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I PREFACE

Data processing and reconciliation deal with the problem of improving process knowl-
edge to enhance plant operations and general management planning. Today, data
storage facilities, advances in computational tools, and implementation of distributed
control systems to chemical processes allow processing of large volumes of data,
transforming them into reliable process information.

Chemical process data inherently contain some degree of error, and this error
may be random or systematic. Thus, the application of data reconciliation techniques
allows optimal adjustment of measurement values to satisfy material and energy
constraints. It also makes possible the estimation of unmeasured variables. It should
be emphasized that, in today’s highly competitive world market, resolving even small
errors can lead to significant improvements in plant performance and economy. This
book attempts to provide a comprehensive statement, analysis, and discussion of the
main issues that emerge in the treatment and reconciliation of plant data.

The concepts of estimability and redundancy in steady-state processes are intro-
duced in Chapter 2 because of their importance in decomposing the general estimation
problem. The two subsequent chapters deal with process variable classification for
linear and nonlinear plant models. This topic is of great importance in the design
of monitoring systems and also in decomposing the data reconciliation problem.
The adjustment of measurements for different kinds of plant models is addressed in
Chapter 5, and the next chapter introduces some of the advantages of sequential
processing of measurements and constraints. Chapter 7 starts by defining the data
reconciliation problem in the presence of gross errors. It contains an analysis of the
steps to follow for the treatment of biased data.
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All of the previous ideas are developed further in Chapter 8, where the analysis
of dynamic and quasi-steady-state processes is considered. Chapter 9 is devoted to
the general problem of joint parameter estimation—data reconciliation, an important
issue in assessing plant performance. In addition, some techniques for estimating the
covariance matrix from the measurements are discussed in Chapter 10. New trends in
this field are summarized in Chapter 11, and the last chapter is devoted to illustrations
of the application of the previously presented techniques to various practical cases.

This book can be used as a text covering plant operation, control, and optimization
in courses for graduate students and advanced undergraduates in chemical engineer-
ing. We hope that this book will also be of special benefit to those engaged in the
industrial application of reconciliation techniques.

In preparing the book, a special effort has been made to create self-contained
chapters. Within each one, numerical examples and graphics have been provided
to aid the reader in understanding the concepts and techniques presented. Notation,
references, and material related to that covered in the text are included at the end of
each chapter. It is assumed that the reader has a basic knowledge of matrix algebra
and statistics; however, an appendix covering pertinent statistical concepts is included
at the end of the book.

José A. Romagnoli

Mabel Cristina Sanchez
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B GENERAL INTRODUCTION

The highly competitive nature of the world market, the increasing importance of
product quality, and the growing number of environmental and safety regulations
have increased the need to introduce fast and low-cost changes in chemical processes
to improve their performance.

The decision-making process about possible modifications in a system requires
knowledge about its actual state. This information is obtained by collecting a data
set, improving its accuracy, and storing it. This procedure, called monitoring, consti-
tutes a critical tool for further control action, optimization, and general management
planning, according to the hierarchical order shown in the typical activities pyramid
of a chemical plant of Fig. 1 (Brisk, 1993).

Since the main activities involved in attaining the final goals of the company
are based on this monitoring, it is essential that it provide reliable and complete
information about the process.

Because measurements always contain some type of error, it is necessary to
correct their values to know objectively the operating state of the process. Two types
of errors can be identified in plant data: random and systematic errors. Random
errors are small errors due to the normal fluctuation of the process or to the random
variation inherent in instrument operation. Systematic errors are larger errors due
to incorrect calibration or malfunction of the instruments, process leaks, etc. The
systematic errors, also called gross errors, occur occasionally, that is, their number is
small when compared to the total number of instruments in a chemical plant.

Furthermore, the information provided by the monitoring system must allow
the complete estimation of all of the required process variables. This can only be
achieved through the selection of an adequate set of instruments. The selection of
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- FIGURE | Activity pyramid in a processing plant (from Busk, 1993).

the necessary instrumentation thus has a fundamental role during the design of the
monitoring system of a new plant, as well as in the case of adapting existing plants
to satisfy new environmental and production requirements.

With the advance of computer techniques, especially implementation of dis-
tributed control systems (DCS) to chemical processes, a large set of on-line measure-
ments are available at every sampling period. The rational use of this large volume
of data requires the application of suitable techniques to improve their accuracy. This
goal has triggered the focus on research and development, during the last ten years,
in the area of plant data reconciliation. Complete reviews on the subject can be found
in the works of Mah (1990), Madron (1992), and Crowe (1996).

The treatment of plant data involves a set of tasks that allows the processing
of data arising from different sources (on-line acquisition system, laboratory, direct
reading from the operators, etc.), transforming them into reliable process information.
This information can be used by the company for different purposes: management
planning, modeling, optimization, design of monitoring systems, instrument main-
tenance, analysis of equipment performance, etc., as shown in Fig. 2 (Simulation
Sciences Inc., 1989).

I.1. RELIABLE AND COMPLETE PROCESS KNOWLEDGE

To control, optimize, or evaluate the behavior of a chemical plant, it is important
to know its current status. This is determined by the values of the process variables
contained in the model chosen to represent the operation of the plant. This model is
constituted, in general, by the equations of conservation of mass and energy.
Whenever measurements are planned, some functional model is usually cho-
sen to represent either a physical or ideal system with which the measurements are
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- FIGURE 2 Applications of the plant data rectification procedure (from Simulation Sciences, Inc.,
1989).

associated. In fact, the measurements are usually made in order to assess the values
of some or all of the parameters of the functional model.

The mathematical model is often thought of as being composed of two parts
(Mikhail, 1976): the functional model, and the stochastic model.

Functional Model: The functional model will in general describe the determin-
istic properties of the physical situation or event under consideration.

Stochastic Model: The stochastic model, on the other hand, designates and
describes the nondeterministic or stochastic (probabilistic) properties of the variables
involved, particularly those representing the measurements.
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As pointed out by Mikhail, both functional and stochastic models must be con-
sidered together at all times, as there may be several possible combinations, each
representing a possible mathematical model. The functional model describes the
physical events using an intelligible system, suitable for analysis. It is linked to phys-
ical realities by measurements that are themselves physical operations. In simpler
situations, measurements refer directly to at least some elements of the functional
model. However, it is not necessary, and often not practical, that all the elements of
the model be observable. That is, from practical considerations, direct access to the
system may not be possible or in some cases may be very poor, making the selection
of the measurements of capital importance.

During normal operation of a chemical plant it is common practice to obtain
data from the process, such as flowrates, compositions, pressures, and temperatures.
The numerical values resulting from the observations do not provide consistent in-
formation, since they contain some type of error, either random measurement errors
or gross biased errors. This means that the conservation equations (mass and energy),
the common functional model chosen to represent operation at steady state, are not
satisfied exactly.

It is becoming common practice, in today’s chemical plants, to incorporate some
kind of technique to rectify or reconcile the plant data. These techniques allow adjust-
ment of the measurement values so that the corrected measurements are consistent
with the corresponding balance equations. In this way, the simulation, optimiza-
tion, and control tasks are based on reliable information. Figure 3 shows schemati-
cally a typical interconnection between the previous mentioned activities (Simulation
Sciences Inc., 1989).

The integrated approach for data treatment or reconciliation involves a set of
mathematical procedures applied on the process instrumentation and the measure-
ments (observations). This provides complete and consistent estimation of the process
variables. The general methodology can be divided into three main steps:

DATA
RECONCILIATION

r R Y T
Data SIMULATION
Base

Distributed

Plant Control l lr

System

Set

Points
OPTIMIZATION
\_ vy

- FIGURE 3 Typical arrangement between the DCS and the Data Reconciliation, Simulation, and Op-
timization procedures (from Simulation Sciences, Inc., 1989).
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- FIGURE 4 Scheme for the integral treatment of plant data.

® Classification of process variables and problem decomposition
® Detection, identification, and estimation of gross errors
® Measurement adjustment and estimation of the unmeasured process variables

A simplified diagram of the general procedure for data reconciliation in chemical
plants is given in Fig. 4.

1.2. SOME ISSUES ASSOCIATED WITH A GENERAL DATA RECONCILIATION PROBLEM

A processing plant is a physical system containing a large number of units and streams.
For example, counting the equipment in the processing section as well as in the service
section (considering mixers and stream dividers) of a petrochemical plant reveals the
existence of approximately 1000 interconnected units and about 2500 streams. If
we also take into account that in each stream the variables of interest can be flowrate,
composition, temperature, pressure, and enthalpy, it is evident that data treatment in
a typical plant involves the solution of a large-scale problem.

The original idea of reducing the systems of equations used in the reconciliation
problem is due to Vaclavek (1969), who proposed a correction procedure based only
on a reduced subset of equations and measurements. The idea basically consists
of exploiting the process topology to classify the process variables and eliminate
from the general problem the unmeasured ones, resulting in a subset of equations
involving only measured variables. Several strategies have been developed since then
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to achieve the same goal, that is, process decomposition to reduce the dimensionality
of the problem. Some of these strategies are based on graph theory (Mah et al., 1976;
Stanley and Mah, 1981a,b; Kretsovalis and Mah, 1988a,b; Meyer et al., 1993), and
others are equation-oriented approaches (Crowe et al., 1983; Crowe, 1986, 1989);
Romagnoli and Stephanopoulos, 1980; Joris and Kaliventzeff, 1987).

From the foregoing it is clear that the application of data reconciliation techniques
to large plants, represented by nonlinear complex models, is a challenging problem.
The decomposition of the problem through the classification of the process variables
appears to be an important tool in dealing with the dimensionality of the problem.
What is more important is that understanding the topological structure of the plant not
only allows us to decompose it, but can be very important in the process of designing
or redesigning the complete monitoring system.

The adjustment of measurements to compensate for random errors involves the
resolution of a constrained minimization problem, usually one of constrained least
squares. Balance equations are included in the constraints; these may be linear but
are generally nonlinear. The objective function is usually quadratic with respect to
the adjustment of measurements, and it has the covariance matrix of measurements
errors as weights. Thus, this matrix is essential in the obtaining of reliable process
knowledge. Some efforts have been made to estimate it from measurements (Almasy
and Mah, 1984; Darouach et al., 1989; Keller et al., 1992; Chen et al., 1997). The
difficulty in the estimation of this matrix is associated with the analysis of the serial
and cross correlation of the data.

The presence of gross errors invalidates the statistical basis of the common data
reconciliation procedures, so they must be identified and removed. Gross error de-
tection has received considerable attention in the past 20 years. Statistical tests in
combination with an identification strategy have been used for this purpose. A good
survey of the available methodologies can be found in Mah (1990) and Crowe (1996).

Parameter estimation is also an important activity in process design, evaluation,
and control. Because data taken from chemical processes do not satisfy process con-
straints, error-in-variable methods provide both parameter estimates and reconciled
data estimates that are consistent with respect to the model. These problems represent
a special class of optimization problem because the structure of least squares can be
exploited in the development of optimization methods. A review of this subject can
be found in the work of Biegler et al. (1986).

Finally, approaches are emerging within the data reconciliation problem, such as
Bayesian approaches and robust estimation techniques, as well as strategies that use
Principal Component Analysis. They offer viable alternatives to traditional methods
and provide new grounds for further improvement.

1.3. ABOUT THIS BOOK

It is our goal in this book to address the problems, introduced earlier, that arise
in a general data reconciliation problem. It is the culmination of several years of
research and implementation of data reconciliation aspects in Argentina, the United
States, and Australia. It is designed to provide a simple, smooth, and readable account
of all aspects involved in data classification and reconciliation, while providing the
interested reader with material, problems, and directions for further study.



REFERENCES

7

Chapter 2 offers a unifying exposure to the relevant concepts of estimability and
redundancy, in particular their importance in the decomposition of the general data
processing problem.

In Chapter 3 these concepts are extended, and by exploiting the structural topol-
ogy of a chemical process, the operational parameters or process variables are classi-
fied. These ideas, making use of classification strategy, allow the general reduction of a
large-scale problem. The decomposition problem is further investigated in Chapter 4
using orthogonal transformations for both linear and bilinear balances.

Chapter 5 deals with steady-state data reconciliation problem, from both a linear
and a nonlinear point of view. Special consideration is given, in Chapter 6, to the
problem of sequential processing of information. This has several advantages when
compared with classical batch processing.

In Chapter 7 the problem of dealing with systematic gross biased errors is
addressed. Systematic techniques are described for the identification of the source of
gross errors and for their estimation. These techniques are computationally simple,
they are well suited for on-line implementation, and they conform to the general
process of variable monitoring in a chemical plant.

All the previous ideas are developed further in Chapter 8, where the analysis of
dynamic and quasi-steady-state processes is considered.

Chapter 9 deals with the general problem of joint parameter estimation data
reconciliation. Starting from the typical parameter estimation problem, the more
general formulation in terms of the error-in-variable methods is described, where
measurement errors in all variables are considered. Some solution techniques are also
described here.

Most techniques for process data reconciliation start with the assumption that the
measurement errors are random variables obeying a known statistical distribution, and
that the covariance matrix of measurement errors is given. In Chapter 10 direct and
indirect approaches for estimating the variances of measurement errors are discussed,
as well as a robust strategy for dealing with the presence of outliers in the data set.

In Chapter 11 some recent approaches for dealing with different aspects of
the data reconciliation problem are discussed. A more general formulation in terms
of a probabilistic framework is first introduced and its application in dealing with
gross error is discussed in particular. In addition, robust estimation approaches are
considered, in which the estimators are designed so they that are insensitive to outliers.
Finally, an alternative strategy that uses Principal Component Analysis is reviewed.

