -- vec- 1 (f) .  ( 10.49 ) 

End 

The following remarks are in order: 
Remark 1: The selection of weight functions U 1 and U2 is basically arbitrary. 

However, these functions have to satisfy certain conditions in order to ensure the 
existence and uniqueness of a solution. The weight functions U l and u2 utilized in 
this approach have been verified as meeting all these conditions (Maronna, 1976). 
Since Ul and u2 solve the minimax problem (10.36), they are also known as Huber 
type weights. 

Remark 2: It is worthwhile to mention that the breaking point of the M-estimator, 
the fraction of outliers that can be tolerated without the estimator potentially breaking 
down, is about 1/(g + 1), where g is the dimension of the data (Maronna, 1976). In 
data reconciliation, outliers refer to the abnormal observations and are a small fraction 
of the whole data set. In our view, the breaking point property is reasonably good for 
practical implementations. 

Actually this approach follows a general recipe that works for many robust proce- 
dures: Clean the data by pulling outliers towards their fitted values, refitting iteratively 
until convergence is obtained. By assigning a weight to each of the observations, the 
�9 individual observation's contribution to covariance can be adjusted in order to avoid 
outliers governing the estimation of the covariance. The empirical convergence be- 
havior of the iterative calculation procedure is good (Maronna, 1976), but there is 
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not yet theoretical proof and more research is needed. Besides the M-estimator, there 
are several simultaneous estimation strategies, but none of them have been proved. 
It is worth mentioning that when referring to Eqs. (10.40), (10.41) and (10.47), the 
iterative algorithm will maintain the positive definiteness of the covariance matrix. 

To investigate the performance of the proposed robust estimator, Monte Carlo 
studies were performed on the two previous examples used for the case without 
outliers. 

EXAMPLE 10.3 (Chen et al., 1997) 
As before, all the stream flowrates are assumed to be measured in the process 

flowsheet presented by Ripps (1965). The corresponding system matrix, A, and the 
covafiance of the measurement errors, ~ ,  are given in Section 10.3. 

A multivariate normal distribution data set was generated by the Monte Carlo 
method using the values of variances and true flowrates in order to simulate the 
process sampling data. The data, of sample size 1000, were used to investigate the 
performance of the robust approach in the two cases, with and without outliers. 

Without outliers. The estimation of �9 both from the conventional indirect ap- 
proach ~ c  and from the robust approach lit  R gave similar results when compared 
with the target covariance matrix ~ :  

0.0002678 0 0 0 

~I'c = 0~ 0.00246 0 0 
0 0.000512 0 
0 0 0.0416 

0.0002712 0 0 0 

0 00 
0.002498 0 0 

I I / R  - -  0 0.000507 0 " 

0 0 0.0411 

With outliers. For comparison, we still use the same data set as case 1 (without 
outliers), except one outlier is introduced to x3 (from 1.2128 to 7.2128). The estimation 

~I/C --- 

results are 

0.000306 0 0 0 
0 0.00715 0 0 
0 0 0.03637 0 
0 0 0 0.03874 

0.0002717 0 0 0 
~ n  -- 0 0.002493 0 0 

0 0 0.000515 0 " 
0 0 0 0.0411 

~I'R from the robust estimator still gives the correct answer, as expected. However, 
the conventional approach fails to provide a good estimate of the covariance even for 
the case when only one outlier is present in the sampling data. 

EXAMPLE 10.4 (Chen et al., 1997) 
The second case study is that of Example 10.2 given in Figure 10.1. As before, 

the measurement errors of sensors 2 and 5, and sensors 6 and 11 are to be correlated. 
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T h e  s y s t e m  mat r ix ,  A,  and  ta rge t  c o v a r i a n c e  ma t r ix ,  qJ, for  this ca se  are  g iven  in 
Sec t ion  10.3. T h e  s i m u l a t i o n  c o n d i t i o n  is s imi l a r  to the  u n c o r r e l a t e d  case ;  the  two  
cases ,  w i th  and  w i t h o u t  out l ie rs ,  are  tes ted .  

Without outliers. As  s h o w n  b y  c o m p a r i s o n  wi th  the  ta rge t  c o v a r i a n c e ,  b o t h  the  
conventional indirect approach and  the  robust approach give  a ve ry  g o o d  e s t i m a t i o n  
o f  the  c o v a r i a n c e  in this  case" 

IIj C --- 

"29.52 0 0 0 0 0 0 0 0 0 0 0 - 
0 30.01 0 0 4.92 0 0 0 0 0 0 0 
0 0 19.72 0 0 0 0 0 0 0 0 0 
0 0 0 19.24 0 0 0 0 0 0 0 0 
0 4.92 0 0 7.09 0 0 0 0 0 0 0 
0 0 0 0 0 12.52 0 0 0 0 9.51 0 
0 0 0 0 0 0 11.25 0 0 0 0 0 
0 0 0 0 0 0 0 11.25 0 0 0 0 
0 0 0 0 0 0 0 0 11.44 0 0 0 
0 0 0 0 0 0 0 0 0 8.24 0 0 
0 0 0 0 0 9.51 0 0 0 0 20.17 0 
0 0 0 0 0 0 0 0 0 0 0 21.51 

~ItR = 

-29.13 0 0 0 0 0 0 0 0 0 0 0 - 
0 29.81 0 0 4.91 0 0 0 0 0 0 0 
0 0 19.56 0 0 0 0 0 0 0 0 0 
0 0 0 19.13 0 0 0 0 0 0 0 0 
0 4.91 0 0 6.98 0 0 0 0 0 0 0 
0 0 0 0 0 12.38 0 0 0 0 9.54 0 
0 0 0 0 0 0 11.24 0 0 0 0 0 
0 0 0 0 0 0 0 10.09 0 0 0 0 
0 0 0 0 0 0 0 0 11.45 0 0 0 
0 0 0 0 0 0 0 0 0 8.22 0 0 
0 0 0 0 0 9.54 0 0 0 0 19.83 0 
0 0 0 0 0 0 0 0 0 0 0 21.22 

With outliers. W e  still  u se  the  s a m e  da ta  set  as for  the  p r e v i o u s  case ,  e x c e p t  
tha t  two  out l ie rs  are  i n t r o d u c e d  to x2, x5 ( f r o m  2 .7683  and  4 . 4 4 7 5  to 1 0 2 . 7 6 8 2  a n d  
- 9 5 . 5 5 2 5 ) .  T h e  resu l t s  are  as fo l lows :  

~Ij C .-- 

"31.48 0 0 0 0 0 0 0 0 0 0 0 ] 

/ 0 40.86 0 0 -6.1 0 0 0 0 0 0 0 
0 0 20.02 0 0 0 0 0 0 0 0 0 
0 0 0 19.90 0 0 0 0 0 0 0 0 
0 -6.1 0 0 17.37 0 0 0 0 0 0 0 
0 0 0 0 0 12.34 0 0 0 0 9.11 0 
0 0 0 0 0 0 11.64 0 0 0 0 0 
0 0 0 0 0 0 0 10.27 0 0 0 0 
0 0 0 0 0 0 0 0 11.44 0 0 0 
0 0 0 0 0 0 0 0 0 8.14 0 0 

0 0 0 0 0 9.51 0 0 0 0 20.62 0 
0 0 0 0 0 0 0 0 0 0 0 21.68 

_ 
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~ I t R  - -  

28.94 0 0 0 0 0 0 0 0 0 0 0 

0 29.90 0 0 4.80 0 0 0 0 0 0 0 
0 0 19.56 0 0 0 0 0 0 0 0 0 
0 0 0 19.06 0 0 0 0 0 0 0 0 
0 4.80 0 0 7.12 0 0 0 0 0 0 0 
0 0 0 0 0 12.36 0 0 0 0 9.54 0 

0 0 0 0 0 0 11.18 0 0 0 0 0 
0 0 0 0 0 0 0 11.05 0 0 0 0 

0 0 0 0 0 0 0 0 11.46 0 0 0 
0 0 0 0 0 0 0 0 0 8.21 0 0 

0 0 0 0 0 9.54 0 0 0 0 19.90 0 

0 0 0 0 0 0 0 0 0 0 0 21.21 

The robust estimator still provides a correct estimation of the covariance matrix; on 
the other hand, the estimate tI, c, provided by the conventional approach, is incorrect 
and the signs of the correlated coefficients have been changed by the outliers. 

10.5. CONCLUSIONS 

The covariance matrix of measurement errors is a very useful statistical property. 
Indirect methods can deal with unsteady sampling data, but unfortunately they are 
very sensitive to outliers and the presence of one or two outliers can cause misleading 
results. This drawback can be eliminated by using robust approaches via M-estimators. 
The performance of the robust covariance estimator is better than that of the indirect 
methods when outliers are present in the data set. 

NOTATION 

A 
b 
C 
c 

d 
D 

D + 

f 
f 
F 
F 
g 
G 
G 
J 
k 
m 

m 
M 

N 

P 

matrix of linear constraints 
initial standard deviations of residuals 
matrix from Cholesky decomposition of V 
constant 
vector of g(x) diagonal elements of 
matrix that maps diagonal elements of �9 into d 
matrix that maps vector d into the diagonal elements of matrix 
degrees of freedom 
vector of estimated elements of 
matrix defined by Eq. (10.26) 
multivariate cumulative function distribution 
number of measured variables 
matrix defined by Eq. (10.29) 
gamma function 
dimension of z 
sample index 
number of process constraints 
location vector 
matrix defined by Eq. (10.16) 
matrix defined by Eq. (10.16) 
vector formed with elements of 



196 CHAPTER 10 ESTIMATION OF MEASUREMENT ERROR VARIANCES FROM PROCESS DATA 

P 
q 
r 

r 

R 
S 

S 
t 
T 
T + 
u 

V 
t/) 

X 

Xd 
Y 
Z 

matrix that maps elements of �9 into vector p 
iteration index 
number of repeated measurements 
residuum of process constraints 
matrix defined by Eq. (10.20) 
number of off-diagonal elements of tI, for the general case 
matrix defined by Eq. (10.21) 
off-diagonal elements of matrix tI, 
matrix that maps off-diagonal elements of matrix �9 into t 
matrix that maps vector t into off-diagonal elements of ~I, 
arbitrary weights 
scatter matrix 
distance of the observation vectors from the current estimate of m 
vector of true value of measured variables 
maximum likelihood estimator of V 
vector of measurements 
general vector 

Greek Symbols 
e measurement random errors 

covariance matrix of measurement errors 
,I~ covariance matrix of residuum 

Superscripts 
h 

least square estimation 

Subscripts 
C 
R 

conventional estimation 
robust estimation 

Other Symbols 
cov( ) 
var( ) 
vec( ) 
n( ) 
| 

sample covariance of 
sample variance of 
see Appendix A 
the cardinality of 
the symbol of Kronecker product of matrices 
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APPENDIX A~: THE KRONECKER PRODUCT OF MATRICES AND THE vec(o) OPERATOR 

The Kronecker Product 
Let A = {aij} be an (n x m) matrix and B an (s x t) matrix. Then the K r o n e c k e r  

p r o d u c t  of A and B, denoted as A | B, is defined as the [(n.  s) • (m.  t)] matrix 

A | B = {aij �9 B}, 

w h e r e  aij �9 B denotes the product  of matrix B by the scalar aij. 

(A10.1) 

The vec(o) Operator 
Let the j t h  column of matrix A be denoted by a j ,  so that 

A -- (al ,  a2 . . . . .  am). 

Neudecker  (1969) defined an (m �9 n) column vector 

al  
a2 

vec(A) = 

that is, vec(A) is obtained by writing the columns of A below each other. 

(A10.2) 

(A10.3) 

1 From Almasy and Mah (1984). 
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I I 
NEW TRENDS 

This chapter discusses some recent approaches for dealing with different aspects of 
the data reconciliation problem. A more general formulation in terms of a probabilistic 
framework is first introduced, and its use in dealing with gross error is discussed in 
particular. Robust estimation approaches are then considered, in which the estimators 
are designed so that they are insensitive to outliers. Finally, a strategy that combines 
principal component analysis and steady-state data reconciliation will be discussed. 

I I . I .  INTRODUCTION 

In the previous chapters, data reconciliation schemes have been discussed extensively. 
These schemes, used to remove both noise and gross errors from measured plant data, 
provide a more accurate description of the true operational status of the plant. 

As was shown, the conventional method for data reconciliation is that of weighted 
least squares, in which the adjustments to the data are weighted by the inverse of the 
measurement noise covariance matrix so that the model constraints are satisfied. The 
main assumption of the conventional approach is that the errors follow a normal 
Gaussian distribution. When this assumption is satisfied, conventional approaches 
provide unbiased estimates of the plant states. The presence of gross errors violates 
the assumptions in the conventional approach and makes the results invalid. 

We have discussed, in Chapter 7, a number of auxiliary gross error detection/ 
identification/estimation schemes, for identifying and removing the gross errors from 
the measurements, such that the normality assumption holds. Another approach is to 
take into account the presence of gross errors from the beginning, using, for example, 
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contaminated error distributions. In this case, the regression accommodates the pres- 
ence of the outliers and gross error detection can be performed simultaneously. 

In addition, conventional approaches assume that the only available information 
about the process is the known model constraints. However, a wealth of information 
is available in the operating history of the plant. In this case, together with spatial 
redundancy, there is also temporal redundancy, that is, temporal redundancy exists 
when measurements at different past times are available. This temporal redundancy 
contains information about the measurement behavior such as the probability distri- 
bution. The methods discussed in the first two sections of this chapter try to exploit 
these ideas by formulating the reconciliation problem in a different way. 

Correlations are inherent in chemical processes even where it can be assumed 
that there is no correlation among the data. Principal component analysis (PCA) 
transforms a set of correlated variables into a new set of uncorrelated ones, known 
as principal components, and is an effective tool in multivariate data analysis. In 
the last section we describe a method that combines PCA and the steady-state data 
reconciliation model to provide sharper, and less confounding, statistical tests for 
gross errors. 

11.2. THE BAYESIAN APPROACH 

As discussed before, in the conventional data reconciliation approach, auxiliary gross 
error detection techniques are required to remove any gross error before applying 
reconciliation techniques. Furthermore, the reconciled states are only the maximum 
likelihood states of the plant, if feasible plant states are equally likely. That is, P {x} = 1 
if the constraints are satisfied and P {x} = 0 otherwise. This is the so-called binary 
assumption (Johnston and Kramer, 1995) or flat distribution. 

To alleviate these assumptions the maximum likelihood rectification (MLR) tech- 
nique was proposed by Johnston and Kramer. This approach incorporates the prior 
distribution of the plant states, P{x}, into the data reconciliation process to obtain the 
maximum likely rectified states given the measurements. Mathematically the problem 
can be stated (Johnston and Kramer, 1995) as 

Max P{x I y}. (11.1) 
x 

According to Bayes' theorem, the probability of the states, given the data, will be 

Max P {x I Y} = Max P {y I x} P {x} / P {y), (11.2) 
x x 

where P {y/x} indicates the probability distribution of the measurements given the 
states, P {x} is the prior probability distribution of the states, and P {y} is the probability 
distribution of the measurements. Since P {y} acts as a normalization constant for a 
given set of data and does not depends on x, it can be ignored. The states that maximize 
the conditional probability density of the plant states, given the data, are, finally, 

Max P {x I Y} = Max P {y I x} P {x}. (11.3) 
x x 

The following three cases can be defined according to different assumptions about 
P {y/x} and P {x} and are discussed later: 
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Case 1: Binary assumption on P {x} (fiat distribution), and sensor errors are 
assumed to follow a normal distribution 

Case 2: Binary assumption on P {x}, and sensor errors do not follow a normal 
distribution 

Case 3: Relaxed assumption on P {x}, and sensor errors do not follow a normal 
distribution 

Case 1. The implicit binary assumption on P {x} implies that P {x} is a binary 
variable, that is, 

�9 P {x} = 1 if and only if x satisfies the model equations (equality and 
inequality constraints) 

�9 P {x} = 0 if x fails to satisfy the model equations 

Under this assumption the P{x} term is converted to a set of constraints and our 
original problem is converted to the following constrained optimization: 

Max P{ylx}  
X 

s.t. 
~0(x) = 0 
co(x) _< O. 

(11.4) 

If in addition to the binary assumption on P {x}, sensor errors are normally distributed 
and independent across the data sets, the problem becomes our typical nonlinear least 
squares data reconciliation problem: 

Max ( y -  x)T~I#-l(y -- x) 
x 

s.t. 
~0(x) = 0 
oJ(x) _< 0. 

(11.5) 

Case 2. The assumption on P {x} still holds in this case, but a nonnormal model 
of P {y/x} is considered. To take into account the presence of outliers, the contami- 
nated normal distribution (Tjoa and Biegler, 1991) is considered in most cases. 

Let us state the measurement model for the ith observation as the sum of the true 
state being measured and an additive error, that is, 

Yi : Xi "~ 8i, (11.6) 

where 8 i is the measurement error. For the case where 8 i is independent of Xi, 

P {Yi I xi  } : P {8i }. (11.7) 

Here are two possible outcomes: 

�9 G = {Gross error occurred} with probability r/ 
�9 R = {Random error occurred} with probability 1 - 

When G occurs, the error will follow a distribution P {8 I G}, and when R occurs, the 
error will follow P {8 I R}. Under these conditions the distribution of 8 i will be 

P { ~ i }  - -  (1 - r l i )P{S  i JR} + f l i P { 8  i IG}. (11.8) 
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Assuming that the errors are uncorrelated, the joint distribution of the biases is the 
product of the individual biases, that is, 

P{~} - H P{Si}. (11.9) 
i 

Normal distribution is commonly used for random and gross errors, but gross error 
distributions have a higher variance than the random error distributions. This leads to 
the n-contaminated normal distribution with normal contamination, that is, 

1 (  /̀2 ) 1 e x p ( -  ~/2 ) 
P{Si} -- (1 -/7i) ~ - O .  i exp --~-~ai2 + 17i ~/ -~rs t icr i  2rsti2ai 2 , 

(11.10) 

where ai is the standard deviation of the normal noise band in sensor i and rsti  
(rsti  > 1) is the ratio of the standard deviation of the gross error distribution of sensor 
i to the standard deviation of the normal noise band for sensor i. 

Under these assumptions, our original problem is converted to the following 
constrained optimization: 

Max P{8} 
x 

s.t. 
(p(x) -- 0 (11.11) 

o~(x) < 0, 

where P{B} is given by Eqs. (11.8) and (11.9). 
Tjoa and Biegler (1991) used this formulation within a simultaneous strategy 

for data reconciliation and gross error detection on nonlinear systems. Albuquerque 
and Biegler (1996) used the same approach within the context of solving an error-in- 
all-variable-parameter estimation problem constrained by differential and algebraic 
equations. 

Case 3. Taking into account the probability distribution of the sensors errors 
given by Eqs. (11.8) and (11.9) and the model of P {x}, this more general formulation 
solves the following problem to obtain the most likely rectified states, given the 
measurements: 

Max P {3 } P {x} 
x 

s.t. (11.12) 
~(x) = 0 
~o(x) < 0. 

One problem encountered in solving Eq. (11.12) is the modeling of the prior 
distribution P {x}. It is assumed that this distribution is not known in advance and 
must be calculated from historical data. Several methods for estimating the density 
function of a set of variables are presented in the literature. Among these methods 
are histograms, orthogonal estimators, kernel estimators, and elliptical basis function 
(EBF) estimators (see Silverman, 1986; Scott, 1992; Johnston and Kramer, 1994; 
Chen et al., 1996). A wavelet-based density estimation technique has been developed 
by Safavi et al. (1997) as an alternative and superior method to other common density 
estimation techniques. Johnston and Kramer (1998) have proposed the recursive state 
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density estimation (RSDE) method to find P {x} from noisy data. This method links 
the data reconciliation and probability density estimation through the principles of 
expected maximization. 

Following Johnston and Kramer (1998) and using an EBF probability density 
estimator, the form of the estimator for P {x} is 

where 

H 

P {x} = Z qh~h (X, mh, Qh), 
h=l  

(11.13) 

(11.14) 

In general, it is computationally expensive to find the solution to problem (11.12). 
An alternative approach based on a surrogate objective function was developed by 
Johnston and Kramer (1998). This approach, for the unconstrained and linearly con- 
strained cases, has an analytical solution thus simplifying the calculations. The com- 
plete procedure can be found in the aforementioned publication. 

EXAMPLE 11.1 
The same problem discussed in Example 5.1 is taken to illustrate the ideas des- 

cribed in this section. The system consists of a chemical reactor with four streams, 
two entering and two leaving the process. All the stream flowrates are assumed to 
be measured, and their true values are x = [0.1739 5.0435 1.2175 4.00ft. The 
corresponding system matrix, A, and the covariance matrix, ~I,, of the measurement 
errors are also known and given by 

0.1 0.6 -0 .2  - 0 . 7 ]  
A - -  0.8 0.1 -0 .2  -0.1 

0.1 0.3 -0 .6  -0 .2  

0.0029 0 0 0 
0 0.OO25 0 0 
0 0 0.0006 0 " 
0 0 0 0.04 

Monte Carlo data for y were generated according to �9 with mean x, to simulate 
process sampling data. A window size of 25 was used here and to demonstrate the 
performance of the Bayesian approach. 

Following Tjoa and Biegler (1991) we have modeled P{8} as a bivariate likeli- 
hood distribution, a contaminated normal distribution as shown in Eq. (11.10) with 

1 exp(  - (X--mh)rQ-l(x--mh))h 
~b(x, mh, Qh) : ~/(27/')g det(Qh) 2 " 

mh are the unit centers and Qh are the unit covariance matrices; qh are the mixing 
proportions; and h is the window size. In this way, from Eq. (11.1), the resulting 
reconciliation problem requiring solution is 

Max P{8} qh~h(X;mh;Qh) 
x 

h= l  

s.t. ~o(x) = 0 
~o(x) _< O. 

(11.15) 
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rsd = 10 and P {x} = 1 (flat distribution). Monte Carlo simulations have been per- 
formed on several distributions. All these generated distributions were contaminated 
by some isolated outliers randomly generated. Only the results for Cauchy distribution 
with 10% outliers are shown here. 

Figures 1 to 4 illustrate the results of the reconciliation for the four variables 
involved. As can be seen, this approach does not completely eliminate the influence 
of the outliers. For some of the variables, the prediction after reconciliation is actually 
deteriorated because of the presence of outliers in some of the other measurements. 
This is in agreement with the findings of Albuquerque and Biegler (1996), in the sense 
that the results of this approach can be very misleading if the gross error distribution 
is not well characterized. 
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C )  

Q 
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l F I G U R E  3 Reconciliation results for variable x3 with Cauchy distribution and 10% of outliers (,, mea- 
sured value; o, reconciled value). 
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o 
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Sampling ins tance  

1 F I G U R E  4 Reconciliation results for variable x4 with Cauchy distribution and 10% of outliers (,, mea- 
sured value; o, reconciled value). 

11.3. ROBUST ESTIMATION APPROACHES 

In robust statistics, rather than assuming an ideal distribution, an estimator is con- 
structed that will give unbiased results in the presence of this ideal distribution, but 
that will try to minimize the sensitivity to deviations from ideality. Several approaches 
are described here: 

�9 M-estimators approach 
�9 QQ-plots approach 
�9 The trust function approach 
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I 1.3. I. M-Estimators Approach 
Robust system identification and estimation has been an important area of research 
since the 1990s in order to get more advanced and robust identification and estimation 
schemes, but it is still in its initial stages compared with the classical identification 
and estimation methods (Wu and Cinar, 1996). With the classical approach we assume 
that the measurement errors follow a certain statistical distribution, and all statistical 
inferences are based on that distribution. However, departures from all ideal distri- 
butions, such as outliers, can invalidate these inferences. In robust statistics, rather 
than assuming an ideal distribution, we construct an estimator that will give unbiased 
results in the presence of this ideal distribution, but will be insensitive to deviation 
from ideality to a certain degree (Alburquerque and Biegler, 1996). 

Consider a nonlinear system with g inputs and I outputs described by the follow- 
ing model: 

y = f(x, 0) + e(t), (11.16) 

where y is an/-dimensional vector, x is a g-dimensional vector, e is the noise vector, 
and 0 is the n-dimensional parameter to be estimated from the noisy data. The ordinary 
least squares (OLS) estimates of parameter 0 are obtained by minimizing 

M 
~ ( Y i  -- f (xi, 0) )  2, (11.17) 
i=1 

or equivalently by solving the system of n equations that results from differentiating 
expression (11.17) with respect to 0 and setting the derivative equal to zero. That is, 

M 0 
. ~  ~ j ( y i -  f(xi,O)) 2 = 0 ,  j - 1 . . . . .  n. (11.18) 

If the errors are normally distributed, the OLS estimates are the maximum likelihood 
estimates of 0 and the estimates are unbiased and efficient (minimum variance esti- 
mates) in the statistical sense. However, if there are outliers in the data, the underlying 
distribution is not normal and the OLS will be biased. To solve this problem, a more 
robust estimation methods is needed. 

Several robust identification and estimation methods have been considered in 
the literature. One approach is the use of L p estimators, in which we estimate the 
parameters of a given process by minimizing (Butler et al., 1990) 

M 
lYi - f ( x i ,  0)1 p (11.19) 

i=1 

instead of the sum of the error square. Least absolute deviation (LAD) and ordinary 
least squares estimation (OLS) correspond to p = 1 and p = 2, respectively. Values 
of p smaller than 2 are associated with tails that are thicker than the normal distri- 
bution. Forsythe (1972) suggested that setting p = 1.5 can give good robust features 
for a thicker tailed distribution. L p estimators are, in fact, special cases of robust 
M-estimators (Butler et al., 1990). Huber's M-estimates (Huber, 1981) provide the 
general framework for robust estimation. These estimates are based on the concept 
of the influence function (IF). 
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If we denote the residual values by 

Ui(O) = Yi -- f ( x i ,  0 ) ,  i = 1 . . . . .  M ,  (11.20) 

the M-estimates of vector 0 are 
M 

O arg min ~ p(ui(O)) ,  (11.21) 
i=1 

where p is usually a convex function in order for the solution to be unique. Comparing 
Eq. (11.21) with Eq. (11.18), the estimates can be defined as the solution of the n 
equations 

= 0 ,  j - -  1 . n, (11.22) 
O f (xi , O) 

i=l l~r(ui) 0 0 ~  . . . .  

where ~p(u) = p ' (u) .  If p is convex and continuous, the definitions expressed in 
(11.21) and (11.22) are equivalent. For all but the simplest f functions, the solution 
of (11.22) must be obtained numerically, generally by using some iterative process. 

Occasionally it is convenient to refer to the p function in (11.21), but generally 
the form (11.22) is used in robust M-estimation. The use of the ~ form is due to 
Hampel's concept of the influence function (Hampel et al., 1986). According to the 
IF concept, the value of ~p represents the effect of the residuals on the parameter 
estimation. If ~p is unbounded, it means that an outlier has an infinite effect on the 
estimation. Thus, the most important requirement for robustness is that ~p must be 
bounded and should have a small value when the residual is large. In fact, the value of 
the ~p function corresponds to the gross error sensitivity (Hampel et al., 1986), which 
measures the worst (approximate) influence that a small amount of contamination of 
fixed size can have on the value of the estimator. 

For least squares estimation, p is the errors squared function, and the influ- 
ence function ~p = u. For a very large residual, u ~ c~, and ~p also grows to infin- 
ity; this means that a single outlier has a large influence on the estimation. That is, 
for least squares estimation, every observation is treated equally and has the same 
weight. 

Now we must consider the problem in robust estimation of how to choose the 
~p function properly so that it meets the crucial condition that it is bounded when 
the argument u is very large, while remaining a continuous function. In other words, 
unlike least squares, we do not treat the observations equally, but rather we give a 
limited (usually small) weight to large error observations. In some cases zero weight 
may be assigned to a large error observation in order to ignore its contribution to the 
estimation. 

Moberg et al. (1980) use the residuals from the preliminary fit to classify the error 
distribution according to the tail-weight and skewness characteristics. They then use 
the classification to select a ~p function. The general form of the function for a skewed 
light-tailed distribution according to Moberg is 

a2u 

O(u) - (b + u) 2 + c e' (11.23) 

where the parameters a, b, and c are determined empirically. 
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Within the context of data reconciliation and gross error detection, Alburquerque 
and B iegler (1996) used a p function given by 

/9(U)-- r  lu/)],c (11.24) 

where c is a tuning parameter. The corresponding influence function is given by 
u 

~(u) c~ lul' (11.25) 
1 + ~  c 

which is bounded, since l i m u ~  ~(u) c~ c. This estimator behaves like the least 
squares estimator for small residuals, but like an absolute estimator for large residuals 
(Alburquerque and Biegler, 1996). 

An alternative approach to these methods is to obtain the influence function 
directly from the error distribution. In this case, for the maximum likelihood estimation 
of the parameters, the ~ function can be chosen as follows: 

f ' (u )  
~p(u) = f (u )  ' (11.26) 

where f is the density function of the true underlying distribution of {e(t)}. This is 
an MLE of the parameters 0, and it possesses the smallest asymptotic variance. 