At last, in Chapter 12 several application case studies are given that highlight
implementation aspects as well as the relative improvements of the different tech-
niques used. Emphasis is given to industrial applications and on-line exercises.

REFERENCES

Almasy, G. A., and Mah, R. S. H. (1984). Estimation of measurement error variances from process data.
Ind. Eng. Chem. Process Des. Dev. 23, 779-784.

Biegler, L. T., Damiano, J. J., and Blau, G. E. (1986). Non-linear parameter estimation: A case study
comparison. AIChE J. 32,29-43.

Busk, M. (1993). Process control: Theories and profits. IFAC World Congress, Sydney, Australia, July, 7,
241-250.



CHAPTER | GENERAL INTRODUCTION

Chen, J., Bandoni, A., and Romagnoli, J. A. (1997). Robust estimation of measurement error variance/
covariance from process sampling data. Comput. Chem. Eng. 21, 593-600.

Crowe, C. M. (1986). Reconciliation of process flow rates by matrix projection. Part II: The non-linear
case. AIChE J. 32, 616-623.

Crowe, C. M. (1989). Observability and redundancy of process data for steady state reconciliation. Chem.
Eng. Sci. 44, 2909-2917.

Crowe, C. M. (1996). Data reconciliation—Progress and challenges. J. Proc. Control 6, 89-98.

Crowe, C. M., Garcfa Campos, Y. A., and Hrymak, A. (1983). Reconciliation of process flow rates by
matrix projection. Part I: Linear case. AIChE J. 29, 881-888.

Darouach, M., Ragot, R., Zasadzinski, M., and Krzakala, G. (1989). Maximum likelihood estimator of
measurement error variances in data reconciliation. IFAC, AIPAC Symp. 2, 135-139.

Joris, P, and Kalitventzeff, B. (1987). Process measurements analysis and validation. Proc. CEF’87: Use
Comput. Chem. Eng., Italy, pp. 41-46.

Keller, J. Y., Zasadzinski, M., and Darouach, M. (1992). Analytical estimator of measurement error vari-
ances in data reconciliation. Comput. Chem. Eng. 16, 185-188.

Kretsovalis, A., and Mah, R. S. H. (1988a). Observability and redundancy classification in generalised
process networks. I: Theorems. Comput. Chem. Eng. 12, 671-687.

Kretsovalis, A., and Mah, R. S. H. (1988b). Observability and redundancy classification in generalised
process networks. II. Algorithms. Comput. Chem. Eng. 12, 689-703.

Madron, F. (1992). “Process Plant Performance. Measurement and Data Processing for Optimisation and
Retrofits.” Ellis Horwood, Chichester, England.

Mah, R. S. H. (1990). “Chemical Process Structures and Information Flows,” Chem. Eng. Ser.
Butterworth, Boston.

Mah, R. S. H,, Stanley, G., and Downing, D. (1976). Reconciliation and rectification of process flow and
inventory data. Ind. Eng. Chem. Process Des. Dev. 15, 175-183.

Meyer, M., Koehret, B., and Enjalbert, M. (1993). Data reconciliation on multicomponent network process.
Comput. Chem. Eng. 17, 807-817.

Mikhail, E. (1976). “Observation and Least Squares.” JEP Series. Harper & Row, New York.

Romagnoli, J., and Stephanopoulos, G. (1980). On the rectification of measurement errors for complex
chemical plants. Chem. Eng. Sci. 35, 1067-1081.

Simulation Sciences Inc. (1989). “DATACON: A Critical Link to Better Process Monitoring, Control and
Analysis.” Simulation Sciences Inc., Houston, TX.

Stanley, G., and Mah, R. S. H. (1981a). Observability and redundancy in process data estimation. Chem.
Eng. Sci. 36,259-272.

Stanley, G., and Mah, R. S. H. (1981b). Observability and redundancy classification in process networks—
Theorems and algorithms. Chem. Eng. Sci. 36, 1941-1954.

Viclavek, V. (1969). Studies on system engineering. HL. Optimal choice of the balance measurements in
complicated chemical engineering systems. Chem. Eng. Sci. 24, 947-955.



B ESTIMABILITY AND REDUNDANCY
WITHIN THE FRAMEWORK
OF THE GENERAL
ESTIMATION THEORY

In this chapter, the mathematical tools and fundamental concepts utilized in the
development and application of modern estimation theory are considered. This in-
cludes the mathematical formulation of the problem and the important concepts of
redundancy and estimability: in particular, their usefulness in the decomposition of
the general optimal estimation problem. A brief discussion of the structural aspects
of these concepts is included.

2.1. INTRODUCTION

Throughout this chapter, we will refer to estimation in a very general sense. We will
sec later that data reconciliation is only a particular case within the framework of the
optimal estimation theory.

The estimation problem may be posed in terms of a single sensor making measure-
ments on a single process or, more generally, in terms of multiple sensors and multiple
processes. When relating the observations to an estimator, several questions arise.
First, how does one determine whether a measurement is redundant? Second, what is
the effect of measurement placement on the estimator’s performance? Third, what if
there are measurements which are grossly faulty? These questions are of paramount
importance in any general estimation problem, and in selecting the measurements’
structure for monitoring or controlling a given process. It is clear that the concepts of
redundancy and the allocation of the measurements play an important role in the esti-
mation problem. Also, redundancy is useful as safety when there are biases in the mea-
surements or imperfections in the model of the physical situation under consideration.
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Since the concept of observability was primarily defined for dynamic systems,
observability as a property of steady-state systems will be defined in this chapter.
Instead of a measurement trajectory, only a measurement vector is available for steady-
state systems. Estimability of the state process variables is the concept associated with
the analysis of a steady-state situation.

In this chapter we will present a discussion of those points, leading us directly to
the decomposition of the general problem into estimable, nonestimable, redundant,
and nonredundant subsystems. This allows us to reduce the size of the commonty
used least squares estimation technique and allows easy classification of the process
variables: the topic of the next chapter.

2.2. BASIC CONCEPTS AND DEFINITIONS

In order to have any sort of estimation problem in the first place, there must be a
system, various measurements of which are available. Rather than develop the notion
of a system with a large amount of mathematical formalism, we prefer here to appeal
to intuition and common sense in pointing out what we mean.

The system is some physical object, and its behavior can normally be described
by equations. The system can be dynamic (discrete or continuous) or static. Here, we
will refer to a process under steady-state behavior. Later in this book we will extend
our attention to considering dynamic or quasi-steady-state situations.

Now let us consider exactly what we mean by estimation. Suppose that there is
some quantity (possibly a vector quantity), associated with a system operation, whose
value we would like to know at each instant of time. It may be that this quantity is
not directly measurable, or that it can only be measured with error. In any case,
we shall assume that noisy measurements, y, are available. Suppose, furthermore,
that an experiment is designed to measure, or estimate, a set of system variables
X1, %2, ..., Xg. The set of variables can be written as the vector

X' =[x1,%2,..., %] Q.1

The most general situation is that in which the desired variables cannot be ob-
served (measured) directly and must therefore be indirectly measured as functions
of the direct observations. Thus, let us assume that the set of / measurements y can
be expressed as a function of the g elements of a constant vector X plus a random,
additive measurement error €. Then the process measurements are modeled as

y=¢x)+¢ ye®R, xeRe, (2.2)

where ¢ represents the measurement functional model.

If ¢ = 0, then y = ¢(x) and we say that the measurements are perfect. If ¢ # 0,
then they are noisy. In cases where ¢ is assumed to be differentiable at a point x, we
can define the matrix C:

cody= 22 @.3)
ax

x=x0

where C is used for the linearized version of the nonlinear measurement equations.
For linear systems the matrix C is constant and independent of x. In general, though,
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we will refer to the linear or linearized system described by
y=Cx+e, CeRe, (2.4)

where C is the (I x g) matrix of the Jacobian of ¢. Thus, when planning the ob-
servations, a general functional model about the system to be assessed (matrix C)
must be specified. Such a functional model, which refers to a finite closed system,
is determined by a certain number of variables and the relationships between them.
There is always a minimum number of independent variables that uniquely determine
a chosen model. In our case it will always be denoted by g. Unless the observations
are sufficient for determining the g variables, the situation will be obviously deficient.
These observations must be functionally independent, that is, not one of the / obser-
vations can be derived from any or all of the remaining (/ — 1) measurements. Let us
now introduce the concept of redundancy.

DEFINITION 2.1

We define a system as redundant when the amount of available data (information)
exceeds the minimum amount necessary for a unique determination of the independent
variables that determine a chosen model.

For the system in Eq. (2.2), when [ is larger than g, redundancy is said to exist.
This redundancy, which is denoted by r, is given by

r=l—g 2.5)

and is equal to the (statistical) degrees of freedom.

Since the data are usually obtained from observations (measurements) that are
subject to probabilistic fluctuations, redundant data are usually inconsistent in the
sense that each sufficient subset yields different results from other subsets. To obtain
a unique solution, an additional criterion is necessary. If the least square principle is
applied, among all the solutions that are consistent with the measurement model, the
estimations that are as close as possible to the measurements are considered to be the
solution of the estimation problem. We define a least squares estimation problem as
follows:

Min J = (y — Cx)(y — Cx). (2.6)

Then the least squares solution is that which minimizes the sum of the squares of the
residual J = £Te. The equation in x,

CT'cx = Cly, (2.7)

obtained by differentiating (to minimize) J, is called the normal equation. We can
now define the estimability property as follows.

DEFINITION 2.2
We say a system is estimable if the normal equation admits a unique solution
and, naturally, x is unique.

Accordingly, the necessary conditions for estimability can be stated. In order for the
process variables X to be estimable, the following must be true (Rao, 1973).
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4
—_—1 4 ——5-——>

FIGURE | A simplified process flowsheet for Example 2.1 (from Madron, 1985).

THEOREM 2.1
The system described by Eq. (2.7) is globally estimable if and only if

rank C = g, 2.8)

where g is the dimension of the system.
Conversely, if

rank C < g, (2.9
the system is globally nonestimable or confounded.

EXAMPLE 2.1

Let us introduce a simple example to illustrate the previous concepts. The sim-
plified process flowsheet presented in Fig. 1 (Madron, 1985) consists of four units
interconnected by eight streams. We are interested in the estimation of the total
flowrates of the system. If these variables are measured for streams 1, 7, and 8, then
the measurement matrix C is of dimension (/ x g), where! = 3 and g = 8.

1 00 0O0O0O0CO
C=10 0 0 0 0 0 1 0
000 0O0O0OO0OI1

The rank of C is 3, so the system is globally nonestimable. Obviously, a globally
estimable system can be obtained by increasing the instrumentation cost.

When the system is nonestimable, the estimated value of x (%) is not a unique so-
lution to the least squares problem. In this case a solution is only possible if additional
information is incorporated. This must be introduced via the process model equations
(constraint equations). They occur in practice when some or all of the system vari-
ables must conform to some relationships arising from the physical constraints of the
process.

Note: In some cases, the introduction of the additional process model equations will
augment the number of variables to be estimated and thus may not alleviate the
estimability deficiency. &
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Thus, by introducing the additional constraints we have

0 = ¢(x), x € X8

y=0¢x) +e, ye&, @10

where ¢ € :1™, m being the number of additional constraint equations.

The functional relationships that characterize the real process behavior are never
known exactly. A conventional way to account for the inaccuracies generated by ap-
proximations is to introduce additive noise, which in some sense reflects the expected
degree of modeling errors, that is,

0=px)+w, xche

y=0X) +e yeR. @11)

Assuming ¢(x) and ¢(x) are differentiable at x¢, and applying a Taylor series expan-
sion using only zero- and first-order terms (dropping second and higher order terms),
we arrive at the linear or linearized system described by

0=Ax+w

y=Cx+¢ @.12)

where A and C are the (m x g) and (/ x g) matrices of the Jacobian of ¢ and ¢. In
this case the redundancy condition will be satisfied when (m + [) > g. We can now
define the least squares problem as follows:

Min J = (z — Mx)'(z — Mx), (2.13)

where

A 0
M= [c} z= [y] 2.14)

The normal equation is given now by
M'Mx = M"z. (2.15)

In a similar fashion to the previous case, the general conditions for estimability can
be stated as follows.

THEOREM 2.2
The system described by Eqs. (2.14) and (2.15) is globally estimable if, and only
if,
AT
rank M = rank cl=¢ (2.16)
Conversely, if
N
rank M = rank cl <% 217

the system is globally nonestimable or confounded.
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EXAMPLE 2.2
If the total flowrates of streams 1, 4, 7, and 8 are measured for the process
flowsheet presented in Example 2.1, the matrix M is defined as follows:

1 -1 0 0 0 0 -1 0
01 -10 0 0 0 1
00 00 0 -1 1 -1
00 1 1 -1 0 0 0

M=I1 0 000 0o o o]
00 010 0 0 0
00 000 0 1 0
00 0 0 0 0 0 1|

where the first four rows of M relate to the total mass balance relationships around
each unit (matrix A) and the last ones correspond to the measurement matrix C. For
this case, the rank of matrix M is 8 and the system is globally estimable.

Now let us define a more general form of the quadratic objective function, which
permits us to assign predetermined weights to the components. Consider the general
quadratic objective

J= [ﬂ Wiw el (2.18)

where W is a weighting matrix that is restricted to being both symmetric and positive
definite, that is, W = WT > 0. The introduction of the weighting matrix defines the
weighted least squares problem and the same conditions established by Theorems 2.1
and 2.2 hold also in this situation. It can be demonstrated (Deutsch, 1973) that if the
quadratic objective is weighted by the covariance matrix of the noises, the result is
also a minimum variance estimate or Markov estimate.

2.3. DECOMPOSITION OF THE GENERAL ESTIMATION PROBLEM

The preceding section discusses the mathematical formulation of the problem under
consideration and the general conditions for redundancy and estimability. Now, we are
ready to analyze the decomposition of the general estimation problem. The division
of linear dynamic systems into their observable and unobservable parts was first
suggested by Kalman (1960). The same type of arguments can be extended here to
decompose a system considered to be at steady-state conditions.

When the results of matrix theory are applied to the general estimation problem
(see Appendix A), the following can be stated.

THEOREM 2.3
For the system given by Eq. (2.14) and (2.15), if

rank M = rank [é] =j<g, (2.19)
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then there exists a nonsingular matrix T such that

Ay 0
MT = [ oy 0}, (2.20)

where Ay and Cy each have j columns and
Ay | .
rank I:CU] = j. 2.21)

Proof.  See Appendix. [ ]

The system of equations (2.12) can be written using the column echelon form of
matrix M as follows:

0| 1 wl Ay 0 w
{y}_MTT x+[8}_[CU O]T x+[8]. (2.22)

Depending on the structure of T~', two situations arise:

1. If each row of T~! has only one nonzero element, then physically this means
that in the new coordinates x. = [X; X,_], where X, is a j-dimensional vector, the
subsystem

0=Ayux,+w

2.23
y= Cer +¢ ( )

is estimable. The whole system admits a decomposition into two smaller subsystems:
one estimable, of dimension j, and the other nonestimable, of dimension (g — j). The
first one includes the variables in X, and the last one contains the variables in Xg_r.

2. If some rows of T~! have more than one nonzero element, there are linear
combinations between variables in X, and variables in Xg—r. Thus, the estimable portion
of the system is of dimension ob less than j (ob < j) and the nonestimable one is of
dimension (g — ob).

EXAMPLE 2.3
In this case we consider that the total flowrates of streams 1, 7, and 8 are measured
for the process flowsheet presented in Example 2.1, so the matrix M is defined as

follows:
(1 =1 0 0 0 0 -1 0]
01 -1 0 0 0 0 1
0 0 0 0 0 -1 1 -1
M=(0 0 I 1 -1 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0
00 0 0 0 0 0 ]

The rank of matrix M is 7. As the system is rank deficient, it admits a decompo-
sition into two subsystems, one estimable and the other nonestimable. To determine
which variables are observable, the column echelon form of M is obtained and T !
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is inspected:

L B fs fa i f1 B8 fs

1 0 0 01 -1 0 0
I -1 0 00 0 1 0
0 0 -1 00 1 —-10

MI=[0 1 0 10 0 0 0,
0 0 0 01 0 0 0
0 0 0 00 1 0 0
[0 0 0 00 0 1 0
(00100 0 0 0 O]
0010 0 000
0000 0 1 00

p1_|0001 -1000
1000 0 000
0000 0 010
0000 0 00 I
0000 1 00 0

From the decomposition of M into its column echelon form, it can be seen that f5 is
nonestimable. The inspection of T~! indicates that f4 s also nonestimable, because
its calculation depends on fs.

Let us now extend the results to dealing with systems where the estimability and
redundancy conditions are satisfied. A measurement is considered redundant if its
removal causes no loss of estimability. If we consider that the rank of M = g and
(m + 1) > g, that is, more information is available than is necessary for a unique
determination, the following can be stated (Stanley and Mah, 1981a).

THEOREM 2.4
If the system of equations (2.14) and (2.15) is

1. estimable and
2. redundant, i.e., (m + 1 > g), with (I — i) redundant measurements

and if the rows of C are permuted so that the first (I — i) rows correspond to the
redundant measurements (y1), i.e.,

C— [Cl} and >0, (2.24)
C;

then there exists a nonsingular (g x g) matrix F such that

Ay 0
MF = 91_13_:____ (2.25)
Ca 1 Cn
and
. Ay .
rank Cy =i, rank{Ay]= rank[clu] =g—i (2.26)

. , A .
with every measurement in the system Ay = [ c::] being redundant.
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From the results of the previous theorem, we conclude that any system that is es-
timable and redundant (r > Q) admits a decomposition into its redundant (x;) and
nonredundant parts (x;). This conclusion is of paramount importance when ap-
plied within the framework of the overall estimation problem. Such a decomposition
then allows a new equivalent two-problem formulation of the general least squares
problem:

PROBLEM 1
Least squares problem:

Minimize (z; — Ajux)) Wi(z; — Ayx;) (2.27)
X
where
0
- ) 2.28
Z; ,:YI ] (2.28)
PROBLEM 2

Since the decomposition allows x; to be determined first, calculate x, using the
already known value of x; and y,.

This two-problem formulation results in a significant reduction in the size of the
original least squares problem.

EXAMPLE 2.4
If the flowrates of streams 1, 2,4, 7, and 8 are measured for the process flowsheet
of Fig. 1, the matrix M for this system can be represented as follows:

1 -1 0 0 0 0 -1 0
01 -1 0 0 0 0 I
00 00 0 -1 1 -1
00 1 1 -1 0 0 0

M=|1 0 0 0 0 0 0 0]/,
01 000 0 0 0
o0 00 0 0 1 0
00 01 0 0 0 0
00 0 0 0 0 0 1

where matrix C has been permuted so that the last two rows correspond to flowrate
measurements of streams 4 and 8. A nonsingular matrix F exists such that

hrh A f fo frfs

[1 -1 0 -1 0 0]0 0
01 -1 0 0 0{00
00 0 1 0 —1{0 0
00 1 0 -1 0{00
MF={1 0 0 0 0 0|0 0f,
0O 1 0 0 0 000
00 0 1 0 0[00
0 0 0 0 0 010
00 0 0 0 0|0 1]
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where

1 00 0000 0]
01 000O0O0 O
0 0100O0O0 1

F = 0 00O0O0O0OT1 O

100001 01 1Y}
0000010 -1
0 001 O0O0O0 O
|0 00000 O0 1 |

rank Cy, = 2, and rank [A;y] = 6. The total flowrate measurements of streams 1, 2,
and 7, which are included in the system Ay, are redundant, whereas the total flowrate
measurements of streams 4 and 8, which are contained in C,,, are nonredundant.

2.4, STRUCTURAL ANALYSIS

From a physical point of view, system parameter values are never known precisely
with the exception of zeros. They are fixed, for example, by the absence of phys-
ical connections between certain parts of a system. Also, in computing solutions,
computers work with “true zeros” and “fuzzy parameters.”

Accordingly, let us assume that the entries in the matrices A and C are either
zeros or arbitrary nonzero parameters. For nonlinear systems, their description will
be accurate in an infinitesimal region around the point of linearization. Many of the
elements of matrices A and C will vary from one linearization point to another, and
some elements will always be zero.

Because of the imprecise knowledge of nonzero system parameters, it is of inter-
est to study system properties that rely on the internal connections of the process under
study, and not on the specific numerical values of the system parameters. Among these
system properties, structural observability makes the meaning of observability (in the
usual sense) more complete from the physical point of view, because the real system
involves parameters that are only approximately determined. Indeed, structural ob-
servability is a stronger property, as can be demonstrated following the proposition
in Lin (1974).

In order to analyze estimability utilizing such ideas, we first include some notions
related to “structure.” Then we define the concepts of structural observability and the
generic rank of a matrix.

DEFINITION 2.3

® A structural matrix B is a matrix having fixed zeros in some locations and
arbitrary, independent entries in the remaining ones.

® A structured system
B
L= (D) (2.29)

is an ordered pair of structured matrices.
® The two systems L = [3]; L’ = [}] are structurally equivalent if there is a



CONCLUSIONS 19

one-to-one correspondence between the locations of their fixed zero and
nonzero entries.
® A matrix B is called admissible (with respect to B) if it can be obtained by
fixing the free parameters of B at some particular value. The symbol (~)
denotes matrices with fixed elements (matrix in the usual sense).
For example, consider

0 «x - 0 1
a0 1] 5[0 )] -

We say B is admissible with respect to B.

DEFINITION 2.4
A system

B
L= [D] (2.31)
is called structurally estimable if there exists a system L’ that satisfies the following
conditions:

1. L' is structurally equivalent to L
2. L has an admissible pair

< B’
L = [f)’] (2.32)
that is estimable in the usual sense.

It follows directly that any globally estimable system is also structurally es-
timable.

DEFINITION 2.5
The generic rank of a structured matrix B is defined to be the maximal rank that
B achieves as a function of its free parameters.

For example, the matrix

x 0
B= L x] (2.33)
has a generic rank of 2 despite the fact that one diagonal element could be zero as a
special case, resulting in a rank of 1.

The maximal rank of an (m x g) matrix having no specified structure is equal
to min (m, g). The inclusion of the structure into the problem makes it possible for
matrices to have less than full rank, independent of the values of the free parameters,
as was shown by Schields and Pearson (1976). Therefore, a structured matrix B has
full generic rank if, and only if, there exists an admissible matrix B with full rank.

2.5. CONCLUSIONS

In this chapter, similar arguments to that of dynamic observability were extended to
establish the conditions for estimability in steady-state processes when the redundancy
condition is satisfied. This concept allows decomposition of the general estimation
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problem into two smaller subproblems: the estimation of redundant measurements
and the calculation of unmeasured observable variables. Also, an easy classification
of the process variables is achieved, which is the topic of the following chapter.

The concepts of structural observability are the basic tools for developing variable
classification strategies. Some approaches presented in Chapter 3 are based on the
fact that the classification of process variables results from the topology of the system
and the placement of instruments and has nothing to do with the functional form of
the balance equations. Thus, the linearity restriction will be removed and efficient
reduction of the large-scale problem will be accomplished.

NOTATION

Jacobian matrix of the process constraints

general structural matrix

Jacobian matrix of the measurement functions

general structural matrix

matrix defined by Eq. (2.25)

number of state variables

number of nonredundant measurements

rank of M

objective function of the least square estimation technique
number of measurements

general structured system

matrix defined by Eq. (2.14)

number of process model functions

number of observable variables

redundancy

matrix defined by Eq. (2.20)

vector of state variables

new coordinates for vector X = {X; Xpr]

vector of state variables that are included in the redundant portion of the system
vector of state variables that are included in the nonredundant portion of the system
vector of expected degree of modeling errors

weighting matrix

vector defined by Eq. (2.14)

vector of measurements

¥ YL IZNT NS T MO AW R

“Ng2Fxx

Greek Symbols

&  measurement random errors
measurement model functions
¢  process model functions

hSy

Superscripts

~  admissible matrix

REFERENCES

Deutsch, R. (1973). “Estimation Theory.” Prentice-Hall, Englewood Cliffs, NJ.
Kalman, R. E. (1960). Contributions to the theory of optimal control. Bol. Soc. Matr. Mex. §, 102-119.



APPENDIX A

21

Lin, C. T. (1974). Structural controllability. IEEE Trans. Autom. Control AC-19, 201-208.

Madron, F. (1985). A new approach to the identification of gross errors in chemical engineering measure-
ments. Chem. Eng. Sci. 40, 1855-1860.

Noble, B. (1969). “Applied Lincar Algebra.” Prentice-Hall, Englewood Cliffs, NJ.

Rao, C. R. (1973). “Linear Statistical Inference and its Applications.” Wiley, New York, 1973.

Schields, R., and Pearson, I. B. (1976). Structural controllability of multiinput linear systems. [EEE Trans.
Autom. Control AC-21, 203-212.

Stanley, G., and Mah, R. S. H. (1981a). Observability and redundancy in process data estimation. Chem.
Eng. Sci. 36, 259-272.

Stanley, G., and Mah, R. S. H. (1981b). Observability and redundancy classification in process networks—
Theorems and algorithms. Chem. Eng. Sci. 36, 1941-1954.

APPENDIX A

Some Results on Matrix Algebra

The utility of matrices in the applied sciences is, in many cases, connected with the
fact that they provide a convenient method for the formulation of physical problems
in terms of a set of equations. It is therefore important to become familiar with the
manipulation of the equations, or equivalently with the manipulation of rows and
columns of the corresponding matrix. First, we will be concerned with some basic
tools such as column-echelon form and elementary matrices. Let us introduce some
definitions (Noble, 1969).

DEFINITION A.1
A matrix is said to be in column echelon normal form if:

1. Certainrows numbered ¢y, ¢, . . ., ¢; are precisely the unit vectors ey, ey, . . .,
e, where e; is defined to be the (1 x m) row vector whose ith element is unity with
all the other elements being zero.

2.0 <y <0 <.

3. If arow lies above ¢y, then it is a row of zeros. If the cth row lies between the
rows numbered ¢; and c¢;, 1, the last (m — i) elements of the cth row must be zero. If
the cth row lies below the row numbered ¢y, then the last (¢ — k) elements of the cth
row must be zero.

Note that this definition implies the following:

1. The last (m — k) columns of a column-echelon form are zero. The first £
columns of the column echelon form are nonzero.

2. The upper triangle of elements in the (i, j)th positions where j > i are all
Zero.

3. The first nonzero element in each column is 1. The first ¢;_; elements of the
ith column are zero. The cth element of the ith column is zero for i # k.

Although there is a considerable degree of freedom in the secquence of calculations,
when reducing a matrix to a column-echelon form, this is unique and the rank of the
matrix is equal to the number of nonzero columns in the column echelon.