Wu and Cinar (1996) use a polynomial approximation (ARMENSI) of the error 
density function f based on a generalized exponential family, such as 

f ( u )  = ~ exp - du , (11.27) 
w(u) 

where v and w are reasonable functions and ~ is a scalar constant. Generally, v and 
w are polynomials, but they can be allowed to include more general functions such 
as logarithms and trigonometric expressions. Detailed explanation can be found in 
Wu and Cinar (1996). The disadvantage of this approach is the predetermination of 
the orders of the polynomials. An alternative adaptive wavelet based robust estimator 
(WARME) approach has been proposed by Wang and Romagnoli (1998). This ap- 
proach uses an embedded wavelet method for density estimation. These approaches 
have obvious advantages over the other approaches, because they do not assume that 
the errors belong to some generalized distribution. Consequently, we do no need to 
preselect a form for the ~ function as it can be obtained directly from the residuals. 
However, this is still an open and continuing area of research. 

EXAMPLE 11.2 
This simple example consists of the model of a lollipop dissolution in a mixing 

experiment, which is a typical experiment in a chemical engineering laboratory (Wang 
and Romagnoli, 1998). The power number P / ( p N 2 D  5) is related to the Reynolds 
number D 2 Np ~Ix by the following nonlinear model: 

02 
y(t) = O1 -Jr- - ~  -Jr- e(t), 

where y(t) = P/(pN3DS),  x(t) = D2Np/IX, u(t) is uniformly distributed between 
[1, 15] and e(t) is the error distribution mentioned earlier. 
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TABLE I Comparison of the Performance 
of Different Estimators for the Uniform 
and t 2 Distributions 

Relative error  Efficiency 

Method Uni form t 2 Uni form t 2 

OLS 0.4455 12.0906 0.0958 0.0091 
Huber's 0.1009 0.2588 0.4229 0.4245 
ARMENSI 0.0993 0.1205 0.4296 0.9120 
Biegler's 0.1066 0.2341 0.4003 0.4692 
WARME 0.0427 0.1099 1.0000 1.0000 

A Monte Carlo study comparing five parameter estimation procedures using dif- 
ferent error distributions was performed. The five estimators are OLS, Huber's mini- 
max estimator, Biegler's fair function, ARMENSI, and the wavelet-based adaptive 
robust M-estimator (WARME). Various error distributions were generated, ranging 
from light-tailed to heavy-tailed and from symmetric to skewed. All these generated 
distributions were contaminated by some isolated, randomly generated outliers. 

The empirical relative errors of the model parameter vector 0 are calculated by 

2 i~l (Oi-Oi2 Oi ) ' 
where 

0 - [1.1232 49.0075], and 0 is the estimated value of the parameter. 

The relative efficiencies have also been obtained by comparing these relative 
errors to the smallest value of the other estimates for each case studied. The smaller 
the relative error, the better the model parameter estimation; the larger the relative 
efficiency, the better the estimator. Results are listed in Table 1 for the uniform and 
t 2 distributions. 

This Monte Carlo study shows that, for this family of error distributions, the 
WARME method has the best performance. Also, as expected, the OLS performs the 
best for the normal distribution, but performs very poorly for the case when outliers 
are present in the data set. The Huber minimax estimator can decrease the influence 
of the outliers, but it only works well for the symmetric distribution. Biegler's fair 
function is also designed for symmetric distributions. 

11.3.2. QQ-Plots Approach 

Chen et al. (1998) developed an integrated approach, which can delete the influence 
of outliers in the data reconciliation problem, based on the idea of QQ-plots. The 
basic concept of this approach is to calibrate sampling data by means of its own 
main structure so that the influence of data decreases as it becomes less and less 
characteristic. In this way, the final data reconciliation procedure will be resistant 
to outliers. A limiting transformation, which operates on the data set, is defined to 
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eliminate or reduce the influence of outliers on the performance of the conventional 
data reconciliation procedure. 

Quantile probability plots (QQ-plots) are useful data structure analysis tools 
originally proposed by Wilk and Gnanadesikan (1968). By means of probability 
plots they provide a clear summarization and palatable description of data. A variety 
of application instances have been shown by Gnanadesikan (1977). Durovic and 
Kovacevic (1995) have successfully implemented QQ-plots, combining them with 
some ideas from robust statistics (e.g., Huber, 1981) to make a robust Kalman filter. 

In comparing two distribution functions, a plot of the points whose coordinates 
are the quantiles {qzl (Pc), qz2(pc)} for different values of the cumulative probability 
pc is a QQ-plot. If z l and z2 are identically distributed variables, then the plot of 
z l-quantiles versus z2-quantiles will be a straight line with slope 1 and will point 
toward the origin. 

A desired property (linear invariance property) of QQ-plots is that when the two 
distributions involved in the comparison are possibly different only in location and/or 
scale, the configuration of the QQ-plots will still be linear, with a nonzero intercept 
if there is a difference in location, and/or a slope different from unity if there is a 
difference in scale. 

Following Durovic and Kovacevic (1995), let us now consider a measurement 
sample recorder {y(i)}, i = 1 . . . . .  M (here, i can be considered as each sampling 
instance), from a distribution F(y), corresponding to a probability density function 
f ( y ) .  When the samples {y(i)} are rearranged in ascending order {Yi}, the probability 
that an observation y will have rank i in the ordered sequence {Yi } follows from the 
Bernoulli experiment (Papoulis, 1991): 

M - 1 ) Fi_ 1 _ F(y))M_ i (11.28) 
P ( i / y ) -  i -  1 (y)(1 

and the conditional expectation E( i / y )  is 

E( i / y )  = 1 - t - ( M -  1)F(y). (11.29) 

Rewriting Eq. (11.29), one obtains the QQ-plots expression as follows: 

Yi = F - I { [ E ( i / Y ) -  1 ] / ( n -  1)} 
, ~ F  - I { ( i - 1 ) / ( M - 1 ) } ,  i = 1 , 2  . . . . .  M 

F -1 {(i - 0.5)/M}, 
(11.30) 

where F - l (  o ) is the inverse of the distribution function F( o ). 
The essence of a QQ-plot is to plot the ordered sample values against some 

representative values from a presumed null standard distribution F(~ ). These repre- 
sentative values are the quantiles of the distribution function F( o ) corresponding to 
a cumulative probability Pci [e.g., (i - 0.5)/M] and are determined by the expected 
values of the standard order statistics from the reference distribution. Thus, if the con- 
figuration of the QQ-plot in Eq. (11.30) is fairly linear, it indicates that the observations 
({y~/~}, i = 1 . . . . .  M) have the same distribution function as F( o ), even in the tails. 

Figures 5 and 6 show a typical noise record {yi } and the corresponding QQ-plots 
when the noise follows a standard Gaussian distribution Fn(o) with zero mean and 
unit variance. 



ROBUST ESTIMATION APPROACHES 21 I 

-3 L 

tJ 

2 

1 

0 

-1 

-2 

I 

o 50 ~0 1~o 2~0 2~0 
Sample instance 

i l l  FIGURE 5 Normal data samples (from Chen et al., 1998). 

1 
300 

1 

= o 

- - i  . . . . . .  i . . . . .  T . . . . . .  i i 1 ! 

. , [  

-4 

J 
-t- t=P~+- 

I I t I I I I I 

-3 -2 -1 0 1 2 3 4 
z Quantiles 

FIGURE 6 QQ-plots of normal data (from Chen et al., 1998). 

Frequently, the measurement error distributions arising in a practical data set 
deviate from the assumed Gaussian model, and they are often characterized by heavier 
tails (due to the presence of outliers). A typical heavy-tailed noise record is given in 
Fig. 7, while Fig. 8 shows the QQ-plots of this record, based on the hypothesized 
standard normal distribution. 
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FIGURE 8 QQ-plots of Gaussian-like data with heavier tail (from Chen et al., 1998). 

As discussed before, the outliers generated by the heavy-tails of the underlying 
distribution have a considerable influence on the OLS problem arising in a conven- 
tional data reconciliation procedure. To solve this problem, a limiting transformation, 
which operates on the data set, is defined to eliminate or reduce the influence of 
outliers on the performance of a conventional rectification scheme. 

For an ordered observation {Yi }, i = 1 . . . . .  M, ~ i ( Y i )  is a suitably chosen lim- 
iting (nonlinear) transformation for cutting off the outlier's influence (Durovic and 
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Kovacevik, 1995; Chen et al., 1998). In general, the form of this limiting transforma- 
tion is 

I ol(Yi, oti), Yi < oti 
~ i ( Y i ) -  02(Yi), Oli < Yi < f l i ,  

O1 (Yi , ~i ), Yi ~ ~i 

where oh(~ k = 1, 2, 3, are known deterministic functions, while O/i and fli a r e  
adjustable parameters, depending on the rank i of the observation y in the ordered 
sequence {Yi }. 

As pointed out by Durovic and Kovacevic (1995), 7ti ( ~ ) should look like a linear 
function for small values of the argument, in order to preserve the Gaussian observa- 
tions with high probability. Furthermore, ~i( ~ ) should be a bounded and continuous 
function. Boundedness prevents a single observation from having an arbitrarily large 
influence, while continuity limits the effect of rounding, grouping, or quantization. 

Once the type of limiting function has been selected, the parameters O~ i and/5i, 
which quantitatively define the nonlinearity l~r i ( ~ ) in Eq. (11.31), have to be chosen 
to give the desired efficiency at the nominal Gaussian model. An analytical procedure 
was developed by Chen et al. (1998) for choosing each set of tuning parameters, 
based on the conditional probability of the measurements. 

EXAMPLE 11.3 
Let us consider the same chemical reactor as in Example 11.1 (Chen et al., 

1998). Monte Carlo data for y were generated according to �9 in order to simulate 
process sampling data. A window size of 25 was used here, and to demonstrate the 
performance of the robust approach two cases were considered, with and without 
outliers. 

Without outliers. The results of data reconciliation from the conventional ap- 
proach xc and from the robust approach XR are same, that is, 

xc = [0.1731 5.0194 1.2116 3.9809] T 

XR = [0.1731 5.0194 1.2116 3.9809] T. 

With outliers. For comparison, we use the same data set (without outliers) and the 
same window size, 25, only we substitute one set of measurements with an outlier of 
y = [0.1858 4.4735 1.2295 3.88] v. The outlier is assumed to be in the measurement 
of variable x2. Figures 9 and 10 show the sampling data of variable x2 and the 
corresponding QQ-plots. In Fig. 10, most of the measurements (24 of 25) approximate 
a straight line, which indicates that the main data has a Gaussian distribution. Only 
the 25th measurement is far away from this main structure and is obviously an outlier. 

The results for the robust and the conventional approaches are, respectively, 

XR=[0.1742 5.0508 1.2192 4.0058] T 

XC=[0.1593 4.6183 1.1148 3.6628] T. 

XR from the robust approach, as expected, still gives the correct answer; however, 
the conventional approach fails to provide a good estimate of the process variables. 
Although the main part of the data distribution is Gaussian, the conventional approach 
fails in the task because of the presence ofjust one outlier. In a strict sense, the presence 
of this outlier results in the invalidation of the statistical basis of data reconciliation, 

(11.31) 
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thus deteriorating its performance. Figures 11 and 12 show the sampling data of X2 
and the corresponding QQ-plots, after the application of the limiting transformation. 
From Fig. 12, one can easily conclude that the data now has a Gaussian distribution, 
thus providing some degree of confidence about the result of the data reconciliation. 
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11.3.3. The Trust Function Approach 

This approach (Chen and Romagnoli, 1997) tries to assess directly the behavior of 
measurements from the temporal information (historical record). A trust degree on 
each measurement is calculated by referring to the main structure of the data. The trust 
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function defined here is the measure of the confidence level of the measurement. Its 
value, between 0 and 1, stands for zero confidence and 100% trust in the measurement, 
respectively. Trust degree can also be viewed as the degree to which the individual 
data belongs to its own main structure. A moving window is used to capture the 
latest data structure. Generally, the more data that are employed, the more precise the 
information. However, this will increase the amount of computation. 

The trust function should be selected in such way that it will decrease when 
measurements become less and less relevant to the main characteristic of the data set. 
Distance is used in this approach to describe the difference between, or the similarity 
of, data and can be expressed as 

d/2 = (yi - m)TV-l(yi -- m), i -- 1 . . . . .  M. (11.32) 

It is suggested that the trust function, tfl, should follow the distance-based function, 
that is, 

1, di < k  

tfl (di) = k/di otherwise' 
(11.33) 

where d 2 is the squared distance of the observation from the current estimate of 
location (mean) m, V is the variance used to normalize the distance, and k is a 
parameter, k 2 is taken to be the 90% point of the X 2 distribution. It worth noting that 
the trust function is a convex function of the residuals and belongs to the family of 
well-known Huber type functions (Huber, 1981). 

In real practice, the location m and the variance have to be estimated from real 
data. An iterative algorithm, similar to the one used in Chapter 10 for the robust 
covariance estimation, is used to calculate the trust function. The main advantage of 
using this algorithm is that the convergence is warranted. 

Once the trust function is calculated, the next step is to incorporate this informa- 
tion into the data reconciliation problem. The general idea of the approach is that the 
measurement's correction potential should be proportional to the trust function, that 
is, the more trust, the less correction needed. If the trust function equals or approaches 
zero, the measurement is deleted and estimated by using spatial redundancy. This kind 
of action brings the feature of robustness into data reconciliation, since the outliers 
will have little influence on the results. 

EXAMPLE 11.4 
The same problem discussed in Examples 11.1 and 11.3 is taken to illustrate 

the ideas described in this section (Chen and Romagnoli, 1997). To evaluate the per- 
formance of the proposed approach under different error distributions, Monte Carlo 
simulations have again been performed on the four previous distributions. 

Only the results for the Cauchy and symmetric contaminated distributions are 
shown in Figs. 13 and 14, respectively. From these figures, it is clearly shown that 
the robust approach consistently and successfully performs the data reconciliation, 
regardless of the distributions of the data. This is a very desirable property in real 
applications, since in most cases the distribution is unknown or known only approx- 
imately. 



0.19 

0.185 

0.18 

0.175 

0.17 

0.165 

0.16 

5.4 

5.3 

5.2 

5.1 

4.9 

4.8 

1.25 

, , T , , .  