DEFINITION A.2
Any matrix E obtained by performing a single elementary operation on the unit
matrix I is known as an elementary matrix.
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For example, Eq is the elementary matrix obtained by interchanging the pth and
the gth rows of L. It can be shown that the elementary matrices possess inverses, and
these are also elementary matrices. Now we are in position to recall the following
matrix theorem (Noble, 1969).

THEOREM A.1
If G is an (m x g) matrix of rank k and Ug denotes the column-echelon form
of G, then a nonsingular matrix Eg exists such that

1. GEg = Ug and G = UGEg', where Eg and Eg;' are products of elementary
matrices
2. A nonsingular matrix can be expressed as a product of elementary matrices

Proof

The column-echelon form of G is obtained by performing a sequence of elemen-
tary column operations on this matrix. This means that we can find a sequence of
elementary matrices E,E;_ ... E; corresponding to the elementary column opera-
tions, such that

GE,E, ;... E; = Ug, (A2.1)

where the elementary matrices are nonsingular. If we multiply through by E;/ ! E;_ll e
El_1 in succession, we obtain

G=UGE,'E,! .. . E[". (A22)

If we denote E E;_; ... E| = Eg, these results give (1).
Also, (2) follows immediately since the column-echelon form of a nonsingular
matrix is the unit matrix. ]

Proof of Theorem 2.3
The proof of this theorem follows readily from Theorem A.1, since by definition

Then M is an (m + [ x g) matrix, and by the hypothesis, the rank of M = j. Thus,
matrix M verifies the conditions of Theorem A.1; therefore, there exists a nonsingular
Ey such that

MEy = Uy, (A2.3)

where Uy, is the column-echelon form of M. Since by definition (1) the last (g — j)
columns of the column-echelon form are zero and the first j columns are nonzero, and
(2) the rank of M equals the number of nonzero columns in the column-echelon, that is,

Uy =[U; 0], (A2.4)
then by defining Ey = T and My = Uy, we have
MT =My 0], (A2.5)
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or similarly,

A Ay 0
[C:lT— [CU 0:! (A2.6)
J og—J
That is, Ay and Cy have columns and rank [¢&)] = /. n

Proof of Theorem 2.4
Since the system is estimable, then

rankM=g or rank[é}:g.

Let us partition the matrix M in the following manner:

A

M [

J, where A = [é} (A2.7)

and A isa(m +1[ —i x g) matrix of rank (g — i). Thus, from the previous theorem,
there exists a nonsingular matrix F, such that

AlF=[Ay 0] m+I[—-i (A2.8)
g—1i I

Partitioning matrix C; accordingly, that is,

Cy =[Cu Cnl, (A2.9)
g—1i i
we have, finally,
Ay 0
rank MF =rank | C,y 0 |. (A2.10)
Cy Cx

Since MF is of full rank g, there is no dependent column and

rank[Cx] =i, (A2.11)

and since
rank[|Cy; Cyxp] =1, (A2.12)

we have
rank[é‘ﬂ =g—i. (A2.13)

Also, since each measurement corresponding to y; was redundant for the original
system, each row of C; was linearly dependent on some other rows of [¢]. But,
any row in C; must be linearly independent of any row in C,; otherwise y, would
be redundant. Hence, any row in C; is dependent on the other rows in [é‘l] The
dependency is unchanged by the transformation F; thus, y; is also redundant in the
system [&V].  m
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B CLASSIFICATION OF
THE PROCESS VARIABLES
FOR CHEMICAL PLANTS

In this chapter, the mathematical formulation of the variable classification problem is
stated and some structural properties are discussed in terms of graphical techniques.
Different strategies are available for carrying out process-variable classification. Both
graph-oriented approaches and matrix-based techniques are briefly analyzed in the
context of their usefulness for performing variable categorization. The use of output
set assignment procedures for variable classification is described and illustrated.

3.1. INTRODUCTION

Steady-state process variables are related by mass and energy conservation laws. Al-
though, for reasons of cost, convenience, or technical feasibility, not every variable is
measured, some of them can be estimated using other measurements through balance
calculations. Unmeasured variable estimation depends on the structure of the process
flowsheet and on the instrument placement. Typically, there is an incomplete set of in-
struments; thus, unmeasured variables are divided into determinable or estimable and
indeterminable or inestimable. An unmeasured variable is determinable, or estimable,
if its value can be calculated using measurements. Measurements are classified into
redundant and nonredundant. A measurement is redundant if it remains determinable
when the observation is deleted.

Because of the complexity of integrated processes and the large volume of avail-
able data in highly automated plants, classification algorithms are increasingly used
nowadays. They are applied to the design of monitoring systems and to reduce the
dimension of the data reconciliation problem.

25
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Variable classification is the essential tool for the design or revamp of monitoring
systems. After fixing the degree of required knowledge of the process, that is to say,
the subset of variables that must be known, this technique is repeated until the selected
set of instruments allows us to obtain the desired information about the process. There
is a great economic incentive for robust classification because a deficient procedure
will require the installation of extra instrumentation.

For measurement adjustment, a constrained optimization problem with model
equations as constraints is resolved at a fixed interval. In this context, variable clas-
sification is applied to reduce the set of constraints, by eliminating the unmeasured
variables and the nonredundant measurements. The dimensional reduction of the set
of constraints allows an easier and quicker mathematical resolution of the problem.

The idea of process variable classification was presented by Vaclavek (1969) with
the purpose of reducing the size of the reconciliation problem for linear balances. In a
later work Vaclavek and Loucka (1976) covered the case of multicomponent balances
(bilinear systems).

A similar approach was undertaken by Mah et al. (1976) in their attempt to
organize the analysis of process data and to systematize the estimation and measure-
ment correction problem. In this work, a simple graph-theoretic procedure for single
component flow networks was developed. They then extended their treatment to mul-
ticomponent flow networks (Kretsovalis and Mah, 1987), and to generalized process
networks, including bilinear energy balances and chemical reactions (Kretsovalis and
Mah, 1988a,b).

Romagnoli and Stephanopoulos (1980) proposed an equation-oriented approach.
Solvability of the nodal equations was examined and an output set assignment algo-
rithm (Stadtherr et al., 1974) was employed to simultaneously classify measured and
unmeasured variables. These ideas were modified to take into account special situa-
tions and a computer implementation (PLADAT) was done by Sénchez ef al. (1992).

An elegant classification strategy using projection matrices was proposed by
Crowe et al. (1983) for linear systems and extended later (Crowe, 1986, 1989) to
bilinear ones. Crowe suggested a useful method for decoupling the measured variables
from the constraint equations, using a projection matrix to eliminate the unmeasured
process variables.

Joris and Kalitventzeff (1987) proposed a classification procedure for nonlinear
systems, which is based on row and column permutation of the occurrence matrix
corresponding to the Jacobian matrix of the linearized model.

Another procedure for variable classification was presented by Madron (1992).
The categorization is performed by converting the matrix associated with the linear
or linearized model equations to its canonical form.

In this chapter the classification of measurements and unmeasured variables
of chemical processes is discussed. After the statement of the problem, variable
categorization is posed in terms of a structural analysis of the flowsheet. Then graph-
and matrix-based strategies are briefly described and discussed. Illustratives examples
of application are included.

3.2. MODELING ASPECTS

Let us consider a process containing K units denoted by ¥k = 1,..., K, and J
oriented streams j = 1, ..., J, with C components ¢ = 1, ..., C. Plant topology is
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represented by the incidence matrix L, with rows corresponding to units and columns
to streams. Then

Lj =1  if stream j enters node k
L = —1 if stream j leaves node &

Lix=0 otherwise

The balance constraints for a process unit without chemical reactions and heat transfer
can be expressed as follows.

Total mass balances:

> Lixfi=0. (3.1)
J
Component mass balances:
> LixfiMc;=0. (3.2)
J
Enthalpy balances:
> Liwfih; =0. (3.3)
J
Normalization equations:
S fiMe; - £ =0, (3.4)

where f; is the total flow of stream j, M, ; is the mass fraction of component ¢ in
stream j, and k; represents the specific enthalpy of stream j.

In Appendix 3-A the balance equations for the most common chemical process
units are set out.

In general, the model of a plant operating under steady-state conditions is made
up of a system of nonlinear algebraic equations of the form

px,u) =0, ¢eR”, 3.5

where ¢ is a nonlinear vector-valued function, and x and u are the vectors of measured
and unmeasured process variables, respectively. For linear mass balances, Eq. (3.5)
becomes

Ax+Au=0 xeR, uveR", (3.6)

where Ay, and A, are compatible matrices of dimension (m x g) and (m x n),
respectively.

If the state of the system is directly measured, then the measurement model is
represented by

y=x+¢. 3.7

In this case the Jacobian matrix of the measurements functions C is equal to the
identity matrix, and the vector of random measurement errors is

E=y—x. (3.8)
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It should be noted here that this formulation of the problem is totally equivalent to
that of previous chapter, since the data reconciliation problem is only a special case
of the general estimation problem, where we directly measure the process variables.

3.3. CLASSIFICATION OF PROCESS VARIABLES

The unmeasured process variables can be classified into determinable and indeter-
minable (Fig. 1).

DETERMINABLE
An unmeasured variable, belonging to the subset u, is determinable if it can be
evaluated from the available measurements using the balance equations.

INDETERMINABLE
An unmeasured variable, belonging to the subset u, is indeterminable if it cannot
be evaluated from the available measurements using the balance equations.

Similarly, some of the elements of vector x of measured variables can be classified
into redundant and non-redundant measured process variables (Fig. 2).

- Determinable

Unmeasured
Variables (u)

Indeterminable

- FIGURE | Classification of the unmeasured process variables.

- Redundant

Measured
Variables (x)

Just Measured

- FIGURE 2 Classification of the measured process variables.
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REDUNDANT

A measured process variable, belonging to subset x, is called redundant (over-
determined) if it can also be computed from the balance equations and the rest of the
measured variables.

NONREDUNDANT

A measured process variable, belonging to subset x, is called nonredundant (just-
measured) if it cannot be computed from the balance equations and the rest of the
measured variables.

Based on the preceding formulation, the following problems can be defined:

1. Classify the unmeasured variables

2. Define the subset of redundant equations to be used for the adjustment of
measurements

3. Classify the measured variables

In the following sections, the basic tools for the structural evaluation of the
process equations are briefly discussed. They allow us to systematically analyze the
topological structure of the balance equations and to solve the three problems defined
carlier.

3.4. ANALYSIS OF THE PROCESS TOPOLOGY

In the previous section we showed that process variables could be divided into vectors
x and u, corresponding to measured and unmeasured variables, respectively. Accord-
ingly, linear systems of balance equations can be represented in terms of compatible
matrices A, and A, by Eq. (3.6).

We use a linear system for simplicity, but it is not restrictive, since A; and A,
may arise from the linearization of the nonlinear balances. This suggests a structural
representation of the system where matrices A; and A, consist of some elements that
are generally nonzero and others that are always zero.

The system matrices A; and A, describe the structural topology of streams and
units in terms of variables and equations. We can associate a graph with the system,
which shows the mutual influences of the variables in a more pictorial way.

DEFINITION 3.1 (SIGNAL FLOW GRAPH)

Let the nodes of the graph represent process variables and the edges the rela-
tionships (balance equations) between them. There is a directed edge from node a to
node /, if a belongs to the interval of i, i.e., if we need a to evaluate i.

EXAMPLE 3.1

Let us take the trivial example in Fig. 3 to show the signal flow graph concept. In
this example, the flowrates of streams 1, 2, and 4 are considered measured. Performing
a total mass balance around each unit and according to Eq. (3.1)

h+hHh-f=0
L+ fa—fs=0
s+ fe—fi=0
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LU,

2 | 3 e

Measured mass flowrate
------ Unmeasured mass flowrate

FIGURE 3 The flowsheet diagram for a simple serial system (from Romagnoli and Stephanopoulos,
1980).

We have three equations, one for each unit. Solving these equations with respect
to the variables f3, fs, and fy results in the associated signal flow graph shown in
Figure 4.

In the previous chapter we have defined the generic rank as a property of structural
matrices. Let us now introduce some new concepts in connection with structural
systems and their associated graphs.

DEFINITION 3.2 (NONACCESSIBILITY)

We define a node i to be nonaccessible from node a if there is no possibility of
reaching node i by starting from node a (which corresponds to a measured variable)
and going to node i in the direction of the arrows, along a path in the signal graph.

DEFINITION 3.3 (DETERMINABILITY)
We define a node i as determinable if any path going to node i always starts in a
measured node.

EXAMPLE 3.2
Consider the system used in Example 3.1. Applying the definition of accessibility:

® Nodes 3, 5, and 6 are accessible
® Node 7 is nonaccessible

Also, from the concept of determinability:

® Nodes 3 and 5 are determinable
® Nodes 6 and 7 are nondeterminable

- FIGURE 4 The signal flow graph for the system in Figure 3 (from Romagnoli and Stephanopoulos,

1980).
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Consequently, f3 and fs are determinable, unmeasured process variables and fg
and f; are indeterminable.

By a natural extension of the concepts developed in the previous chapter (struc-
tural estimability), if the generic rank of the composite matrix (A;; A;) is not less than
n (n: number of unmeasured variables), then the system does not include structural
singularities. Furthermore, if all the unmeasured nodes are determinable, then there
are no isolated variables, which cannot be computed from the balance equations.

Consequently, the following can be stated. The structural pair (A;; A;) is com-
pletely solvable with respect to the unmeasured variables, if the following two con-
ditions are satisfied:

® The generic rank of the composite matrix (A;; A;) is not less than n
e Each of the unmeasured nodes is accessible.