O. measurement data 

+: reconciled data 

o O o 
- ~ ~ ~ - + - + - - 4 - =  ~ O - 

o 

O 
O 

I I I I I 

l0  20 30 40 50 
Sampling i n s t a n t  

O: measurement data 

+: reconciled data 

0 

I I I , I  l J  

0 10 20 30 40 50 
S a m p l i n g  i n s t a n t  

1.245 

1.24 
1.235 

1.23 

] .225 
1.22 

1.215 

1.21 

1.205 
1.2 

6 

5 

4 
O 

O 

o: measurement data 

+: reconciled data 

0 0 _ 

0 
--~ 0 0 - 

- C )  

I I I I I 
lO 20 30 40 50 

Sampling i n s t a n t  

O 

O 

o: measurement data 

+: reconciled data 

0 0 

2[ i i i 

0 10 20 30 
Sampling i n s t a n t  

l F I G U R E  13 Cauchy distribution case (from Chen et al., 1997). 

0 
i 

40 50 



2 1 8  CHAPTER !1 NEW TRENDS 

0.26 
0.24 
0.22 

0.2 

0.18 

0.16 
0.14 
0.12 

0.1 

0.08 

0.06 

6 

5.5 

5 

4.5 

4 

3.5 

3 _ 

2.5 _ 

2 
0 

1.5 
1.4 

1.3 
1.2 

1 

0.9 
0.8 
0.7 

0.6 

0.5 

0.4 

6 

5.5 

5 

4.5 

4 

3.5 

3 

2.5 

2 

1.5 

I F I G U R E  1 4  

o:  measurement data 

o + :  r e c o n c i l e d  d a t a  

- 0 0 - 
0 

_ O O 7 o o  c ~  . - . ~ _  _ ~ , - ~  ~ o ~  +_ 
-+-+++-+-+_-2-.. 

~ - -  0 ~ ~ C ~  " - "  
0 0 o 0 0 ~ 0 0 - 

" 0 

0 
0 0 0 

0 

I I I I 
10 20 30 40 

S a m p l i n g  i n s t a n t  

0 

i 

50 

o:  m e a s u r e m e n t  d a t a  

+: reconciled data 
_ 

0 0 0 - 

I i I i i 

10 20 30 40 50 

S a m p l i n g  i n s t a n t  

o:  measurement data 

+: reconciled data 

_ 

_ 

0 0 
0 

I I I I I, 
10 20 30 40 50 

S a m p l i n g  i n s t a n t  

o:  measurement data 

+: reconciled data 

- O O .o o o c b  o o _ 

- 0 - 

0 o 
o o 

i i i i i ,  

10 20 30 40 50 

S a m p l i n g  i n s t a n t  

Asymmetric contaminated normal distribution case (from Chen et al., 1997). 



PRINCIPAL COMPONENT ANALYSIS IN DATA RECONCILIATION 219 

11.4. PRINCIPAL COMPONENT ANALYSIS IN DATA RECONCILIATION 

Correlation is inherent in chemical processes even if one could assume that there is 
no correlation among the data. PCA is an effective tool in multivariate data analysis. 
It transforms a set of correlated variables into a new set of uncorrelated ones, known 
as principal components. 

Principal components analysis (PCA) and project to latent structure (PLS) were 
suggested to absorb information from continued-process data (Kresta et al., 1991; 
MacGregor and Kourti, 1995; Kourti and MacGregor, 1994). The key point of these 
approaches is to utilize PCA or PLS to compress the data and extract the information 
by projecting them into a low-dimension subspace that summarizes all the important 
information. Then, further monitoring work can be conducted in the reduced subspace. 
Two comprehensive reviews of these methods have been published by Kourti and 
Macgregor (1995) and Martin et al. (1996). 

The key idea of this section is to combine PCA and the steady-state data rec- 
onciliation model to provide sharper and less confounding statistical tests for gross 
errors, through exploiting the correlation. 

As shown in previous chapters, the residuals of the constraints for linear steady- 
state processes are defined as 

r = Ay, (11.34) 

where y is the vector of measured variables and A is the balance matrix. 

Note: We have considered that all variables are measured. If this is not the case, the 
unmeasured variables can be removed using some of the techniques described in 
Chapters 3 and 4. & 

Assuming that the measurement errors follow a certain distribution with covari- 
ance ~ ,  then r will follow the same distribution with expectation and covariance 
given by 

E(r) = r* = 0, cov{r} = ~ = A ~ A  T. (11.35) 

Consider the eigenvalue decomposition of matrix ~I, as follows: 

A = u T @ u ,  (11.36) 

where 

U = matrix of orthonormalized eigenvectors of ~(UU T = I) 
A = diagonal matrix of the eigenvalues of 

Accordingly, the following linear combinations of r are proposed by Tong and Crowe 
(1995): 

p = W T ( r -  r * ) =  WTr, (11.37) 

where 

W --  U A  -1/2 (11.38)  

and p are the principal components of matrix ~ .  Also, 

r ~ (0,  ~ )  ~ p ~ (0, I).  
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That is, a set of correlated variables r is transformed into a new set of uncorrelated 
variable p. 

Note: If the measurement errors are normally distributed, y ~ N(x, ~ )  =, p 
N(O, I). & 

Consequently, instead of looking at a statistical test for r, we can perform the 
hypothesis test on p. Tong and Crowe (1995) proposed the following test for a principal 
component: 

Pi --  (WTr)i ~ N(O, 1), i = 1 . . . . .  n p ,  (11.39) 

which is tested against a threshold tabulated value. The constraints suspected to be in 
gross error can be identified by looking at the contribution from the j th  residual in 
r,  r j ,  to  a suspect principal component, say Pi,  which can be calculated by 

g j  : ( w i ) j r j ,  j - -  1 . . . . .  m ,  (11.40) 

where l/3 i is the i th eigenvector in W. 
Principal component analysis can be further extended to study the chi-square 

statistic, since 

Zm 2 __ r T O - l r  : pTp, (11.41) 

where p e R m. If n p  < m principal components are retained, that is, p ~ R np, we 
have 

2 
X n p  - -  pTp. (11.42) 

This is called the truncated chi-squares test (Tong and Crowe, 1995). 
An interesting analysis was carried out by Tong and Crowe in comparing three 

different tests, the univariate test, the maximum power (MP) test, and the principal 
component (PC) test, for two cases: (1) when the �9 matrix is diagonal and (2) when 
the ,I, matrix is not diagonal. This comparison is depicted in Figs. 15 and 16 for a 
two-dimensional problem, together with the chi-square statistic. As shown in Fig. 15, 
when ,I~ is a diagonal matrix all the three statistics are identical. As ,I, shifts away 

( 

~ r  2 

Identical 
confidence regions 

r 1 

FIGURE 15 Confidence regions for diagonal �9 (from Tong and Crowe, 1995). 
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FIGURE 16 Confidence regions when I, is not diagonal (from Tong and Crowe, 1995). 

from diagonal form, it can be seen that the univariate and PC tests remain rectangular 
while the MP test changes gradually from a rectangle to a flattened parallelogram. 

Tong and Crowe analyzed the behavior of the tests under the presence of different 
types of errors. They came to the following conclusions: 

�9 Because of the flattened shape of the MP region, it has the potential to 
wrongly accept large gross errors, which would be rejected by the other tests, 
such as point B in Fig. 16. 

�9 On the other hand, the relative positions of the PC region and the ellipse are 
fixed under any chosen type I error, regardless of the structure of ~ ,  thus 
leading to consistent performance. 

A sequential procedure was further developed by Tong and Crowe (1996) by 
applying sequential analysis of the principal component test using the sequential 
probability ratio test (SPRT). Dunia et al. (1996) also used PCA for sensor fault 
identification via reconstruction. In that paper it was assumed that one sensor had 
failed and the remaining sensors are used for reconstruction. Furthermore, the transient 
behavior of a number of sensor faults in various types of residuals is analyzed, and a 
sensor validity index is suggested, determining the status of each sensor. 

EXAMPLE 11.5 
Let us consider the process flowsheet that was presented in Fig. 3 of Chapter 7, 

which consists of a recycle system with four units and seven streams. In this case, 
two measurement errors are simulated in order to show the application of principal 
component strategy in their identification. Fixed gross error magnitudes of 5 and 7 
standard deviations are considered for streams 1 and 2, respectively. 
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The measurement vector, the covariance matrix of the measurement errors, and 
the residuum vector are as follows: 

y = [5.5797 17.6334 14.9127 5.0336 10.0096 5.0652 

~ = d i a g ( 0 . 0 0 1 6  0.0141 0.0141 0.0016 0.0062 0.0016 

r = [-1.9550 2.7207 -0.1305 -0.0401] z. 

4.9845] T 

0.0016) 
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After performing the eigenvalue decomposition of matrix ,I~, the vector p of 
principal components of �9 is calculated through Eq. (11.37). The elements of p are 
represented in Fig. 17. 

Each Pi statistic is tested against the threshold value of 1.96, which corresponds 
to a 95% confidence level. The last principal component results in suspect. The 
contributions from each residual of the constraints to the principal components are 
given in Fig. 18. From this figure we see that the residuals of units 1 and 2 are the main 
contributions to all the principal components and in particular to P4. The flowrates 
involved in units 1 and 2 are f l ,  f2, f3, f4, f6. Because f3 and f4 are related to unit 3, 
which is not suspect, and f6 participates in the unsuspected unit 4, we can conclude 
that the only bias measurements are f l ,  f2, as was simulated. 

11.5. CONCLUSIONS 

In this chapter, some of the most recent approaches for dealing with different aspects 
of the data reconciliation problem were discussed. A more general formulation in 
terms of a probabilistic framework was first introduced and its application in dealing 
with gross error was discussed in particular. It was shown through this formulation 
that the conventional approach is just a special case of the problem when certain 
conditions are assumed. 

Robust estimation approaches were then considered; in this case, the estimators 
are designed so they are insensitive to outliers. That is, they will give unbiased results 
in the presence of the ideal distribution, but will try to minimize the sensitivity to 
deviations from ideality. 

Finally, a method for dealing with the inherent correlation existing in chemical 
processes was discussed. This method combines principal component analysis (PCA) 
and the steady-state data reconciliation model to provide sharper and less confounding 
statistical tests for gross errors. 

NOTATION 

A balance matrix for linear constraints 
a constant 
b constant 
c constant 
d distance of the observation vector from the current estimate of the location 
e noise vector 
F presumed distributions 
f vector of modeling equations 
f probability density function 
g number of system imputs 
G gross error occurred 
h index 
H size of the window 
k constant 
l number of system outputs 
mh unit center 
rn current location vector 
M number of samples 
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n number of parameters 
np dimension of p 
o function defined by Eq. (11.31) 
P probability 
p order of the Lp estimator 
p principal components of ,I, 
Pc cumulative probability 
qh mixing proportion 
Oh unit covariance matrix 
r constant 
r vector of residuum 
R random error occurred 
rst ratio of standard deviations 
t time 
t f  trust function 
U matrix of orthogonalized eigenvectors of ff~ 
u residual vector 
v function in Eq. (11.27) 
V current variance 
w function in Eq. (11.27) 
W matrix defined by Eq. (11.38) 
w eigenvector in W 
x vector of state variables 
y vector of measurements 

Greek Symbols 
ct parameter 
fl parameter 

covariance matrix of measurement errors 
covariance matrix of residuum 

~o equality constraints 
co inequality constraints 

measurement errors 
17 probability of occurrence of gross errors 
a standard deviation 
~h function defined by Eq. (11.14) 
0 parameters 
p convex function involved in Eq. (11.21) 
ap influence function 

scalar constant 
A diagonal matrix of the eigenvalues of ,I, 

Subscripts 
C conventional estimation 
R robust estimation 
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12 
CASE STUDIES 

This chapter discusses different applications of the theoretical developments of previ- 
ous chapters. Emphasis is given to industrial applications as well as on-line exercises. 

12. I. INTRODUCTION 

Several case studies will be discussed in this chapter to show the use of and possible 
implementation methods for the ideas discussed in the previous chapters in a practical 
environment. The examples of application consist of two industrial cases for which 
real plant data were available, and an on-line application for the monitoring and 
control of a distillation column through a distributed control system. 

The first case study consists of a section of an olefin plant located at the Orica 
Botany Site in Sydney, Australia. In this example, all the theoretical results discussed 
in Chapters 4, 5, 6, and 7 for linear systems are fully exploited for variable classifica- 
tion, system decomposition, and data reconciliation, as well as gross error detection 
and identification. 

The second case study corresponds to an existing pyrolysis reactor also located at 
the Orica Botany Site in Sydney, Australia. This example demonstrates the usefulness 
of simplified mass and energy balances in data reconciliation. Both linear and non- 
linear reconciliation techniques are used, as well as the strategy for joint parameter 
estimation and data reconciliation. Furthermore, the use of sequential processing of 
information for identifying inconsistencies in the operation of the furnace is discussed. 

The third case study consists of a well-instrumented experimental distillation 
column that has been interfaced to an industrial distributed control system. In this 

227 
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example the use of the techniques described in previous chapters is shown in an actual 
on-line framework, using industrial hardware. Furthermore, the usefulness of data 
reconciliation, prior to process modeling and optimization, is clearly demonstrated. 

12.2. DECOMPOSITION/RECONCILIATION IN A SECTION OF AN OLEFIN PLANT 

12.2. I. Process Description 
This section of the olefin plant includes ethylene refrigeration and compression to 
C2-splitter sections (S~inchez and Romagnoli, 1996). A simplified node diagram of 
the process is given in Fig. 1. Cracked gases leaving the gas compressor enter the 
precooling and drying sections. The cooled cracked streams enter the deethanizer 
columns (nodes 3 and 4) where C3 and higher hydrocarbons are separated as bot- 
tom product. The top product of this column, consisting of C2 and lower hydrocar- 
bons (C2H6, C2H4, C2H2, CH4, H2, etc.), enters the acetylene hydrogenation reactor, 
where acetylene is primarily hydrogenated to ethylene. 

The hydrogenated gaseous stream enters the cold section, where it is passed 
through a number of heat exchangers and separators. A portion of the liquid stream 
from unit 10 is used as the recycle stream. Hydrogen is separated as a gaseous stream 
in unit 12. 

The liquid streams from separators 7-11 enter the demethanizer column (unit 13). 
The top product of this column is methane, which is sent to the fuel gas stream via 
the cold section and drying/precooling section. 

The bottom product of the demethanizer column enters the C2 splitter column 
(unit 15) as a feed. The top product of this column is cooled and compressed and sub- 
sequently stored as ethylene product. The bottom product of the C2 splitter column is 

1 _-- 3 __~ 2 
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Mass flow node diagram for a section of an olefin plant (from S~inchez and Romagnoli, 
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ethane, which is sent back to the cracking furnace as feed stock through the precooling 
section. 