These two conditions stated for determinability correspond to those for the existence
of an output set, given by Steward (1962). The first condition warrants that the number
of equations is at least equal to the number of unmeasured variables, while the second
condition of accessibility takes into account the existence of a subset of equations
containing fewer variables than equations. We have shown that if either of the above
two conditions is not satisfied, the structural pair (A|; A;) admits a decomposition
analogous to that given in the previous section. Thus the same results are still valid
when only the structural aspects are considered. A graphical interpretation of these
two conditions is instructive.

EXAMPLE 3.3
Let us consider A; and A; for the system of Example 3.1:

00 0
A=

o O =
OO =

0
X |, A2=
0

O = o=
= o=
= O
= O

The generic rank of (A;;Aj) is 3 and the number of unmeasured process variables
n = 4, so the system exhibits generic rank deficiency. The signal flow graph is given
in Fig. 4.

Let us now consider the case where stream 3 is also measured. For this new
situation we have

A =

o o=
c o
o % o=
% % O
% oo
oo

0
X |, Ag:
0

Now, the generic rank of (A;j;A;) is equal to the number of unmeasured process
variable and the system does not exhibit generic rank deficiency. However, from the
corresponding signal graph of Fig. 5, we can see that node 7 is nonaccessible.

On the other hand, when stream 6 is considered measured instead of stream 3,
all of the unmeasured nodes are accessible and the generic rank is equal to 3.

This example is particularly instructive, especially for the case shown in Fig. 5,
since in this case we have no generic rank deficiency but one node is nonaccessible.
In such cases we will have overmeasured process variables. This can be seen from
Fig. 5, where variable f, is measured but can also be computed from the balance
around unit 1. Note that Equation 1 could also be assigned to solve for variables



32 CHAPTER 3 CLASSIFICATION OF THE PROCESS VARIABLES FOR CHEMICAL PLANTS

- FIGURE 5 Signal flow graph for Example 3.3 under new measurement structure (from Romagnoli
and Stephanopoulos, 1980).

fi1 or fi. Consequently, in this example the process variables fi, f, and f; are
overmeasured or redundant.

3.5. DIFFERENT APPROACHES FOR SOLVING THE CLASSIFICATION PROBLEM

During the past three decades, several strategies have been formulated for performing
process variable classification. These strategies may be divided into two major groups.
One group applies the concepts of graph theory to achieve the categorization; the other
makes use of matrix ordering techniques and computations. In this section the main
features of both approaches are briefly presented and some aspects relating to their
ranges of application are discussed.

3.5.1. Graph-Oriented Techniques

Given the process topology, an unoriented graph is built where nodes correspond to
units and arcs represent process streams. The process graph contains an environment
node from which the process receives feeds, and to which it supplies products.

The main contributions to the development of graph-oriented techniques are due
to the following authors.

Vaclavek

Vaclavek (1969) first defined the concepts of observability and redundancy. He
formulated two rules for achieving variable categorization for linear plant models:

1. Aggregate two nodes connected with an unmeasured stream. The resulting
Reduced Balance Scheme contains only redundant measurements;

2. Delete all measured streams and search for cycles on the reduced graph. The
cycles in the resulting graph represent indeterminable flows.

Vaclavek and Loucka (1976) extended the approach to multicomponent processes
with the assumption that, for any stream, either all or none of the mass fractions are
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measured. Chemical reactions are taken into account by adding fictitious streams to
the graph. Splitter units are not considered in his formulation.

Mah and Co-workers

These workers have presented a comprehensive theory and algorithms for the
design of measured and unmeasured variable classification. For single-component
process networks (mass balances only), Mah et al. (1976) derived a simple classifica-
tion procedure based on graph theory. In a later work (Kretsovalis and Mah, 1987) they
described the categorization of variables for multicomponent flow networks without
assumptions in the location of the sensors. Chemical reactions and splitters were not
taken into account. Kretsovalis and Mah (1988a,b) extended their treatment to include
reactors, splitters, and units where pure energy flows take place. The following stream
variables were accounted for in their analysis: mass flows, mass fractions, component
and energy flows, and temperatures. The set of measurements is restricted to mass
flows, mass fractions, and temperatures. It was also assumed that there is a one-to-one
correspondence between temperature and enthalpy per unit mass.

The technique requires an extensive analysis of the process graph and its derived
subgraphs (16 4+ number of components). They are tested against a set of 19 theorems
on observability and redundancy. These subgraphs are updated during the execution
of the procedure. The classification of unmeasured variables is accomplished using
rules derived only from graph theory and matrix algebra.

Meyer et al.

The authors (Meyer et al., 1993) introduced a variant method derived from
Kretsovalis and Mah (1987) that allows chemical reactions and splitters to be treated.
It leads to a decrease in the size of the data reconciliation problem as well as a
partitioning of the equations for unmeasured variable classification.

3.5.2. Equation-Oriented Approaches

Given the topology of the process and a measurement set, these strategies generate
the system of model equations for the plant first. Different kinds of rearrangements
and calculations, involving matrixes and nonlinear equations, are then performed to
classify process variables. The main contributions to this line of work are considered
in the following paragraphs.

Romagnoli and Stephanopoulos

Romagnoli and Stephanopoulos (1980) proposed a classification procedure based
on the application of an output set assignment algorithm to the occurrence submatrix
of unmeasured variables, associated with linear or nonlinear model equations. An
assigned unmeasured variable is classified as determinable, after checking that its
calculation may be possible through the resolution of the corresponding equation or
subset of equations.

A set of redundant equations is constructed using unassigned equations without
indeterminable variables and specific balance equations around disjoint systems of
units. The measurements involved in this set are classified as redundant.
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The procedure was originally applied to variable classification for bilinear sys-
tems of equations. In the case of multicomponent balances, it was considered that the
composition of a stream is either completely measured, or not measured at all.

A more detailed description of an update strategy based on the use of output set
assignments will be presented in the next main section.

Crowe

For linear plant models Crowe et al. (1983) used a projection matrix to obtain
a reduced system of equations that allows the classification of measured variables.
They identified the unmeasured variables by column reduction of the submatrix cor-
responding to these variables.

Crowe (1986) extended this methodology to the classification of variables in-
volved in bilinear component balances. The model is modified to linear form using a
knowledge of process topology, instrument locality, and a set of measurements that
must be consistent with process constraints. Then Crowe (1989) proposed a variable
classification algorithm based on a set of lemmas. In this formulation, bilinear energy
balances are included in the model equations, assuming there is a one-to-one corre-
spondence between temperature and enthalpy per unit mass. The procedure allows the
inclusion of arbitrary placement of measurements, chemical reactions, flow splitters,
and pure energy flows.

The strategies developed by Crowe are described further in the next chapter,
where other matrix computations for variable classification are analyzed.

Joris and Kalitventzeff

The procedure developed by Joris and Kalitventzeff (1987) aims to classify the
variables and measurements involved in any type of plant model. The system of equa-
tions that represents plant operation involves state variables (temperature, pressure,
partial molar flowrates of components, extents of reactions), measurements, and link
variables (those that relate certain measurements to state variables). This system is
made up of material and energy balances, liquid—vapor equilibrium relationships,
pressure equality equations, link equations, etc.

The classification of unmeasured variables and measurements is accomplished by
permuting rows and columns of the occurrence matrix corresponding to the Jacobian
matrix of the model equations.

In most cases, the structural procedure is able to determine whether the measure-
ments can be corrected and whether they enable the computation of all of the state
variables of the process. In some configurations this technique, used alone, fails in the
detection of indeterminable variables. This situation arises when the Jacobian matrix
used for the resolution is singular.

Madron

The classification procedure developed by Madron is based on the conversion,
into the canonical form, of the matrix associated with the linear or linearized plant
model equations. First a composed matrix, involving unmeasured and measured vari-
ables and a vector of constants, is formed. Then a Gauss—Jordan elimination, used for
pivoting the columns belonging to the unmeasured quantities, is accomplished. In the
next phase, the procedure applies the elimination to a resulting submatrix which con-
tains measured variables. By rearranging the rows and columns of the macro-matrix,
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the final canonical form is obtained, which allows the classification of both types
of variables. Initial estimates for all variables should be supplied by the user. This
strategy is extensively described in the monograph by Madron (1992).

3.6. USE OF OUTPUT SET ASSIGNMENTS FOR VARIABLE CLASSIFICATION

Generally, a chemical plant is composed of several units with several streams and com-
ponents. The set of material and energy balances constitutes a set of linear/nonlinear
equations, which can be represented by an undirected graph. However, when the num-
ber of units and streams is large, the graphical representation becomes cumbersome.
An alternative representation of the topological structure of the balances in a chemical
process is achieved using the occurrence matrix.

DEFINITION 3.4 (OCCURRENCE MATRIX)

The rows of the occurrence matrix correspond to the balance equations and the
columns to the process variables, both measured and unmeasured. An element of the
matrix O;; is a Boolean 1 or 0, that is,

0 1 if variable j appears in equation i
Y70 otherwise
To classify the variables, one must first establish what information each equation
is to supply, that is, to obtain an output set assignment for the balance equations.

DEFINITION 3.5 (OUTPUT SET ASSIGNMENT)

The output set assignment assigns to any unmeasured process variable one equa-
tion, or to two or more variables the same number of equations. This is equivalent to
transforming the original undirected graph to a directed one.

EXAMPLE 3.4

Consider again the system used in the previous examples. For f, f>, and f4
measured, the corresponding occurrence matrix is given in Table 1. The following
assignments can be done:

® Assign Equation 1 to f;
® Assign Equation 2 to fs

Equation 3 cannot be assigned, because it contains two unmeasured process
variables. Since f3 and f5 can be calculated from the available information, they
are unmeasured but determinable variables. On the other hand, fs and f7 cannot be
calculated from the available information; thus, they are indeterminable.

Bl TABLE | Occurrence Matrix for Example 3.4

f fs fe fr fi fa fa

Equation 1 1 1 1
Equation 2 1
Equation 3 1 1 1

—
—_
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Il TABLE 2 New Occurrence Matrix for Example 3.4

fs fe fr s fi 1) fa
Equation 1 1 1 1
Equation 2 1 1 1
Equation 3 1 1 1

Now, letus consider the case where f3 is measured. The corresponding occurrence
matrix is in Table 2.

In this case we assign Equation 2 to f5 (determinable), leaving two unassigned
equations, 1 and 3. Variables fs and f; are still not determinable, but now Equation 1 is
not assigned and contains only measured variables; thus, this is a redundant equation
and the associated variables are also redundant or overmeasured.

Finally, let us consider fs measured instead of f3. The new occurrence matrix
is in Table 3. Now, we can assign all the equations by assigning Equations 1, 2, and
3 to f3, f5, and f7, respectively. In this case, all the unmeasured process variables
are determinable from the available information; however, there are no redundant
measured variables.

The output set assignment is not unique; however, this does not affect the result of
the classification. As Steward (1962) has shown, if there is no structural singularity, the
determinable unmeasured variables are always assigned independently of the obtained
output set assignment. The classification of the unmeasured variables allows us to
define the sequence of calculation for these variables. That is, expressions are obtained
to solve them as functions of the measurements. The expressions are also used in the
classification of the measured variables and in the formulation of the reconciliation
equations. After the reconciliation procedure is applied to the measurements, these
equations are used to find an estimate of the unmeasured determinable variables in
terms of the reconciled measurements.

After the classification of the unmeasured variables is completed, we need to
classify the measured ones. First, the set of equations is divided into two groups:

1. Assigned equations
2. Unassigned equations

The latter can be further divided into three groups:

® Equations that contain only measured variables (NA1)

TABLE 3 New Occurrence Matrix for Example 3.4

fs fr 3 fe fi f fa
Equation 1 1 1 1
Equation 2 1 1 1

Equation 3 1 1 1
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® Equations that contain measured and unmeasured determinable variables (NVA2)
® Equations that contain unmeasured indeterminable variables (NA3)

The unmeasured determinable variables in set NA2 are then substituted by their
corresponding expressions as function of the measured variables and set NA2' is
obtained. After this is accomplished, sets NAJ and NA2’ contain only measured vari-
ables, which are then redundant. The corresponding equations constitute the set of
constraints in the reconciliation problem.

3.6.1. Balances Around a Set of Units

When the balance equations are formulated around individual units only, it is possible
that the classification by output set assignment may not be satisfactory. Some variables
classified as indeterminable may actually be determinable if we consider additional
balances around groups of units. An erroneous measurement classification is also
possible. The problem is in the system of equations used in the classification rather
than in the assignment method. The most common problem arises because of the
presence of parallel streams between two units.

In order to analyze the existence of parallel streams, let us consider the case shown
in Fig. 6 when total mass balances are included in the set of process constraints. The
flowrate of stream 1 is assumed to be measured. By performing a material balance
around each unit we have

Hh+fa—f=0

L= fa—fr=0.
According to the output set assignment approach, flowrates f>, f3, and f; are indeter-
minable from this set of equations. However, if one of these equations is substituted
by a balance around units 1 and 2, the result is different. In this case the set of balances
is given by

Hitfa— =0

h—-f=0->f
Now flowrate f3 is determinable since it can be assigned to one of the equations that
contains only measured variables.

A similar situation arises for measurement categorization when f) and f3 are
measured. Although f, and f1 constitute an output set assignment for the individual

4

- FIGURE 6 Flow diagram for parallel streams.
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Il FIGURE 7 Flow diagram for Example 3.5 (adapted from Kretsovalis and Mah, 1987).

mass balances, there is a structural singularity in the unmeasured variable occur-
rence submatrix. Consequently, unmeasured and measured flowrates are classified as
nondeterminable and nonredundant, respectively. The categorization of observations
is erroneous since the mass balance around units 1 and 2 contains only measured
variables, so they are redundant.

To avoid these situations, we need to check for the presence of parallel streams in
the flow diagram of the process. When this is the case, one of the individual balances
is substituted by a combined balance around the units involved.

EXAMPLE 3.5

Consider the flow diagram in Fig. 7 (Krestovalis and Mah, 1987), with 6 units
and 13 streams. All the streams have three components and we have considered
total and component balances around the units. There is no limit to the number
of compositions measured in each stream; thus, normalization equations are also
included in the classification. Additional information regarding the status of each
variable is given in Table 4.

First, balances around the individual units were considered, indicated as b2, b3,
b4, b5, b6, and b7. With this set of equations, only four variables are classified as
determinable from the unmeasured process variables. They are fa, fa, My, M3. It

B TABLE 4 Measured Variables
for Example 3.5

Measurement Stream

Flowrate (f;) 135679
Molar fraction 1 (M1, ;) 136912
Molar fraction 2 (M, ;) 267912

Molar fraction 3 (M3 ;) 46891012
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Bl TABLE5 Unmeasured Variable Classification for Example 3.5

Classification Flowrates Molar fractions

Determinable f2 fa f3 f10 M2 M7 Ma3 M3 M3z M3 7 My M3y
Mz s M3 13

Nondeterminable fiz fiz M4 Magq My s My s My g Mag My 10 M210

M1 Ma 1 My 13 Ma 13 M3 13

is evident that the presence of parallel streams and the use of balances for individual
units does not allow a correct classification.

However, analyzing the flow diagram we can see that units 3 and 4 are connected
by parallel streams; thus, the balance around unit 4 (b4) is substituted by a balance
around unit 3 and 4 (b(3 + 4)). The new balances are now

b2, b3, b(3 4+ 4), b5, b6, b7.
In the same way b7 is substituted by b(6 + 7), leaving
b2, b3, b(3 + 4), b5, b6, b(6 +- 7).

By obtaining the output set assignment on the previous set of balances we can classify
the unmeasured process variables as determinable or nondeterminable. The resuits
are given in Table 5; this classification is coincident with those from other works cited
in the literature.

3.7. THE SOLUTION OF SPECIAL PROBLEMS

Once the process variables have been classified, a great deal of information about the
process topology is also available. The question now is how to use the classification
and this information to attack other problems. In a real process we will have different
kind of problems to solve and the goals will vary from one process to another. Among
the possible situations that may be encountered are the following:

1. Using a classification algorithm we can determine the measured variables
that are overmeasured, that is, the measurements that may also be obtained from
mathematical relationships using other measured variables. In certain cases we are not
interested in all of them, but rather in some that for some reason (control, optimization,
reliability) are required to be known with good accuracy. On the other hand, there
are unmeasured variables that are also required and whose intervals are composed of
over measured parameters. Then we can state the following problem: Select the set of
measured variables that are to be corrected in order to improve the accuracy of the
required measured and unmeasured process variables.

2. Consider a system that after the classification has all the unmeasured variables
determinable. Suppose also that the system under study has some overmeasured
variables. Then we want to select which of the overmeasured variables need not
be measured, while preserving the condition of determinability for the unmeasured
variables. That is, we want to minimize the number of measurements in such a way
that all the unmeasured variables are determinable. This problem can be stated as
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follows: Select the minimum number of measurements so that all the unmeasured
variables are determinable.

3. In some cases, we do not want all the variables to be determinable: only those
that are required. Consequently, we must identify which of the measurable variables
have to be measured. Let p be the set of variables that for various reasons should
be known correctly; p may be composed of measured and unmeasured variables.
Sometimes we are not interested in the whole system being determinable, so we
want to select which of the process variables have to be measured to have complete
determinability of the variables in set p. This problem can be stated as follows: Select
the necessary measurements for the subset of required variables to be determinable.

3.8. A COMPLETE CLASSIFICATION EXAMPLE

In this section an example, taken from Kretsovalis and Mah (1988b), is given to
illustrate how the output set assignment strategy combined with the use of symbolic
mathematics can be successfully used to classify measured and unmeasured variables.
The process flowsheet for this example (Example 3.6) is given in Fig. 8. There are
five components involved in the process streams. The sixth component corresponds
to the refrigerant fluid (streams 10 and 11). Component 5 is not present in stream 1.
The process units are a mixer (MX), a reactor (RX) where two exothermic reactions
take place, a divisor (DIV), a separator (SEP), and three heat exchangers (HX1,
HX2, and HX3). The following two reactions can be formulated using the available
information:

Reaction 1: sllcl + s§C3 — sj04 + S516‘5
Reaction 2:  s2c; + s2cs — s?cy + s3cs

It is assumed that enthalpy is a function of temperature only. Measurements for
this process are included in Table 6.

In order to classify measurements and unmeasured variables for the process
flowsheet in Fig. 8, the following tasks are performed:

1. Analysis of the process flowsheet to identify the presence of parallel streams.
2. Formulation of balances and normalization equations for each type of unit

HX2

- FIGURE 8 Process flowsheet for Example 3.6 (adapted from Kretsovalis and Mah, 1988b).
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Il TABLE 6 Measurements for Example 3.6

Measurement Stream Measurement Stream
Total flowrate 124810 Mass fraction 4 2489

Mass fraction 1 17 Mass fraction S 3589

Mass fraction 2 13579 Temperature 14678910

Mass fraction 3 78 — —

Il TABLE 7 Measured Variable Classification for Example 3.6°

Streams
Mass Mass Mass Mass Mass
Category Flowrate fraction| fraction2 fraction3 fraction4 fraction5 Temperature
R 1248 7 13579 78 2489 3589 1467
NR 10 1 — — — — 8910

4R, redundant measurement; NR, nonredundant measurement.

or for clusters of units. The set of equations used for classification is presented in
Appendix 3-B.

3. Application of output set assignment algorithms to classify the unmeasured
variables. For the process under study, the type and placement of instruments is such
that all unmeasured variables are determinable.

4. Formulation of expressions for the unmeasured variables in terms of the mea-
sured ones (see Appendix 3-B), using the sequence of calculations that is obtained as
a by-product of the assignment procedure.

5. Categorization of nonassigned equations into types NAI, NA2, and NA3.

6. Substitution of the determinable unmeasured variables in NA2 by the corre-
sponding expressions in terms of measurements to obtain the set NA2'.

7. Classification of the measured variables included in NAZ and NA2' as redun-
dant. The other measurements are categorised as nonredundant. Measured variable
classification results for this example are in Table 7.

8. Analysis of the set of equations (NA/ 4+ NA2’) to eliminate dependencies.

3.9. FORMULATION OF A REDUCED RECONCILIATION PROBLEM

Let us consider the system of linear balance equations described by Eq. (3.8). In
the presence of measurement errors the balance equations are not satisfied exactly,
and any general data reconciliation procedure must solve the following least squares
problem:

Minimize (y — x)T W(y — x)

3.9
S.t. Ax+Au=0, (3:9)

where W is a weighting matrix.
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In the previous sections the structural topology of the balance equations was
exploited to classify the operational variables into four categories. Accordingly, we
can define

x;: set of over measured (redundant) variables
X;: set of just determined measurements

u;: set of unmeasured determinable variables
u: set of unmeasured indeterminable variables

In the same way, the system matrices A; and A, are also partitioned into the
following matrices: Aj; and Ay, from A, and Ay; and Ay; from A,. Following this
partitioning, the balance equations can now be written

Anx) +Anx +Ayu + Apuy =0. (3.10)

If Ay # 0,the system possesses unmeasured variables that cannot be determined from
the available information (measurements and equations). In such cases the system is
indeterminable and additional information is needed. This can be provided by addi-
tional balances that may be overlooked, or by making additional measurements (plac-
ing a measurement device to an unmeasured process variable). Also, from the classifi-
cation strategy we can identify those equations that contain only measured variables,
i.e., the redundant equations. Thus, we can define the reduced subsystem of equations

Apx; =0, (3.11)

where Ay is the corresponding system matrix of the redundant subsystem and x; be-
longs to the subset of overmeasured process variables. Similar arguments can be ex-
tended to nonlinear systems, which arise from component and energy balances, since
the classification algorithm depends on the structural characteristics of the balances.

The constrained least squares problem for the overall plant can now be replaced
by the equivalent two-problem formulation.

PROBLEM 1

Least squares estimation of redundant measurements:
Minimize (y; — x;)TW(y; — x
(Y1 —x1) Wy —x1) (3.12)
S.t. Agix; =0

The solution of this problem is given by

N - - -1

% =y — WAL (A WA ™ Aoy (3.13)
and is discussed in Chapter 5.

PROBLEM 2
Calculate u; using our knowledge of y;, y2, and the balance equations.

3.10. CONCLUSIONS

This chapter has shown that the analysis of the topological structure of the balance
equations allows classification of the measured and unmeasured process variables,
finally leading to system decomposition.

Various strategies are available for performing process variable classification.
These have been briefly presented. Their application for different types of plant model
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(linear, bilinear, nonlinear) and the sets of process variables concerned with them are
also discussed.

Furthermore, a variable classification strategy based on an output set assign-
ment algorithm and the symbolic manipulation of process constraints is discussed.
It manages any set of unmeasured variables and measurements, such as flowrates,
compositions, temperatures, pure energy flows, specific enthalpies, and extents of
reaction. Although it behaves successfully for any relationship between variables, it
is well suited to nonlinear systems, which are the most common in process industries.

NOTATION
a graph node index
Ay submatrix corresponding to measured variables for linear model equations
A submatrix corresponding to unmeasured variables for linear model equations
Ao redundant subsystem of equations
c index of components
C number of components
fi total mass flowrate of stream j
g number of measured variables
hj specific enthalpy of stream j
i graph node index
j index of streams
J number of streams
k index of units
K number of units
L incidence matrix
m number of process model functions
M. ;  mass fraction of component ¢ in stream j
n number of unmeasured variables
NAIl  nonassigned equations with only measured variables

NA2  nonassigned equations with measured and unmeasured determinable variables
NA3  nonassigned equations with unmeasured nondeterminable variables

0 occurrence matrix

p vector of required process variables

s vector of stoichiometric coefficient for ¢ in reaction r
u vector of unmeasured variables

u; vector of unmeasured determinable variables
u vector of unmeasured indeterminable variables
w weighting matrix

X vector of measured variables

X1 vector of overmeasured (redundant) variables
X2 vector of just-determined measurements

y measurement vector

Greek Symbols

&  measurement random errors
¢  process model functions

Superscripts

estimated value
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APPENDIX A: BALANCE EQUATIONS FOR COMMON CHEMICAL PROCESS UNITS

General Unit

This is equipment where chemical reactions and heat or work transfer do not take
place.

Total mass balance:

> Lif;=0. (A3.1)
J

Component mass balance:

> LjkfiMe;=0. (A3.2)
J

Energy balance:

> Ljfih;=0. (A3.3)
J
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Normalization equations:

Z fiMej—f;i =0, (A3.4)

where f; is the total flow of stream j, M. ; is the mass fraction of component
c in stream j, and & ; represents the specific enthalpy of stream j.

Heat Exchanger

This is equipment where heat transfer through a solid wall without chemical reactions
takes place. The heat transfer between two fluids without phase change is considered
as an example.

The unit is divided in two pseudounits, each one corresponding to a different
fluid. Pseudounits are interconnected by a pure energy flow that represents the heat
transfer between them (see Fig. A.1). The balance equations for each pseudounit &’
can be stated as follows:

Total mass balance:

Y Lifi=0. (A3.5)
J
Component mass balance:
> LiwfiMc; =0. (A3.6)
J
Energy balance:
> Lifihj+qu=0, (A3.7)
J

where gy is the vector of pure energy flows for unit '.

Reactor

This is a unit where chemical reactions, and possibly heat transfer with the environ-
ment, take place.

- FIGURE A.I Scheme of pseudounits for a heat exchanger.
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Total mass balance:

> Lufi=0. (A3.8)
J
Component mass balance:
S LiafiMej+ D Serchr =0. (A3.9)
J r
Energy balance:
Zijfjhj +ZXk,r +qr =0, (A3.10)
j r

where Sy, is the coefficient of the stoichiometric matrix for component ¢ of
reaction r of unit k (Crowe et al., 1983) times the corresponding molecular
weight; y . is the extent of reaction r of unit k (moles/time); and x; , is the
total heat involved in reaction r of unit k.

Stream Divisor

An input stream is divided into two or more output streams in this equipment. All
streams related with the divisor have the same intensive properties (composition,
temperature, pressure). For the case of one input stream (j1) and two output stream
(72, j3), the balance equations are as follows:

Total mass balance:

fit—=fi2—f3=0. (A3.11)
Intensive equality constraints:
My — M. =0 (A3.12)
M. j1—M.j3=0 (A3.13)
tih—tjp=0 (A3.14)
th—tjz=0 (A3.15)
pit—pjp=0 (A3.16)
pji1—pj3=0. (A3.17)

It is necessary to include the normalization equation of only one stream because
of composition equalities.

Pump, Compressor, Turbine

Work transfer to a process fluid is accomplished in these types of equipment. Their
balance equations are as follows:

Total mass balance:

> Lif;=0. (A3.18)
J
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Component mass balance:

47

> LjfiM.;=0. (A3.19)
J

Energy balance:

> Lifihj+ef =0, (A3.20)
J

where e} is the vector of energy flows, as work, that are exchanged in unit k.