12.2.2. Application of Decomposition and Data Reconciliation 
Three different cases were considered in this example: 

1. A small subsection of the whole system (consisting of units 1 to 6) to show 
stage-by-stage calculations 

2. A larger section, consisting of 14 units and 35 process variables, that 
contains most of the redundancy in the system 

3. The whole section of the plant (consisting of 31 units and 62 process 
variables, of which only 28 are measured). 

The corresponding vectors for measured (x) and unmeasured (u) flowrates are 

X =  [fl f2 f7 f8 f9 f12 f13 f14 f15 f16 f17 f18 f19 f20 f21 f22 
f24 f25 f26 f27 f28 f29 f30 f31 f32 f36 f45 f521 

I1"--[f3 f4 f5 f6 fl0 f l l  f23 f33 f34 f35 f37 f38 f39 f40 f41 f42 f43 f44 
f46 f47 f48 f49 f50 f51 f53 f54 f55 f56 f57 f58 f59 f60 f61 f62], 

and the values for measured variables and variances are included in Table 1. 

TABLE I Data  for Example 12.1 ( f rom 
S~nchez and Romagnoli ,  1996) 

Stream Variance Measured value 

1 10.870 70.490 
2 0.2030 7.1030 
7 0.3970 13.040 
8 2.6240 35.380 
9 5.7600 53.210 

12 0.9220 23.900 
13 0.0006 0.0765 
14 5.7600 54.590 
15 1.4400 12.780 
16 0.7060 23.420 
17 0.0170 0.2378 
18 0.1300 8.6570 
19 0.0900 5.0870 
20 0.0140 1.7400 
21 0.0002 0.0255 
22 0.0180 3.1130 
24 0.0900 5.4070 
25 0.0140 2.8980 
26 0.3600 15.830 
27 0.5630 8.1970 
28 0.0230 1.3640 
29 1.1030 20.940 
30 0.0080 1.0510 
31 0.3970 12.580 
32 0.1520 4.9990 
36 0.0900 5.7300 
45 0.1300 4.2500 
52 1.2320 16.340 



230 CHAPTER 12 CASE STUDIES 

C a s e  I 
For the subsystem comprising units 1 to 6, we have eight measured and six 

unmeasured process variables. Matrices A1 and A2 are, for this case, 

A 1 -  

A 2 -  

1 1 - 1  - 1  
1 - 1  

- 1  

1 - 1  
1 

1 - 1  - 1  - 1  

- 1  - 1  
1 1 1 

1 - 1  
- 1  1 

Applying the orthogonal projection approach, the following Qul, Qu2, Rul, and Ru2 
matrices are obtained: 

Oul 

--0.7071 0 0.4082 
0.7071 0 0.4082 

0 0 -0.8165 
0 -0.7071 0 
0 0.7071 0 
0 0 0 

Ou2 "-" 

0.5774 0 0 
0.5774 0 0 
0.5774 0 0 

0 0.7071 0 
0 0.7071 0 
0 0 1.0 

[ ] [ 07 1.4142 0 -0.7071 0 -0.7071 0. 071 
Rul- -  0 -1.4142 0 , Ru2= !.4142 0 

0 0 - 1.2247 0 - 1.2247 - 1.2247J 

Matrix Gx now becomes, 

0.5i74 0.5774 0.5774 -0.5774 -0.5774 0. 0. 0 . ]  
Gx - �9 0. -0.7071 0.7071 0. -0.7071 0. 0. ] . 

0. 0. 0. 1. 0. - 1 .  -1 .  

Thus, we have identified the subset of redundant equations containing only measured 
(redundant) process variables. Applying the data reconciliation procedure to this 
reduced set of balances we obtain for the estimate of the measured variables 

~T--[70.4013 7.1013 12.8822 36.4232 53.9617 23.5410 0.0764 53.8853]. 

Furthermore, the rank of Rul is equal to 3; therefore, only three unmeasured variables 
can be written in terms of the others and the reconciled measurements, following the 
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procedure described in Chapter 4, Section 2: 

Urn -- -- Rul 1 QuT1A 1 X -- Rul 1 Ru2un-ru, 

where the components Un-ru are arbitrarily set. In this case, from the orthogonal 
transformation the subsets of u are defined as 

Uru -- If3 fl0 f5], Un-ru "-- [f4 f l l  f6]" 

Because the Riu matrix does not contain zero rows, 

1 01 RIU = i. 0. 0. , 
�9 1 .  1 .  

the vector Uru cannot be evaluated in terms of reconciled measurements�9 

Case 2 
In this case a larger section of the plant was considered�9 It consists of 14 

(1-14) units and 35 process streams, of which 25 are measured. The corresponding 
data is given in Table 1. Using a similar analysis to the previous case, the following 
characteristics were identified: 

�9 There are 7 redundant equations containing all of the 25 measured variables. 
�9 The rank of Ae is equal to 7; therefore, at least 3 unmeasured process 

variables are indeterminable. 

From the orthogonal decomposition of the Ae matrix, the unmeasured process 
variables are divided in two subsets: 

Uru -- If3 fl0 f23 f33 f4 f34 f35], Un-ru = [fl l  f6 f5]. 

The analysis of matrix Rlu, in this case, shows that the rows associated with the 
unmeasured process streams fe3, f33, f34, and 7"35 are zero, and thus these unmeasured 
variables are determinable, since they do not depend on the assumed values of vector 
Un-ru �9 

A data reconciliation procedure was applied to the subset of redundant equations; 
the results are displayed in Table 2. After the reconciliation, the estimation of the 
unmeasured variables was accomplished and the results are presented in Table 3. 

Case 3 
In this case the whole section of the plant was considered. It consists of 31 units 

and 62 process streams, of which 28 are measured. Using a similar analysis to the 
previous case the following characteristics were identified: 

�9 There are 8 redundant equations containing all of the 28 measured variables. 
�9 The rank of A2 is equal to 23; therefore, there are at least 11 unmeasured 

variables that are indeterminable. 

The unmeasured process variables are divided into 

Ur = [f3 fl0 f23 f33 f37 f38 f41 f44 f47 f49 f55 f5 f34 f50 f58 
f60 f43 f39 f48 f35 f53 f40 f541 

Un-r--  [f6 f4 f61 f56 jell f57 f59 f51 f42 f46 f62]. 



23  2 CHAPTER 12 CASE STUDIES 

TABLE 2 Results for Case 2 in Example 12. I 

Streams Measured values Reconciled values 

1 70.49 69.42 
2 7.103 7.083 
7 13.04 12.87 
8 35.38 36.48 
9 53.21 52.90 

12 23.90 23.60 
13 0.0765 0.076 
14 54.59 52.82 
15 12.78 11.44 
16 23.42 22.76 
17 0.238 0.222 
18 8.657 8.448 
19 5.087 5.273 
20 1.740 1.746 
21 0.025 0.0259 
22 3.113 3.150 
24 5.407 5.323 
25 2.898 2.885 
26 11.83 12.33 
27 8.197 8.980 
28 1.364 1.396 
29 20.94 19.92 
30 1.051 1.069 
31 12.58 13.50 
32 4.999 5.351 

T A B L E  3 Results for Case 2 in 
Example 12. I 

Streams Estimated values 

f23 4.657 
f33 41.386 
f34 18.625 
f35 13.130 

Furthermore, from the analysis of the Riu matrix, the unmeasured variables f23, f33, 
f34, f35, and f48 determinable. 

A data reconciliation procedure was applied to the subset of redundant equations. 
The results are displayed in Table 4. A global test for gross error detection was also 
applied and the X 2 value was found to be equal to 17.58, indicating the presence 
of a gross error in the data set. Using the serial elimination procedure described in 
Chapter 7, a gross error was identified in the measurement of stream 26. The procedure 
for estimating the amount of bias was then applied and the amount of bias was found 
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TABLE 4 Results for Case 3 in Example 12.1 

Stream Reconciled with bias Reconciled without bias 

1 68.639 70.898 
2 7.068 7.110 
7 12.867 12.886 
8 36.522 36.395 
9 52.052 54.500 

12 23.655 23.509 
13 0.0767 0.0763 
14 51.975 54.424 
15 10.881 12.485 
16 22.489 23.276 
17 0.215 0.234 
18 8.470 8.408 
19 5.290 5.238 
20 1.752 1.737 
21 0.026 0.0258 
22 3.154 3.143 
24 5.288 5.388 
25 2.880 2.895 
26 12.602 16.380 
27 8.306 7.569 
28 1.368 1.338 
29 19.477 18.9920 
30 1.0632 1.056 
31 13.183 12.838 
32 5.230 5.098 
36 5.905 5.828 
45 4.503 4.391 
52 18.742 17.680 

to be 4.56. By correcting the measured value by this amount, a new estimate of the 
measured process variables was calculated; this is also displayed in Table 4. 

12.3. DATA RECONCILIATION OF A PYROLYSIS REACTOR 

12.3. I. Process Description 

The pyrolysis reactor is an important processing step in an olefin plant. It is used 
to crack heavier hydrocarbons such as naphtha and LPG to lower molecular weight 
hydrocarbons such as ethylene. The pyrolysis reactor, in this study, consists of two 
identical sides; each side contains four cracking coils in parallel (see Fig. 2). 

The whole reactor is placed in a fuel-gas-fired furnace; the heat required for crack- 
ing the hydrocarbons is supplied from the hot flue gas by convection and radiation. 
Feed gases are divided and passed uniformly through each coil. Steam is also added to 
each coil in the required proportion as a cracking medium. Cracked gases from each 
pass (coil) in a side are mixed together and passed through a transfer line exchanger. 
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l F |GURE 2 Simplified scheme for the industrial reactor (from Weiss et al., 1996). 

Then the cooled gases from the two sides are mixed together for further processing 
downstream. There are several pyrolysis reactors within the industrial complex. 

Three major issues for efficient operation of the pyrolysis reactor are (1) main- 
taining equal cracking temperature in all the reactor coils, which is necessary for 
better product distribution; (2) controlling cracking severity to maximize yield; and 
(3) measuring the rate of coking of both the cracking coils and the transfer line ex- 
changers; these rates are used as the key input into a reactor optimizer. The first and 
second issues can be dealt with on the basis of measured quantities, whereas the third 
issue can only be inferred from other measurements. To tackle these issues, several 
variables such as hydrocarbon/steam flow in each coil, total hydrocarbon flow, the 
inlet and outlet temperatures of each coil, and coil skin temperature are measured 
continuously. 

An advanced control system has been implemented for efficient operation of the 
pyrolysis reactor. However, it faced problems due mainly to the difficulty of measuring 
the high coil and coil skin temperature reliably and consistently, because of regular 
drifting of the high-temperature sensors. Thus, there is a need for a data reconciliation 
package (DRP) to increase the level of confidence in key measured variables, to 
indicate the status of sensors, and to estimate the value of some unmeasured variables 
and parameters (Weiss et al., 1996). 
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12.3.2. Model of the Reactor 
Data reconciliation of the pyrolysis reactor was performed on the basis of the following 
mass and energy balance equations (Weiss et al., 1996). 

Hydrocarbon mass flow: 

N = number of coils = 8 .  

Total energy: 

UA { TF8 -- 

Energy pass balances: 

! TFB -- UA A 
, %  

UAB { TFB -- 

N 

fh, - ~ fhp. p=l 

( T 0 .qt_ Ti ) ~ _ Ftm ( To _ Ti ) _ O. 
2 J 

(COTA + T/A)} 
2 - (Ftm)A(COTA -- TiA) -- 0 

( c o t 8  + T~8) ~ _ (F,m)B(COrB -- r~8) -- O. 
2 J 

Energy coil balances: 

UAp { TFB - (T~ + Tip) } - (Ftm)p(TOp- 

where p = 1 to 8. 
In deriving the constraints, it was assumed that all passes are identical and that the 

two sides are identical. In addition, it was assumed that the heat transfer coefficients 
for the sides are related to the heat transfer coefficients for the passes. Effects such 
as the heat of reaction were not considered separately, but were lumped into an 
"effective" specific heat for the hydrocarbons. 

There are 12 equations in all (overall material and energy balances; side A and 
B energy balances; coil 1 to 8 energy balances) and 36 variables. However, the heat 
transfer coefficients are not known with any great accuracy. Further, both the side 
and coil heat transfer coefficients depend on the fire-box temperature. It is therefore 
necessary to calculate values for the heat transfer coefficients from the data. This 
effectively reduces the number of independent equations to 11. 

12.3.3. Application of Data Reconciliation 

The various solution methods were applied to a set of measurements taken at different 
reactor conditions. Table 5 gives the data used for the reconciliation. The value corre- 
sponding to the specific heat is an "effective" specific heat, calculated from rigorous 
simulations using the Phenics package, and takes into account the heat of reaction. 

Table 6 shows a set of process measurements along with the reconciled values. 
Some interesting results appeared. It is evident that there are large discrepancies 
between the measured values and the reconciled values, assuming no gross errors are 
present. 
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TABLE 5 Data for Reconciliation of the 
Pyrolysis Reactor 

Specific heat of hydrocarbon (Cp,HC) 0.93 kcal/kg~ 
Specific heat of steam (Cp,sT) 0.1 kcal/kg~ 
Heat transfer areas 

per coil 12.2 m 2 
per side 62.4 m 2 

Standard deviations for measurements: 
Coil temperatures (in and out) 3~ 
Coil flowrates (HC and ST) 20 kg/h 
Total flowrate 100 kg/h 
Fire-box temperature 15~ 

TABLE 6 Reconciliation Results (from Islam et al., 1994) 

Measured Reconciled Coil 2 
Measurement value value corrected 

Total hydrocarbon flow 16700.2 16607.0 16607.0 
Coil hydrocarbon flow: 1 1922.9 1963.2 1951.0 

2 2177.2 2118.5 2191.9 
3 2004.7 2047.4 2035.8 
4 2136.2 2146.0 2134.5 
5 2131.7 2140.9 2131.8 
6 2106.9 2125.3 2116.2 
7 2018.4 2030.6 2020.6 
8 2004.1 2035.3 2025.6 

Coil cracking temperatures: 1 845.6 848.2 847.6 
2 845.6 835.8 826.1 
3 845.8 849.0 848.3 
4 845.6 844.5 843.9 
5 841.7 841.2 840.2 
6 841.7 842.4 841.5 
7 841.6 841.5 840.6 
8 841.4 843.6 842.7 

The coil heat transfer coefficient had a value of 0.1159 and a X 2 statistic of 
27.8. This value suggests that a gross error is present. Some clues can be found 
from examination of the residuals of the balances. They are presented in Table 7. 
There appears to be a problem with the balances for coils 2 and 3; their residuals 
are different from the others (especially coil 2). The reconciled value for the coil 2 
cracking temperature is also significantly different from the measured value, thus 
suggesting an abnormal  situation associated with both coils 2 and 3. 