APPENDIX B: ADDITIONAL INFORMATION FOR EXAMPLE 3.6

Process Model Equations

Normalization Equations

My +My +M +My 1 —1=0

Mis+Myp+Mia+ My +Msp—1=0
Mis+Myz+Mis+Mys+Ms3—1=0
Mias+Mps+Mygs+Mys+Mss—1=0
Mi7+My74+M7+My7+Ms7—1=0
Mg+ Mg+ Mig+Mys+Msg—1=0
Mig+ Mg+ M9+ Myog+Ms9—1=0

A-19 = M;,
NA2
NA2
NA2
NA2
NA2
NA2

Equality of Intensive Variables for the Divisor

hg —hs =0 A-1 = hs
hy —he=0 NAl
M1v4—M1'5=0 A-35=>M1Y5
M2,4 —M5=0 A2 = ng4
M3q4 — M55 = 0 A-36 = M3,5
M4,4 — M4,5 =0 A-3=> M4y5
M5,4 — M55 = 0 A4 = M5‘4
M1,4—M1'6=O A-37 = M ¢
M2'4 — M2'6 =0 A-20 = M2,6
M3’4 — M3'6 =0 A-38 = M3,6
Mys—Mys=0 A-5 = My
Msqs—Ms6=0 A-6 = Ms

Total Mass Balance Equations

Si+ fs—f2=0 NAI
HL=f3=0 A-7= fi
fi—fa=0 NA2
Ja—fs—fe=0 A-30= fs
fo—fi—fo=0 A-27 = fe, fo
fr—fs=0 A-8= f7
Sio—fu=0 A-9= fi
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Component and Energy Balance Equations

fiMyy+ fsMig — HiMi2 =0 A-21 = My,
fiMa + fsMag — f2My =0 A-22 = My,
fiMsy + fsM3g — foM35 =0 A-23 = Ms,
fHiMa + fsMyg — oMy =0 A-10 = My,
fsMsg — faMsz =0 A-11 = Ms,
fihi + fyhs — fahy =0 A-12 = hy
LM+ vl PMiy + viPMyyy — sM13 =0 A-31 = My 3
faMay + v PMyy, — fsMy3 =0 A24 =y,
M, +viPMsy, + viPM3y, — fsM33 =0 A-32 = Ms;
frMas + vIPMyy, — fsMy3 =0 A25=
frMsy + viPMsy, + viIPMsy, — fsMs3 =0 NA2

fha+ xtvi+ x2ve — fsha =0 NA2

faMi3 — faMy 4 =0 A-33 = M4
fiMz3 — faMr 4 =0 NA2

f3sM33 — faM3 4 =0 A-34 = M3,
fsMy3 — faMys =0 A-13 = My,
fiMs3 — faMs4 =0 NA2

f3hs — qis — fahs =0 A-26 = hs
feMig — fiMy7— foM o =0 A-39 = Mg
JeMag — fiMa7 — foMa9 =0 NA2

feMs6 — fiMs7 — foM3o =0 A40= Ms
feMags — fiMaq7 — foMyo =0 A27= fs, fo
feMsg — frMs 7 — foMsg =0 NA2

Jehe — q17 — frh7 — fohg =0 A-28 = qy7
M7 — fMig=0 A-14 = Mg
SiMa7 — fiMa5 =0 A-15= M,
fiM37 — fM33=0 NA2

fiMsq — fiM43 =0 A-16 = My,
fiMs7 — fiMsg =0 A-17 = Ms;
fih1 4 qi6 — fshs =0 A-18 = g6
fioho +q17 — fuhu =0 A-29 = hy;

A-X = J Assigned equation for the estimation of unmeasured variable J; it belongs to the output
set assignment obtained in order X

NAI=  Nonassigned equation of type 1

NA2=  Nonassigned equation of type 2

ST
vo= —f wherer =1,2; ¢=1,...5; R=reference component

c SR

Determinable Variables Expressed as Functions of Measurements

1. hs = hy
2. Mya=M;;s
3. Mys = Myy
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4. Ms4 = Ms s
5. Mag=Msy
6. M5 = Mss
1. f3=5
8. fi= 13
9. fit= fio
My, — faM
10. My, = [2Myp — faMyg]
S
M
1. Ms, = J3Ms8
2
h h
12. hy = Jih + fshs
f
M.
13. My3 = faMas
f
14. Mig=M;
15. szg = M4
16. M4~7 = My
17. M5,7 = Ms3
18. q16 = fahs — fshy
M4y — fsM,
19, Myy = 1= My s — My, — [faM4r — fyMy3]
h
20- M2’6 = M2,5
M M
2. My, = LAM )+ faM) 7]
f
M M
2. My, = [/iMa) + fsM;1]
i)
_h =M= iMyy = iMas + fiMyg + fsMsg
23. Ms, =
fa
My 3 — fiMy | — faM-
24, yy = faM; 3 f21 21 — faMa 7
UZPMZ
M —
25,y = s 4,1 HMyo
1)4PM4
26. hy = Saha + fahs — fahy
f2
(Mg — M Myg — M.
27, fo = fo 4.8 4,4)‘ fo= fi [1 n (My 5 4,4)}
(My 4 — Myy) (M4 — Myy)
fa(My g — My s)(he — hg)
28. q17 = fs(he — h7) + ' ’ — fsh
! (Mg — Myy) fsha
Sfe(My 3 — My 4)(he — ho)
29. hy = [f10h10+f8(h6 —h7)+ ’ : — fah
7 (Mas — Mas) fsh1| / fio
(Mag — My s)
30. fs =f4_f8l:1+;
(Mg4 — My o)

49
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31.

32.

33

34.

35.

36.

37.

38.
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[ VI PM(fsMas — oM
Mis=|fiMii+ sMi7+ 1 1(f41 44— f2Ma2)
- U4PM4
n v PMi(faMas = fiMa1 — fsMa7) £

viPM, 2

Mys = |fi— fiMi1 — fiMa1 — fiMas + faMag + fsMsg

4 Vi PM3(faMys — FaMy2)

UiPM4
+ VIPM5(faMa3 — fiMay — fsMa7) 7
VvZPM, 2
Vi PMi(faMas — f2My2)
M4 = [f1M1,1+f8M1,7+ ! Ty ’
‘U4PM4
VIPM(fiMa3 — fiMy — f8M2,7)] /f
U%PMZ 4

+
Mss= [fl — fiMiy — fiMy1 — oMy + fsMag + faMsg

v%PM3(f4M4,4 — faMy2)
ijM4
+ I PM3(fiMy3 — fiMy — fsMa7) f
VPM, !

VIPM(faMys — frMs2)
UiPM4

VIPM (faMa3 — fiMy,1 — faMa7)

+ 2 f4

M 5= {flMl,l + fsMi7 +

Mys = [fl — fiMiy — fiMy1 — oMy + fyMyg + faMsg

" Vs PM3(faMys — FaMs )

viPM4
+ VIPM3(faMas — fiMay — f8M2,7)] /f
viPM, 4
VI PM\(fsMas — f2My2)
Ml,:|:fM11+f8M17+ ! — d
i VIPM(fiMas — fiMa — fsMy7) /f
vAPM, 4

M;e = [fl fiMy — fiMy — oMy + faMyg + fsMsg

VIPM3(faMas — f2Mas2)
‘U‘}_PM4
PM3(f2M23 — fiMz — fyM>, 7)]/],4
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v PM(faMay— fiMa2)

HiMi+ fsMig +

(Mag—Msa)| | 1 v PMs _
|:1 + (Ma0 - M“-9)] fa v PM(HoiMas — fiMay — fsMa7) M1'7
+ vIPM,
39. Mo = (Ma5 — My 4)
(Myq— My o)
40. Ms =
fi—fiMyy— fiMa — oMy + fsMyg + faMsg
|:1+ (Mag— M4,4)} 1 —M;;
(Mys— Myg) | fa UPMi(faiMys — /iMaz) vIPM3(fiMas — fiMa) — fsM27) ’
+ WP M, + vIPM;
(Mag — Mas)
(Ma 4 —Myo)
Reconciliation Equations
L. i+fs—f=0
2 - fa=0
3. hy—hg=0
5. faiMa3 — faMs 5 =0
6. fiMs3 — faMs5 =0
Mys — M Mig— M
. [1 (Myg 4,4)] Mys — Myy — (Myg 4’4)M2,9 —0
(My 4 — Myo) (Myq— Myy)
Myg — M. Myg— M
g [1 n (My g 4,4)}M55 ~ Mo (Ma 4,4)M59 —0
(M4 — Myo) (M4 — Myo)
1
vs PMs[ faMy 4 — fM, ]
9. fzMsg+ — ’ ’
SfaMsg V1P M;
2
vsPMs[ My 3 — fiMy ) ~ fyMs 7]
+ : : T /M55 =0
U%PMQ f2 53

vIPM;  viPM;
ijM4 ijM4

10. fe(Mi17+ Mas + M3s) + [ (faMa 4 — foM4 2]

[vaM1 vIPM;
viPM;  vIPM,
+ /1= iMag + faMas+ H(Ma3 + Ms3 — My5 — 1) =0
1. fa(Mas +Mag+ Mss — 1)+ fi(l — Ma1) + fa(My7+ Mg + Msg)

{v}PMl viPM; viPM, vIPM;
viPMy  vjPM, vIPM, viPM,
X [FoMa3 — FiMy ) — FsMy 7] — FaMyp =0

][szz,s - fiMy — fzMy 7]

J[f4M4,4 — Myl + [

12. Miz+My7+M37+Myg+Ms5—1=0
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vllPMl v31 P M,
viPMy  viPM,

(Mg — M4,4)] 1

(My 4 — Myo) Fy

Se(My 7+ Myg + Msg) + [

vIPM;  viPM;
viIPM,  viPM,

X [faMys — frMa2] + [ ][f2M2,3 = fima1 — fsma ]
(Myg— Msa)

+ il —my 1) — f2m4,2] ~ M= Mo+ (Mg s — Mso)
X [M2,9 + M4,9 + M5,9 -1]=0

faMyg — f2My,
14. fihi — fah h A S L e
fihy — faha + f3 7+Xr[ W PM,

faMy3 — fiMa — fsMa;
+ x? [ 5 =0
UZPMZ
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I DECOMPOSITION USING
ORTHOGONAL TRANSFORMATIONS

This chapter is devoted to the analysis of variable classification and the decomposition
of the data reconciliation problem for linear and bilinear plant models, using the
so-called matrix projection approach. The use of orthogonal factorizations, more
precisely the Q-R factorization, to solve the aforementioned problems is discussed
and its range of application is determined. Several illustrative examples are included
to show the applicability of such techniques in practical applications.

4.1. INTRODUCTION

Crowe et al. (1983) proposed an elegant strategy for decoupling measured variables
from the linear constraint equations. This procedure allows both the reduction of the
data reconciliation problem and the classification of process variables. It is based on
the use of a projection matrix to eliminate unmeasured variables. Crowe later extended
this methodology (Crowe, 1986, 1989) to bilinear systems.

An equivalent decomposition can be performed using the Q-R orthogonal trans-
formation (Sdnchez and Romagnoli, 1996). Orthogonal factorizations were first used
by Swartz (1989), in the context of successive linearization techniques, to eliminate
the unmeasured variables from the constraint equations.

In this chapter the use of Q-R factorizations with the purpose of system decompo-
sition and instrumentation analysis, for linear and bilinear plant models, is thoroughly
investigated. Simple expressions are provided using subproducts of Q-R factorizations
for application in data reconciliation. Furthermore, the use of factorization procedures

53
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when energy balances are included in the set of process constraints is discussed, in
order to establish the limitations of this technique.

4.2. LINEAR MASS BALANCES

4.2.1. Crowe’s Projection Matrix Approach

A method for decomposing the unmeasured process variables from the measured ones
was proposed by Crowe et al. (1983) for linear constraints. This strategy is based on
the use of a projection matrix.

Let us represent the operation of a process under steady-state conditions by the
following set of linear equations:

Aix+Au=0 xRt uedR" 4.1

where x is the (g x 1) vector of measured variables and u is the (n x 1) vector of
unmeasured variables. A; and A, are compatible matrices of dimension (m x g) and
(m x n), respectively.

A projection matrix P was defined by Crowe, such that premultiplying the
Jacobian matrix A, with P yields

PA, = 0. 4.2)

The columns of P span the null space of A,, and thus the unmeasured variables are
eliminated.

In order to obtain the projection matrix P, Crowe proposed the following proce-
dure:

1. Column reduce A; to obtain a matrix X with linearly independent columns
AA3 =[X 0], (4.3)

where Aj represents the nonsingular matrix that performs the necessary operations
on the columns of A;.
2. Partition X such that

AsAA; = [Q g] “.4)
with X square and nonsingular. Then P is calculated by the following expression:
P=[-X;X]' I]As 4.5)
The reduced problem is now formulated as
Gx =0, (4.6)
where
G =PA;. 4.7

Data reconciliation can now be performed on the reduced subsystem containing
only measured variables. We can now state the general problem as the equivalent
two-problem formulation discussed in the previous chapter.
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4.2.2. The Q-R Approach

An alternative decomposition can be performed using a Q-R factorization of matrix
A; to decouple the unmeasured variables from the measured ones (Sdnchez and
Romagnoli, 1996). Let us state the following theorem (Dahlquist and Bjork, 1974).