The serial el imination strategy was implemented to identify the source of the bias, 
and the results are displayed in Figs. 3 and 4. As can be seen, a significant improvement  
in the X 2 value is obtained when one of the measurements  associated with coil number  
2 is deleted from the reconcil iat ion procedure. Applying the gross error estimation, 
a value of mb = -- 18.9~ was obtained when the gross error was assumed to be in 
the cracking temperature of coil 2. On the other hand, correction factors of mb(1) = 
--200 kg/h and m b ( 2 ) =  + 90 kg/h were obtained when simultaneous gross errors 
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/ TABLE 7 Residuals of the Balances 
(from Islam et al., 1994) 

Balance Residuals (scaled) 

Hydrocarbon flow 
Side B enthalpy 
Side A enthalpy 

Coil enthalpy balances 

0.1981 
0.021856 
0.009385 
0.016069 

-0.04789 
0.018285 

-0.00315 
-0.00169 

0.004556 
0.000618 
0.012461 
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/ FIGURE 3 Serial elimination of the measurements. 
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were assumed in the flow rates of coils 2 and 3, respectively. Indeed, if the measured 
value for the coil 2 cracking temperature is reduced by 18.9~ and the new data set is 
reconciled, a X 2 value of 6.9 results. The reconciled values for this case also presented 
in Table 6. 

These results would be satisfactory, but for the arbitrary nature of the adjustment 
to the coil 2 cracking temperature. The gross error could also be eliminated by ad- 
justing either the flow rates through the coil 2 and 3 or the inlet temperature to the 
radiant zone (crossover temperature) for coil 2. As it happens, the best reduction in 
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FIGURE 4 Serial elimination of the balances. 

the X 2 value comes from altering the coil cracking temperature; however, there is no 
real justification for doing this. 

Analysis of Daily Averages 

As described before, there is only one balance per coil and a residual in that 
equation may be due to an error in one of several variables. A further set of equations 
describing the coils is required, and they may be found in the long-term trends for 
that coil. 

An indication of errors in the measurement of the coil flow rate can be found 
in the relative value of the crossover temperature for that coil. The absolute value of 
the crossover temperature is of less value because it depends on the firing rate for 
the furnace, as well as the coil flow rate. With this in mind, an analysis of the daily 
averages of the furnace data was undertaken. 

Relationships of the form 

COTi - COTa = ai -Jr b[(Ftm)i - -  (Ftm)a] 

were sought, where Fi is the thermal mass flow in the convection section of the 
furnace, COTi is the crossover temperature for the coil, COTa and Fa are average 
values, ai is an offset for coil i, and b is the regression coefficient for the relationship 
and is common to all coils. 

Figures 5 and 6 present the results. Two features are apparent. First, a common 
pattern can be seen: The relationships for each coil do appear to have similar slopes. 
Second, the two sides behave in a different way. Side A is well behaved in that the aver- 
age flow for each coil does not differ greatly from the average flow for all coils, and the 
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TABLE 8 Coil Energy Balances (from Islam et al., 1994) 

Coil heat 
Thermal mass transfer Deviation from 
flowrate coefficient side average 

Deviation 
student's t value 

Coil 1 
Coil 2 
Coil 3 
Coil 4 
Side B 
Coil 5 
Coil 6 
Coil 7 
Coil 8 
Side A 

1823 0.111 -0.0002 -0.03 
1982 0.122 0.010 2.7 
1796 0.103 -0.0092 -2.5 
1920 0.111 -0.0008 -0 .2  
1880 0.112 
1936 0.114 0.0017 0.6 
1934 0.114 0.0016 0.7 
1837 0.111 -0.0011 -0 .4  
1838 0.111 -0.0022 - 0 . 9  
1886 0.112 
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i FIGURE 7 
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Crossover temperature data clustermSide B (after flow adjustment) (from Islam et al., 

average coil crossover temperature differs from the average of all crossover tempera- 
tures in a manner that is consistent with the geometry of the furnace. This is not the case 
for side B. The average flows through coils 2 and 3 differ from the average of all flows 
by a larger amount. An indication of the likely cause of this problem can be found after 
an examination of the coil heat balances for the daily averages. Table 8 gives some 
results. There are no statistically significant deviations between the coil heat transfer 
coefficients for side A, but yet again, coils 2 and 3 give anomalous results for side B. 

Interesting results are obtained if 160 kg/h is deducted from the measured hy- 
drocarbon flow for coil 2, and 210 kg/h added to the hydrocarbon flow for coil 3. The 
anomaly between the coil heat transfer coefficients for coils 2 and 3 has disappeared. 
Figure 7 shows the effect that the adjustment to the coil flow has on the crossover 
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temperature correlations. Now the pattern seen for pass B is similar to that seen for 
pass A. This adds to the validity of the adjustment to the hydrocarbon flows, and 
suggests that these flow sensors show a consistent bias. 

Analysis over the Whole Operating Cycle 

For comparison purposes, plant data and reconciled data, both with and with- 
out bias treatment, over the whole operating cycle of the pyrolysis reactor for some 
variables are plotted in Fig. 8. This figure clearly shows that the measurements ob- 
tained from coil 2 are biased. There were not many differences between measured 
and reconciled values for the other variables. 

The overall heat transfer coefficient calculated using the joint parameter estima- 
tion and data reconciliation approach is shown in Fig. 9. It is evident from this figure 
that the overall heat transfer coefficient remains fairly constant throughout the whole 
operating cycle of the pyrolysis reactor. Near the end of the cycle, the heat transfer 
coefficient drops to a comparably low value, signifying that the reactor needs to be 
regenerated. 

12.4. DATA RECONCILIATION OF AN EXPERIMENTAL DISTILLATION COLUMN 

The final case study consists of a well-instrumented experimental distillation col- 
umn that has been interfaced to an industrial distributed control system (Nooraii 
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F I G U R E  9 Time evolution of the estimated heat transfer coefficient (from Weiss et al., 1996). 

et al., 1994). This example illustrates the use of the techniques described in previous 
chapters in an actual on-line framework, using industrial hardware. Furthermore, the 
usefulness of data reconciliation prior to process modeling and optimization is clearly 
demonstrated. 

12.4. I. Experimental Setup Description 
The experimental facility is a pilot-scale distillation column connected to an industrial 
ABB MOD 300 distributed control system, which in turn is connected to a VAX 
cluster. The control system consists of a turbo node (configuration, history, console) 
remote I/O, and an Ethernet gateway, which allows communication with the VAX- 
station cluster through the network. This connection allows time-consuming and 
complex calculations to be performed in the VAX environment. Figure 10 shows the 
complete setup. 

The 23-cm-diameter distillation column under study is used to separate ethanol 
and water. It contains 12 sieve trays with a 30-cm spacing (Fig. 11) as well as three 
possible feed locations, an external reboiler, and two condensers, which are used at 
the bottom and the top of the column. The second condenser is also used as a reflux 
drum; a pump sends the reflux back to the column (tray 1) and the product to the 
product tank. 

The following variables are monitored through the DCS: 

�9 Temperatures at trays 12, 11, 9, 7, 5, 3, 1 
�9 Temperatures of feed, distillate, bottoms, and water in and out of the 

condenser 
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F I G U R E  I 0 The setup of the column, DCS, and interface with VAX-station and supervisory control. 

�9 Flowrates of steam to the reboiler, water to the condenser, feed, distillate, 
bottoms, and reflux 

�9 Pressure at the bottom of the column 
�9 Liquid levels in the condenser and the bottom of the column 

To predict the composition, a density meter is installed beside the column. Sam- 
ples from the feed, distillate, bottoms, and trays 2, 4, 6, 8, 10, and 12 are sent to this 
density meter through a sampling pump. The samples can be selected from different 
points by the use of several valves available on the sampling lines. In order to make 
this sampling continuous, a Taylor Control Language program has been written in 
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FIGURE II 
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The pilot sc~e distill~ion column under study (from Noormi, 1996). 

the DCS. This program opens the valve for each sampling point for 2 min while the 
other valves are closed. The results from the density meter are sent back to the DCS, 
converted to weight percent composition, and presented on the screen. Consequently, 
when only samplings from the feed, distillate, and bottoms are performed, it will take 
around 6 min for each concentration to be updated. 

12.4.2. Model for Data Reconciliation 

For the case of the distillation column under study, the following constraints were 
used as equality constraints in the reconciliation procedure (Nooraii, 1996): 

1. Total mass balance: 

2. Component mass balance: 

3. Total energy balance: 

where 

F = D + B .  

F x  f -" Dxd -+- Bxb.  

FHf + Qb = DHd + BHb + Qc, 

Qb = SZs 
Qc = w C p ( Z o u t -  Tin). 
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4. Energy balance around the column and reboiler: 

FHu + Qb + RHr = VHtrVay + BHb 

V = D + R .  

5. Bubble point calculation at the bottom of the column: 

Tb = f(xb,  P). 

The following equations were used to calculate the bubble point in our reconciliation 
procedure: 

and 

P - -  P*aterVwater (1  - Xb) + PEtOHI)EtOHXb 

�9 _ ( o  b~ Oln(T)+dOT2 ) Pwater exp a w + -~  + c w 

A linearized version of this model was also obtained, represented by 

A y + e = 0 .  

Matrices A and e are 

h 

I o  o o o o o _, , 1 o o o o  o 1 
0 0 0 /~ b O -~f Xd Xb 0 0 0 0 0 

1 - E l  E2 E3 - E 4  E5 E6 - / - / f  /~/d /~/b 1 1 0 0 0 
1 E l l  - E 3  E4 E7 - E 6  /-/f --Hd --/rib 0 1 - E 8  0 /~/d Htray 

- E 9  0 0 - E l 0  0 0 0 0 0 0 1 0 O 

e -- 

0 

E1Tf  - E 2 T a -  E3Tb + E4Ycf - E5Ycd- E6Ycb | , 
- E 1 T f  - E117"d + E31"b -- EaYcf - E7Ycd + E6Ycb + E8Ttray[ 

E9Tb + ElOxb + Pwaterl)water(1 - - X b ) +  P~tOHI)EtOHXb J 

where "-~ denotes the values of the measurements at the linearization point and 
E1 . . . . .  E9 are given in Nooraii (1996). The vector, y, of measurements is 

yT- - [Tu  Td Tb x f  Xd Xb F D B Qc Qb Ttray Pb R]. 

To carry out data reconciliation, as discussed in Chapter 10, the variance-covar- 
iance matrix of the measurements is essential. In reconciling process data, it is im- 
portant that the estimated variance incorporate the process variability as well as the 
measurement errors. Otherwise, the adjustment of an accurate measurement in a 
highly variable process could be seem to be excessively large and wrongly be taken 
as a gross error. The approach would be to characterize the nonrandom variation 
by any of a number of techniques, such as time series analysis or principal compo- 
nent. Use of the variance-covariance matrix calculated from the data themselves is 
a practical and easy, if not always fully justified, alternative (Crowe, 1996). Thus, 
the most appropriate weighting matrix, W, was determined here by trial and error, 
using available information on the accuracy of the various measurement devices used. 
Obviously, this matrix may change during the operating life of the column, especially 
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if some of the measurement devices change, or if there is any kind of maintenance on 
the measurement or related devices. The matrix used in this work is 

0.08 
0.077 
0.06 

8 
238 
300 
0.05 

W - -  0.07 
0.6 

2 x  10 -5 
1.5 x 10 -5 

0.07 
9 

0.5 

The optimization package GAMS was used to solve the data reconciliation prob- 
lem, using the MINOS subroutine that solves the optimization problem using a 
reduced-gradient algorithm (Wolfe, 1962), combined with the quasi-Newton algo- 
rithm (Davison, 1959) that generally leads to superlinear convergence. The linearized 
version of the model was used to implement the sequential processing of the infor- 
mation for gross error detection and identification. 

12.4.3. Application of the Data Reconciliation and Gross Error Detection 
Procedure within a Supervisory Control Scheme for the Column 

In supervisory control, process and economic models of the plant are used to op- 
timize the plant operation by maximizing daily profit, yields, or production rates. 
The computer program reviews operating conditions periodically, computes the new 
conditions that optimize a chosen objective function, and adjusts plant controller set 
points, thus implementing the new improved conditions. This scheme will obviously 
require a model of the plant, current information about operating conditions from the 
plant's control system, and finally, sophisticated optimization software. 

The accurate and efficient calculation of optimal operating conditions is critically 
dependent on the following basic components: 

�9 The availability and accuracy of plant model(s) 
�9 The availability and accuracy of measured plant data 
�9 Robust, flexible, and fast optimization software 
�9 The effective integration of all these 

In the case of the distillation/column under study, several options are available 
within the environment of the VAX cluster, for both simulation and optimization 
studies. PROCESS and SPEEDUP simulation programs were used throughout these 
studies. 

The critical part of such an optimization scheme is the analysis and reconcilia- 
tion of the measurements, to ensure accurate and consistent data and the detection 
of instrument errors and faults. The overall scheme for the on-line monitoring and 
optimization of the column is also shown in Fig. 10. Data from the plant are first 
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TABLE 9 Compar ison among Raw, Reconciled, and Bias Estimation Plus 
Reconciliation Data  and the Results f rom Simulation ( f rom Noorai i ,  1996) 

Plant 
raw 
data 

Reconciled Linear Nonlinear PROCESS 
PROCESS data reconciliation reconciliation with 
with raw without bias with bias with bias nonlinear 
data deletion deletion deletion reconciliation 

Feed rate (kg/h) a 67.94 67.94 
Feed temperature a 27.4 27.4 
%(w) EtOH in feed a 36 36 
Distillate rate (kg/h) a 27.24 27.24 
Distillate temperature a 33.6 33.6 
%(w) EtOH in distillate 85.47 86.2 
Reflux rate (kg/h) a 43.58 43.58 
Bottomrate (kg/h) 41.11 41.11 
Bottom temperature 102 99.6 
%(w) EtOH in bottom 0.67 2.3 
Bottom pressure a 1.09 1.09 
Condenser 127 85.2 

duty (mm kJ/h) 
Reboiler duty (mm kJ/h) 144.5 97.6 

69.7 68.226 68.225 68.228 
18.7 27.4 27.4 27.4 
33.3 34.4 34.4 34.4 
27.18 27.134 27.133 27.133 
36 33.6 33.6 33.6 
84.97 85.49 85.5 85.45 
43.59 43.58 43.58 43.58 
42.53 41.09 41.09 41.09 

109.7 102 102 102 
0.34 0.67 0.7 0.7123 
1.42 1.1168 1.109 1.109 

127 85 85 85.9 

144 98.3 98.3 99 

alnputs to PROCESS. 

subjected to analysis for faults and gross measurement  errors. If the former are de- 
tected, the operator is alerted and can either proceed with the reconciliation, prior to 
bias identification and estimation, or stop the calculations and repair the instruments. 
After a consistent set of data is obtained, the operator can continue with the simulation 
and optimization studies. 

Table 9 presents a summary of the variables in a typical real-t ime run. The raw 
measurements  are initially used to run the simulation with PROCESS (therefore, 
only the simulation switch is activated). The first column of the table shows the raw 
measurements ,  and the second indicates the results from PROCESS.  It is clear that 
the results from the simulation are not in agreement  with the measurements .  1 It can be 
seen from Table 9 that the measurements  of the condenser  and reboiler duties are quite 
different from the simulation results. This suggests that there are gross errors in those 
measurements .  The gross error detection and data reconcil iat ion modules  are then 
activated. The third, fourth, and fifth columns show the rectified and reconciled data. 

By direct application of the statistical criterion introduced in Chapter  7 to the 
overall system, 

75 - r T q ) - l r -  12.03. 

If an error probabili ty of 0.1 is considered, then 12.03 > 9.24 (from statistical tables) 
and one may say that inconsistency is important  at this error probabili ty level. After 
sequential processing of the measurements ,  as is shown in Table 10, feed temperature 
and reboiler and condenser  duties are suspected to contain gross errors. Since feed 
temperature and reboiler duty do not appear in separate equations, it is difficult to 
isolate the gross error when it happens in one or both of duties. In this case, we need 

1Note that only some measurements are used as inputs for simulation. 
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1 TABLE 10 Least Squares Objective with Each Deletion of 
Measurements (from Nooraii, 1996) 

Deleted Least squares Deleted Least squares 
measurements o b j e c t i v e  measurements objective 

Tf 0.26 Xd 12. 
Td 0.41 Xb 4.2 
Tb 0.7 Qc 0.3 
F 12. Qr 0.26 
D 11.6 PB 11.7 
B 4.9 Ttray 12. 
Xf 11.8 R 11.8 
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i 
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o PROCESS with raw measurements 
�9 PROCESS with reconciled data 

Real measurement 
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1 FIGURE 12 Comparisonoftraytemperaturesfromsimulation(reconciledandrawdata)withreal-time 
temperatures (from Nooraii, 1996). 

either additional information (additional relationships) or input from the operator's 
experience to decide which measurements to treat for bias. In this case, reboiler and 
condenser duties are treated as biased measurements and the corresponding biases 
are estimated. 

After the estimation of the bias, we have two options for data reconciliation: 
Either we can use the results from the linear reconciliation problem, or we can imple- 
ment a nonlinear reconciliation procedure after subtracting the estimated bias from 
the measurements. Although both options are carried out in this case, the nonlin- 
ear reconciliation problem is quite fast and is therefore used in the on-line program. 
Table 9 compares the results using the two options. It can also be seen in Table 9 
that, by using the refined data as input to the simulation module, a better agreement 
between measurement and simulation has been achieved. The prediction of the tray 
temperature distribution along the column, obtained from the simulation using the 
reconciled data, is presented in Fig. 12. These are in better agreement with the mea- 
surements coming from the column than those obtained from the simulation using 
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1 TABLE II 
1996) 

On-line Optimization Results after Reconciliation (from Nooraii, 

PROCESS with 
Plant raw data nonlinear reconciliation Optimum point 

Feed rate (kg/hr) a 67.94 68.228 68.228 
Feed temperature a 27.4 27.4 27.4 
%(w) EtOH in feed a 36 34.4 34.4 
Distillate rate (kg/hr) a 27.24 27.133 23.24 
Distillate temperature a 33.6 33.6 33.6 
%(w) EtOH in distillate 85.47 85.45 86.83 
Reflux rate (kg/hr) a 43.58 43.58 38.23 
Bottom rate (kg/hr) 41.11 41.09 44.988 
%(w) EtOH in bottom 0.67 0.7123 7.3 
Bottom pressure a 1.09 I. 109 t. 109 
Condenser 127 85.9 73.8 

duty (mm kJ/h) 
Reboiler duty (mm kJ/h) 144.5 99 86.6 
Objective function 61.057 

a Inputs to PROCESS. 

the raw data. As not all of these tray temperatures have been used in the data recon- 
ciliation procedure, this agreement confirms the claim that data reconciliation allows 
us to obtain a better understanding of the actual state of the process. Finally, Table 11 
gives the on-line optimization results from the previous run, using the reconciled data 
as current inputs to the simulation program. These results can be used by the operator 
as a valuable guide toward ideal operation. 

12.5. CONCLUSIONS 

The case studies discussed in this chapter show clearly the importance of the tech- 
niques developed throughout this book, when used in a practical environment. In par- 
ticular, they provide additional insight into different ways of implementing these ideas. 

The first case study, using simple material balances within a section of an olefin 
plant, fully exploited the theoretical results discussed for linear systems, namely, 
variable classification, system decomposition, data reconciliation, and gross error 
detection and identification. 

In the second example, that of an industrial pyrolysis reactor, simplified material 
and energy balances were used to analyze the performance of the process. In this 
example, linear and nonlinear reconciliation techniques were used. A strategy for joint 
parameter estimation and data reconciliation was implemented for the evaluation of 
the overall heat transfer coefficient. The usefulness of sequential processing of the 
information for identifying inconsistencies in the operation of the furnace was further 
demonstrated. 

Finally, a well-instrumented experimental distillation column that has been inter- 
faced to an industrial distributed control system was used to show the implementation 
of the techniques described in previous chapters in an actual on-line framework, using 
industrial hardware. In this case, the usefulness of data reconciliation, prior to process 
modeling and optimization, was clearly demonstrated. 
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NOTATION 

a regression coefficient 
A area 
A1 matrix for measured variables (m x g) 
A2 matrix for unmeasured variables (m x n) 
b regression coefficient 
B bottom product 
C O T cross over temperature 
Cp specific heat 
D distillate 
f vector of mass flowrate 
fht total hydrocarbon flowrate 
fhp coil flowrate 
Ftm thermal mass flow 
F feed of the distillation column 
Gx reduced matrix for measurement reconciliation [(m - ru) • g] 
H specific enthalpy 
mb bias magnitude 
N number of coils 
P pressure 
Q c heat transferred in the condenser 
Qb heat transferred in the boiler 
[Qu, Ru, IIu] QR(A2) 
ru rank(A2) 
R ~  matrix defined by Eq. (4.20) [ru x (n - ru)] 
r residuum 
R reflux 
S steam flowrate 
T temperature 
Tout outlet temperature of cooling fluid 
~n inlet temperature of cooling fluid 
U overall heat transfer coefficient 
u vector of unmeasured variables (n x 1) 
Uru, U n - r u  partitions of u 
V vapor 
w flowrate of cooling fluid 
W weighting matrix 
x vector of measured variables (g x 1) 
x molar fraction 
y vector of measurements 

Greek 
~. heat of vaporization 
,I~ covariance matrix of the residuum 
r global test statistic 

Superscripts 

with measured values 
A 

with reconciled values 
v vapor 
* pure component 
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Subscripts 
a 

A 
B 

b 
d 
f 
FB 
HC 
i 

O 

P 
r 

ST 
tray 
w 

average value 
side A 
side B 
bottom product 
distillate product 
feed of the distillation column 
fired box 
hydrocarbon 
inlet 
outlet 
coil index 
reflux 
steam 
first tray 
water 
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APPENDIX 

STATISTICAL CONCEPTS 

Here, several general statistical concepts are briefly discussed as a complement to the 
material covered in this book. The books of Davis and Goldsmith (1972) and Mikhail 
(1976) are excellent sources for such information. Most of the concepts and definitions 
presented in this Appendix were extracted and summarized from these references, 
and for more detailed information, the reader is referred to these publications. 

I. FREQUENCY DISTRIBUTIONS 

The collection of data often results in a somewhat randomly organized list of obser- 
vations distributed in some way around a central value. 

In analyzing such a set of data, it is helpful to arrange the data in a manner that 
aids the determination of the important features of the distribution, such as the central 
tendency and the spread. One of the simplest ways to do this is to produce a fre- 
quency table. This is achieved by dividing the range of observations into a number of 
subranges, tallying the number of observations which fall into each subrange, and tab- 
ulating the results. The distribution of the results is called a frequency distribution. 

Consider as an illustration measurements of the carbon content of a mixed powder 
fed to a plant over a period of a month (Davis and Goldsmith, 1972). We have a total 
of 178 measurements, coveting a range of 4.1% to 5.2%. This range was divided into 
groups such as 4.10-4.19 and so on. The results are displayed in Table 1. 

The features of the distribution can be seen clearly if the results are plotted as 
shown in Fig. 1. This plot of the distribution is called a histogram. 

253 
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TABLE I Percentage of Carbon in a Mixed Powder (from Davis and 
Goldsmith, 1972) 

Ranges of values Number Proportion 
of % carbon Tally of results of results 

4.10-4.19 L 1 0.006 
4.20-4.29 Ll  2 0 .011 
4.30-4.39 lllll II 7 0.039 
4.40--4.49 lllll lllll  lllll  lllll 20 0.112 
4.50-4.59 lllll lllll lllll  lllll llll 24 0.135 
4.60-4.69 lllll lllll lllll lllll lllll lllll I 31 0.174 
4.70-4.79 lllll lllll lllll lllll lllll lllll lllll III 38 0.214 
4.80-4.89 lllll lllll lllll  lllll llll 24 0.135 
4.90--4.99 lllll lllll lllll lllll I 21 0.118 
5.00-5.09 lllll II 7 0.29 
5.10-5.19 Ll l  3 0.017 
Total 178 1.00 

/ 
/ 

f 
�9 4"" | 

f \  

,I 
4 4.5 5 

F I G U R E  I Histogram and frequency curve of the data in Table 1 (from Davis and Goldsmith, 1972). 

Now if the number of observations is very large and the groups are made much 
narrower, the previous irregular step form of the histogram can be represented as a 
smoothed curve known as the frequency curve, also shown in Fig. 1. 

Some important considerations regarding the frequency distribution are as 
follows: 

1. The area under the curve, lying between the limits of each of the subranges, 
is approximately equal to the frequency of occurrence of that subrange. 
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2. The ability of the frequency curve to accurately represent the underlying 
distribution increases with the number of observations. With a small number 
of results only an approximation is possible, and the divergence may be 
relatively large. 

Sometimes it is preferable to express the frequencies in terms of proportional 
frequencies rather than actual frequencies. For each given observation, the probability 
of occurrence is defined as the proportional frequency with which it occurs in a 
large number of observations. The resulting curve is referred to as the probability 
distribution. 

2. MEASURES OF CENTRAL TENDENCY AND SPREAD 

The frequency curve and the histogram described previously have very explicit at- 
tributes which can be used as the basis of criteria to characterize the distribution: 

1. There is a certain value (for example the arithmetic mean) that represents the 
center of the distribution and serves to locate it. 

2. The values are spread around this central value, extending over a range. 
3. The spread which may or may not be uniform, reflecting the shape of the 

curve. Usually, most values lie close to the central value. 

The distribution can then often be defined sufficiently in terms of the central value, 
a quantity expressing the degree of spread, and the general form of the distribution 
(the shape of the curve). The equation of the curve may be then written as (Davis and 
Goldsmith, 1972) 

y = p ( x ;  01, 02), (A.1) 

where 01 and 02 are constant parameters, measuring the central value and the degree 
of spread, respectively, and the function p defines the shape. 

2. I. The Central Value 

The arithmetic mean ("mean" or "average") is the commonest measure of location 
or central value and is given by the sum of all observations divided by their number. 
That is 

N 

Arithmetic mean - 2 - i=1 (A.2) 
N 

As an example, the arithmetic mean for the carbon content of the mixture displayed 
in Table 1 is 

178 

2 - i=1 = 4.698 
178 

The mean of a set of observed values is an estimate only of the mean of the 
underlying probability distribution or population. The sample mean, ~, becomes a 
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better estimate of the population mean or true value,/z, as N increases, approaching 
/z as N approaches infinity. That is 

--+/z as N ~ oo. (A.3) 

2.2. Measures of Dispersion 
The spread is most usefully defined in terms of the standard deviation, which for a 
sample of N observations x l ,  x2  . . . . .  X N  is given by 

N 

Z ( X i  -- X)2 
i=1 

Standard deviation = s -- N - 1 (A.4) 

where $ is the mean of the sample. For the data presented in Table 1, the standard 
deviation is calculated as follows 

178 

(X i __ ~,)2 
i=1 

s -- 1 7 8 -  1 
= 1.94 

Most of the observations are likely to be within the range ~ 4- 2s, and practically 
all within the range ~ 4- 3s. In common with the sample mean, the value of the 
standard deviation calculated from a set of observations is only an estimate of the 
true or population value of the standard deviation: s becomes a better estimate of 
a(populat ion value) as N increases and 

s - - + a  as N - + c x z .  (A.5) 

The variance of a population is another useful measure of dispersion and reflects 
the extent of the differences between the data. Denoted by a 2, it is equal to the mean 
squared deviation of the individual values from the population mean. Usually, the 
symbols V and s 2 are used for the variance deduced from sample data. Thus, for a 
sample of N data drawn from a population with mean/z ,  the estimated variance is 

Z (Xi -- t.1,)2 

V - - i = 1  . (A.6) 
N 

Since, in general/x is not known, the estimated mean, 2, based on the sample 
must be used. If this substitution is made, the variance is underestimated as it can be 
shown that 

Z ( x  - a) 2 is a minimum when a = :~. (A.7) 

and thus, ~-~(x - 2 )  2 is less than y~'~(x - ]z)  2. It can also be shown that this bias is 
removed when (N - 1) is used as the divisor in place of N. The best estimate of the 
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population variance from the available data is therefore given by 

Z ( X i  -- X)2 

V : i=1 . (A.8) 
N - 1  

The degrees offreedom of the estimate of variance is given by the divisor (N - 1). 
This is the number of independent comparisons that can be made between N obser- 
vations since 2 is calculated from the observations. If 2 and (N - 1) of the values of 
x are given, the other can be determined. 

The definition of the sample covariance is also important. Given a set of N pairs of 
values ((xl, Yl), (x2, Y2) . . . . .  (Xn, Yn), of the random vectors (x, y), we can compute, 
in addition to the variances deduced from sample data Vx, Vy, the sample covariance as 

N 

Z ( X i  -- x)(yi -- ~:) 

Vxy- - i=1  . (A.9) 
N - 1  

2.3. The Form of the Distribution 
While the form of the distribution is more difficult to determine than either the mean 
or the standard deviation, the data may give some idea of the probable shape. Assump- 
tions about the actual shape of the distribution usually require additional information 
such as that obtained from past experience. These assumptions should concur with 
the observations. 

A number of types of distributions have been fully studied, because they, or at 
least close approximations to them, frequently arise in practice. In connection with 
the theory of measurement errors and least squares adjustments, the normal and chi- 
square distributions are often used, so they are briefly discussed in the following 
paragraphs. 

N o r m a l  or Gaussian Distr ibution 

Many distributions obtained in experimental and observational work are found to 
have a more or less bell-shaped probability curve. These distributions are described 
by the normal or gaussian distribution shown in Fig. 2. This theoretical distribution 
is extremely important in statistics, and its use is not limited to data which are exactly, 
or very nearly normal. 

For normally distributed data, the relative frequency or probability, dP,  for the 
1 dx) to (x + 1 dx) is given by range (X 1 - -  ~ 1 

1 {_(Xl_/Z)2/ } 
d P  = o. ~ exp 2o.2 dx, (A. 10) 

where, # is the population mean, o. is the population standard deviation, and the 
integral over all values of x is equal to unity. The value of p(x) = dP/dx is a 
maximum when x = / x  and falls off symmetrically on both sides. 

The use of this equation to calculate frequencies requires the determination of 
two parameters, # and o.. It can be simplified by using the following substitution 
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T f(x) 

]-L X 
FIGURE 2 Normal distribution (from Mikhail, 1976). 

based on the deviation of x from # 

(x - / z )  / (A.11) Um~ / ( 7 "  

Then, the form known as the standardized form of the normal distribution, is ob- 
tained 

1 
dP = / ~ - ~ e x p ( - U 2 / 2 }  du, (A.12) 

where the variable u is said to be in standard measure. This equation contains no 
adjustable parameters, and if the value of u is known, dP /du  = p(u) is determined 
uniquely. 

Equation A. 12 gives the probability of occurrence of observations whose stan- 
1 du) and (u + 1 du). Integration yields the propor- dardized value lies between (u - ~ 

tion of observations expected to fall between any two values of u and hence between 
the corresponding two values of x. While this cannot be performed explicitly, the 
definite integral has been tabulated for a wide range of values of u. 

Since the normal curve is symmetrical about u = 0, the area under the curve to the 
fight of a given value u 1 (i.e., the probability of occurrence, or, of a value greater than 
u l) is equal to the area to the left of -U l .  It is therefore sufficient to tabulate only the 
values corresponding to positive values of U l. For example, there is a probability of 
0.05 than u will exceed 1.64, and hence that x will exceed/z + 1.64o. 

For a normal distribution, the probability that values of x will deviate from the 
mean by more than u I multiples of the standard deviation is 2or, corresponding to the 
probability that lul > Ul. The complement (1 - 2or), is the probability that lul does 
not exceed U l (i.e., that observations will not deviate far from the mean). 
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For normally distributed variates, values of lul greater than 3 seldom occur, and 
values greater than 4 occur very rarely (once in about 10,000 observations). It is usual 
to consider that if an isolated value greater than 2 is obtained there is some doubt 
as to whether it represents an observation from a normal population with the given 
mean and standard deviation. The odds against finding such a value in a single trial 
are about 19 to 1. 

A random p-dimensional vector x follows a p-variate normal distribution, x --~ 
Np(l*,  ~ )  if its probability density function is given by 

f ( x ) - -  exp - ~ ( x -  ~) Z ( x -  ~) , (A.13) 

where ~ and N are the mean vector and the covariance matrix, respectively. 

Chi-Square Distribution 
Let X1, X2 . . . . .  Xv be v independent and normally distributed random variables. 

The square of the standardized variable Ui is defined as 

- -  . ( A . 1 4 )  
O" i 

The sum of the U/2 yields a new random variable for which the symbol X 2 is custom- 
arily used: 

X 2 - U~ + U~ + . . .  + U~. (A.15) 

This random variable has a X 2 distribution with v degrees of freedom. Its density 
function is given by 

f ( x 2  ) 1 )v/2-1 -x2/2 - -  ( X  2 e ( A . 1 6 )  
(2 ) v / zF (v /2 )  

The X 2 distribution has simple central moments: mean -- v and variance -- 2v. 

3. ESTIMATION 

Let X be a random variable with some probability distribution depending on an un- 
known parameter 0. Let X1, X2 . . . . .  X N be a sample of X and let x l, x2 . . . . .  X u 

be the corresponding sample values. If g(X1,  X2 . . . . .  X N )  is a function of the sam- 
ple to be used for estimating 0, then g is considered an estimator of 0. The value 
g(x l ,  x2 . . . . .  XN) is designed as an estimate of 0 and it is usually written as 0 - 
g(Xl,X2 . . . . .  XN). 

Because estimates can be obtained in different ways, certain criteria are needed 
to judge the quality of the estimation. We consider here the following three criteria 
extracted from Mikhail (1976): 

1. Consistence: An estimator is called consistent if for n --+ oo, the probability 
that the estimator 0 approaches the parameter 0 converges toward 1. Thus, for any 
small e > 0, 

lim Pr{10-  0l < e } -  1 (A.17) 
n---+ o o  
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2. Unbiased estimation" An estimator 0 is called an unbiased estimator for 0 if 
it satisfies E(O) = 0. If this property holds only for n ~ c~, the estimator is said to 
be asymptotically unbiased. 

3. Minimum variance: We say that 0 is an unbiased minimum variance estimate 
of 0 if for all estimates 0* such that E(0*) - 0, we have that 0-2(0) < 0-2(0*) for all 0. 
That is, of all unbiased estimates of 0, 0 has the smallest variance. 

EXAMPLE A. 1 
Let Xl ,  X2 . . . . .  XN be a random sample of N observations from an unknown dis- 

tribution with mean/z and variance 0-2. It can be demonstrated that the sample variance 
V, given by equation A.8, is an unbiased estimator of the population variance 0"2. 

By the definition of sample variance, we have 

g 1 
Furthermore, E(x 2) = 0 .2 + ].L 2 for a random variable x. Since each x value, Xl, 
x2 . . . . .  XN, was randomly selected from a population with mean/x and variance 0-2, 
it follows that 

E(x/2) = a  2 + / z  2 ( i = 1 , 2  . . . . .  N) 

E (2 2) = a~ + (/z~) 2 = 0-2/N + lz 2. 

Taking the expected value of V and substituting it into these expressions we obtain 

{ ]} } E(V) = E N 1 x2 - N(x)2 -- E E [ x  2 ] - N E [ ( 2 )  2] 
i--1 N -  1 i=1 

_ 1 E ( 0 - 2  + / / , 2 ) _  N -~- + tJ, 2 __ N -  1 0" 2 ~___ 0"2 .  

N - 1  i=1 N 1 

This shows that V is an unbiased estimator of cr 2, regardless of the nature of the 
sample population. 

3. I. Methods of Estimation 

There are a number of different methods for finding point estimators of parameters. 
Following Mikhail (1976) we mention here: 

Moment method: Takes the kth sample moment: 

1 u 
mk -- -~ ~-~ xki (A.18) 

i : 1  

as an estimate for the kth moment of the probability distribution. 
Maximum likelihood method: The estimate of a parameter 0, based on a random 

sample X1, X2 . . . . .  XN, is that value of 0 which maximizes the likelihood function 
L(X1, X2 . . . . .  XN, O) which is defined as 

L(X1, X2 . . . . .  XN, 0) = f(X1, O)f(Xe, 0 ) . . .  f ( X s ,  0). (A.19) 
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If X is discrete, L(X1,  X 2  . . . . .  X N ,  O) represents P[X1 - -  X l  . . . . .  X N  - -  X N ] ,  while 
if X is continuous, it represents the joint probability density function of (X1, 
X2 . . . . .  XN).  

EXAMPLE A.2 
Let X l ,  X 2 . . . . .  X N be a random sample of N observations on a random variable 

x with exponential density function 

{ e-x/fl i f 0 < x  < o o  
f (x) -- fl - - 

0 elsewhere 

In order to determine the maximum likelihood estimator of r ,  we have 

-- ~ Xi/i ~ (e-Xl/fl) (e-X2/fl) (e -xN/fl) e i=1 
L -- f ( x l ) f ( x 2 ) " "  f ( X n )  -- fl fl "'" fl = fiN ' 

because Xl, x2 . . . . .  XN are independent random variables. 
Setting the derivative of the natural logarithm of L with respect to fl equal to 0 

and solving for/~ yields 

N 

)-lye 
j~ i = 1  - 

~ X ~  
N 

That is, the maximum likelihood of fl is the sample mean. 

Least squares method: Finds the estimate of 0 that minimizes the mean square 
error 

OO 

MSE - E(0 - 0) 2 - J ( O  - O)2f(O)dO, 

- - (X)  

(A.20) 

where f (O)  is the density function of 0. If the random variables to which the obser- 
vations refer are normally distributed, the least square method gives results identical 
to those of the maximum likelihood method. 

4. CONFIDENCE INTERVALS 

The estimation of means, variances, and covariances of random variables from the 
sample data is called point  estimation, because one value for each parameter is ob- 
tained. By contrast, interval estimation establishes confidence intervals from sam- 
pling. 

After a point estimation is performed, the question is how much the deviation of 
the estimate is likely to be from the still unknown parameter. As it was pointed out 
by Mikhail (1976), it is only possible to estimate the probability that the true value 
of the parameter is likely to be within a certain interval around the estimate if the 
cumulative distribution function F(x) of the random variable is given. 
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TABLE 2 Data for Example A3 

2.15 2.06 2.33 1.96 1.96 1.89 2.20 2.24 2.16 2.48 
2.32 1.95 2.30 1.85 2.24 2.13 2.14 2.15 2.31 2.49 
2.12 2.16 2.25 2.05 2.20 1.90 2.00 2.08 2.06 2.24 

The probability statement for a confidence interval of a parameter 0 is: 

Pr{01 < 0 < 0 2 } -  1 -  (A.21) 

where (1 - c~) is called the confidence level. The values 01 and 02 are the lower and 
upper confidence limits for the parameter 0. Eq. (A.21) defines the confidence interval 
for 0 as the interval around the estimate 0, such that the probability that this interval 
includes the value of the parameter is (1 - or). 

In constructing confidence intervals, it is essential to use suitable random vari- 
ables whose values are determined by the sample data as well as by the parameters, 
but whose distributions do not involve the parameters in question. 

EXAMPLE A.3 
The following data (Table 2) represent the weight percent measurements of an 

undesirable product in a process stream. Find a 90% confidence interval for its true 
mean. Assume normality and cr = 0.25. 

The 100(1 -or)% confidence interval for/z is given by (2 4- K,~/2o./v/-K), where 
K,~/2 is the 100or/2 percentage point of the normal distribution. This result is obtained 
by considering the distribution of [(:~ -/z)~/-N/cr ], which is normally distributed with 
mean 0 and standard deviation 1. Hence, 

cr 0.25 
Yc • K , ~ / 2 ~  = 2.1457 -4- 1 . 6 4 5 ~  - 2.1457 4-0.075 

~/N ,/30 

5. TESTING OF STATISTICAL HYPOTHESES 

Another way of dealing with the problem of making a statement about an unknown 
parameter associated with a probability distribution, based on a random sample, is the 
testing of statistical hypotheses. First, a value for the parameter is hypothesized; then, 
the information from the sample is used to confirm or discard the hypothesized value. 

Two hypotheses are considered. Based on a random sample, the validity of the 
null hypothesis (H0) is tested against the alternate hypothesis (H1) in order to either 
reject or accept the first one. 

The procedure for testing hypotheses includes the following steps: 

�9 Postulation of the null and alternative hypotheses. 
�9 Collection of a sample of size N from the random variable X. 
�9 Selection of the test statistic r, with a known distribution under the 

assumption that the null hypothesis holds. 
�9 Selection of the significance level of the test (or) and determination of the 

critical statistic value rc from the corresponding distribution table, rc is such 
that 

F(rc) = P ( r  < Vc)= ( 1 -  or). 
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�9 Calculation of r as function of the measurements. 
�9 If r > rc, H0 is rejected. In the opposite case H0 is accepted. 

A test will not always lead to the right decision. It is possible that H0 is true and 
is rejected, or that H0 is false and is accepted. 

Wrongly rejecting a true hypothesis is referred to as committing a type I error. 
Its probability is designed by or, the significance level of the test. 

The wrong acceptance of a false hypothesis leads to committing a type II error. 
The probability of a type II error is designated fl and (1 - t )  is called the power of 
the test. For a certain H1, it is not possible to make both ot and fl arbitrarily small. 
Decreasing the probability of one type of error increases the probability of the other 
and vice versa. The balance between both types of errors depends on the purpose of 
the test. 

EXAMPLE A.4 
Let us suppose that the maximum allowable concentration of a contaminant in 

a workplace is 1 ppm. Twenty air samples are examined in order to establish if the 
mean contaminant concentration exceeds the allowable value. The mean and standard 
deviation of the sample are ~ = 1.9 ppm and s = 1.6 ppm. 

For this example, the postulated null and alternative hypotheses are the following: 

The selected test statistic is 

H0:/z = 1 ppm 

Ha: /z  > 1 ppm 

.~ -#  

which has a t distribution with (N - 1) degrees of freedom. It is assumed that the 
relative frequency distribution of the population from which the sample is selected is 
approximately normal. 

For a significance level of the test ot -- 0.05, the critical value of the test statistic 
is 1.729. Because the calculated value of r is 2.51 > 1.729, we can conclude that 
/z > 1 ppm, so the concentration of contaminant in this workplace is unacceptable. 
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Dirac delta function, 138, 142 
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234,242 
Distributions 
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Nested error in variable, 168 
node 

determinability, 30 
nonaccessibility, 30 

Nonestimable subsystem, 15 
Nonlinear programming, 85, 87, 

148, 167, 178,202, 248 
Nonredundant measurement, 17, 

29 
Nonzero system parameters, 18 
Normal equation, 11, 13 
Normal operation mode, 142 
Null hypothesis, 111,126, 143, 
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Observability, 10, 14 
Occurrence matrix, 35 
Off-diagonal elements, 186, 188 
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gross error detection, 232 
plant data, 229 
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Orthogonal transformations, 53, 55 
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Parallel 
processing, 146 
streams, 37 

Parameter estimation, 6, 159, 206 
Partitioning 
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Polynomial approximation of, 
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Posterior distribution, 179 
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statistical properties of, 220 
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Probability density function, 139, 
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measurement, 16, 29 
systems, 11 
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Regression, 159 
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Sample 
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Time evolution of 
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function, 215 
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176 
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algorithm, 169 
example, 170 
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Weights for M-estimates, 190 
White noise, 138, 142, 173 