THEOREM 4.1 (Q-R THEOREM)
Let A be a given (m x n) matrix withm > n and n linearly independent columns.
Then there exists a unique (m x m) Q,

Q'Q=D,, D, =diagld,,...,d,); de>0k=1,...,n (4.8)

and a unique (m x n) upper-triangular matrix R, with Ry, = 1,k =1, ..., n, such
that

A =QR. (4.9)

Now, if A is rank deficient and A = QR is the Q-R factorization of A, then
at least one diagonal entry in R is zero. Let us examine why the Q-R factorization
approach can fail in the case when R(A) = rank(A) =r < n.

The mission of any orthogonalization method is to compute the orthonormal
basis for R(A). Indeed, if R(A) = R(Qy), where Q, = [qq, ..., q,] has orthonormal
columns, then A = QS for some S € R,

Unfortunately, if rank(A) < n, then the Q-R factorization does not necessarily
produce an orthonormal basis for R(A). However, the Q-R decomposition can be
modified in a simple way so as to produce an orthonormal basis for A’s range. The
modified algorithm computes the factorization

Ry R12]

All = [Q; Q] [ o 0 (4.10)

where r = rank(A), Q is orthogonal, Ry, is upper triangular, and IT is a permutation.
IfAIl =[a,,...,a,]and Q = [qy, ..., qy], then fork =1, ..., n, we have

min{r,k}

8 = Y Tug; € span{qy, ..., q). (4.11)

i=1

Also, it follows that for any vector satisfying Ax = b,
o'x = [;J and QTb = m , 4.12)

where s and i are vectors of dimension r, z is an (n — r)-dimensional vector, and 1 is
a vector of dimension (m — r).

Returning to our reconciliation problem, the Q-R decomposition of matrix A,
allows us to obtain Q, and R, matrices and the permutation matrix IT, such that

Aol = QuR,, (4.13)
where Q, and R, can be divided into

Rul Ru2:| (4 14)

Qll - [Qul QuZ] s Ru = |: 0 0
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with r, = rank(A;) = rank(R,;). Notice that Q, is an orthogonal matrix and R; is
a nonsingular upper triangular matrix of dimension r,,.

In the same way the unmeasured process variables can be partitioned into two
subsets,

MM = [ e } (4.15)
Up—r,
Now, premultiplying the linearized constraints by QT = Q;!, we obtain
A Ry R X
QA Ra R | o)y, (4.16)
QLA 0 0 Upr,

The first r, equations for u,, can be written in terms of the other variables:

u, = —-R'QTAx — R 'Rypu, . (4.17)

u

Since the unmeasured variables do not appear in the remaining equations, the first
reduced subproblem becomes the following problem.

PROBLEM 1
Solve
min (y — x)TU-1(y — x
i y-x) V¥ (y—x%) @.18)
s.t. G,x =0,
where
Gx = QEzAl-
PROBLEM 2

Estimate the unmeasured variables, u, by solving Eq. (4.17) where the compo-
nents u,_,, were arbitrarily set. The uniqueness of u is related to the system estima-
bility and will be discussed later.

The following illustrative examples will allow us to understand the implications
of the previous results on the reconciliation problem.

EXAMPLE 4.1

Consider the simple serial system of Fig. 1. A total mass balance around each
unit is considered.

The matrices A; and A for this example are given by

1100 O -1 0
A=10 01 0 0], A=]1 -1}.
0001 —1 0 1

Performing the Q-R decomposition on A,, we have

—0.7071 —0.4082 0.5774 14142 —-0.7071
Q,=| 07071 —0.4082 0.5774|, R, = 0 1.2247
0 0.8165 0.5774 0 0

Now matrix QF, in the previous development is given by

E2=[0.5754 0.5754 0.5754].
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Measured mass flowrate

————— Unmeasured mass flowrate

- FIGURE | Simple serial system.

Consequently, the reduced set containing only measured variables is
Gy =QL A, =[0.5754 0.5754 0.5754 0.5754 —0.5754),

which in this specific situation corresponds to a global mass balance around all units,
Note also that in this case rank(A;) = 2 and there are two unmeasured process
variables. Consequently, the subset u,_,, is empty and all the unmeasured variables
are determinable.

EXAMPLE 4.2
Consider now the modified serial system of Fig. 2.
In this case,

1 0 I -1 0 O
Ai=10 —-1|; A=|-1 1 0 0
0 1 0 1 -1
Applying the Q-R decomposition, we have
-0.707t -0.7071 0O —1.4142 14142 0 O
Q.= 07071 -0.7071 0O|; Ry= 0 0 0 0
0 0 1 0 0 1 -1

Note thatin this case one diagonal entry in R is zero; thus, the modified decomposition

Measured mass flowrate

————— Unmeasured mass flowrate

- FIGURE 2 Alternative serial system.
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should be used. In this case, using a permutation matrix I1, we have

1 000 —14142 0 14142 0
0010

I, = , Ry= 0 -1 0 1{.
0100 0 0 0 0
0 0 01

Matrices QY, and Gy are now
T = [-0.7071 —0.7071 0]
G, = QLA = [-0.7071 0.7071],

which corresponds to a balance around units 1 and 2. Also by permuting the vector
of unmeasured process variables using IT,, we have

fa
. _ | f5
M= il

Je

meaning that in this case, f, and fs can be rewritten as function of f; and fs. The
unmeasured process variables f3 and fg are said to be nonestimable. In this case
f2 and f5 are also nonestimable, since they cannot be calculated from the measured
variables because they depend on the assumed values f3 and f.

EXAMPLE 4.3

Now, consider the same system under a new arrangement of the measurements, as
shown in Fig. 3. In this case, the flowrate of stream number 2 is considered measured.
The matrices A; and A, are now

i 1 0 -1 0 0
Aj=1|0 -1 -1, A,=}|1 0 O
0 0 1 1 -1
The Q-R decomposition gives
-0.7071 0 —-0.7071 14142 0 O
Q,=|07071 0 -07071|, R,= 0 -1 1).
0 -1 0 0 0 O

2

T*ql N ’l-JT : o

Measured mass flowrate

_____ Unmmeasured mass flowrate

I FIGURE 3  Alternative system under new measurement configuration.
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Finally, matrices Q[, and G are
T, =[-0.7071 —0.7071 0]
Gy = QLA =[-0.7071 0 0.7071],

which again corresponds to a global mass balance around units 1 and 2. Note that
the flowrate of stream 2 does not appear in the reduced set. Actually, the flowrate of
stream 2 corresponds to a just-measured variable (nonredundant) as defined before.
In terms of the unmeasured variables, we have that rank (A;) = 2 and there are three
unmeasured variables; fs5 and fg are nonestimable.

From the previous discussions several remarks are in order:

Remark 1. Matrix R, in the Q-R factorization of the A, matrix contains the
topological information about the system in terms of the available measurements.

1. If rank (R,) = r, = n, where # is the number of unmeasured variables, then
all unmeasured process variables are estimable from the available
information.

2. If rank (Ry) = r, < n, then at least (n — r,) variables cannot be calculated
from the available information.

Remark 2. The permutation matrix IT,, obtained as a by-product of the Q-R
factorization procedure of A, enables an easy classification of the unmeasured pro-
cess variables, as is indicated by Eq. (4.15). The variables in subset u,,_, correspond
to the minimum number and the location of measurements needed for the system
to satisfy the estimability condition, that is, that all unmeasured variables be deter-
minable.

Remark 3. The QL, matrix in the Q-R factorization of A, is such that its col-
umns span the null space of A,. That is,

QLA; =0. (4.19)

The Q-R factorization algorithm provides the information about the estimability con-
ditions of the variables allowing a direct classification and decomposition. We already
have shown [Eq. (4.15)] that, in general, the unmeasured process variables can be
divided into two subsets. The subset u,,_,, corresponds to the indeterminable unmea-
sured process variables. Regarding the subset u,,, nothing can be said since some of
these variables can be calculated directly from the available measurements and some
depend on the assumption of the w,_,, variables. Further information for classifying
the variables in subset u,, can be obtained from the Q-R factorization. Note that in
Eq. (4.17), if the last term in the RHS is zero, then all the corresponding u,, variables
can be calculated from the available information. To further classify the remaining
u;, variables, we need to look at the rows of the matrix

Ry =R;'Ry. (4.20)
The following can be stated:

1. A variable in subset u,, is said to be estimable if the corresponding row in
the Ry matrix is zero.
2. A variable in subset u,, is said to be nonestimable otherwise.



60

CHAPTER 4 DECOMPOSITION USING ORTHOGONAL TRANSFORMATIONS

9 11
__________ " 4 I >
4 Teel A
10 T~ 14
1 3 ‘\l I
________ > 1 5
| ,//
2: 12 .7
i

g

Measured mass flowrates

15
------- Unmeasured mass flowrates

Bl FIGURE 4 Flow diagram for Example 4.4.

Remark 4. As indicated by Crowe et al. (1983), measured variable classifica-
tion is performed by examining the matrix associated with the reconciliation equa-
tions. The zero columns of G or G4 correspond to variables that do not participate in
the reconciliation, so they are nonredundant. The remaining columns correspond to
redundant measurements.

Let us now apply the Q-R factorization approach to a larger and more complicated
example.

EXAMPLE 4.4

A subsystem comprising seven units is shown in Fig. 4. In this case we have
eight measured process variables and seven unmeasured ones. Matrices A; and A;
are stated as follows:

(-1 1 0 0 0 0 0 O]
0 0 -1 -1 0 0 0 O
0O 01 0 0 0 0 0
A;=|0 0 0 0 -1 0 0 of,
1 0 0 0 0 -1 -10
0 0 0 0 0 0 0 O
|0 0 0 0 0 1 0 1
1 1 0 0 0o o0 O]
0 0 -1 1 0 0 o0
-1 0 0 0 -1 0 0
A,b=]10 0 0 O 1 1 0
O 0 0 0 0 -1 1
0 -1 1 0 0 0 -1
(0 0 0 -1 0 0 0
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By applying the orthogonal projection approach, the following Qyi, Qu2, Ry1, and

Ry, matrices are obtained:

[—0.7071 0 0 0 -0.5 0.3273 ]
0 —0.7071 0 —0.4082 0 -0.4364
0.7071 0 0 0 -0.5 0.3273
Qu = 0 0 —0.7071 0 0.5 0.3273 |,
0 0 0.7071 0 0.5 0.3273
0 0.7071 0 —0.4082 0 —0.4364
0 0 0 0.8165 0 —0.4364]
[0.378]
0.378
0.378
Qu = {0.378].
0.378
0.378
0.378]
F—1.4142 0 0 0 —0.7071 0
0 1.4142 0 —0.7071 0 —0.7071
R 0 0 —1.4142 0 —0.7071  0.7071
ol = 0 0 0 —~1.2247 0 0.4082 |’
0 0 0 0 1. 0.5
0 0 0 0 0 0.7638 |
[—0.7071]
—0.7071
0
Ra = 44082
-05
| 0.7638 |
Matrix G, now becomes
G,=[0 0378 0 -0378 —0378 0 —0.378 0.378].

Thus, we have identified the subset of redundant equations containing only the
redundant process variables fs, fs, fi1, fi4, and fis5. Furthermore, the rank of Ry is
equal to 6, which means that at least one of the unmeasured variables is indeterminable.
The remaining ones can be written in terms of it, as indicated by Eq. (4.15). In this
case, from the orthogonal transformation, the subsets of u are defined as

u, =[fi fo fio fr fo fi2l, W, =[f21
Furthermore,

1

0

-1 1

Ry =R;Rp = 0

-1
1]
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There are two zero rows in matrix Ryy; thus, fg and f; are determinable. The other
unmeasured flowrates are indeterminable since they depend on the assumed values
of vector u,_p,.

4.3. BILINEAR MULTICOMPONENT AND ENERGY BALANCES

In the following sections, the use of the Q-R decomposition approach is discussed
within the framework of the general multicomponent and energy (bilinear) reconcili-
ation problem. In this case the classification of the measured and unmeasured process
variables involves a sequence of steps.

4.3.1. Modification of Bilinear Constraints

Component mass and energy balances and normalization equations are first rewritten
using the method proposed by Crowe (1986) for the bilinear terms. Streams are
divided into three categories depending on the combination of total flowrates (f),
concentration (M), and temperature (t) measurements as shown in Table 1.

Component mass/energy balances:
Bif:h, +B,Vd +B3yv=0. 4.21)
Normalization equations:
Eif:, + E2Vd + Esv 4 Effy + Esfy = 0, (4.22)

where

f., is the vector of component or enthalpy flows for streams in Category 1
d is the vector of measured concentrations or temperatures for streams in
Category 2
v is the vector of component or enthalpy flows for streams in Category 3,
extents of reaction, unknown pure energy flows
fu stands for measured total flowrates and fy for the unmeasured ones
V represents the diagonal matrix of unmeasured total flowrates of Category 2
The number of entries for a stream in V is equal to the number of elements
of d corresponding to this stream

Il TABLE | Categories of the

Streams’

Category f Mit
1 M M
2 U M

3 M/U U

%M and U indicate measured and
unmeasured variables, respectively (from
Sénchez and Romagnoli, 1986).
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The measured variable d is replaced by a consistent measured value plus the
correction term &g,

d=(d+ey), (4.23)
and a new variable 6 is defined as
0 = Vey). (4.24)
The terms that contain variable d in Egs. (4.21) and (4.22) are replaced by

B,Vd = B,6 + B,Vd
E,Vd = E,0 + E,Vd (4.25)
In order to display the unmeasured total flow rates of a stream with specific flowrates
of category 2, B, and E¢ matrices are defined as
By(d)fy, = B,Vd

- - 4.26)
E¢(d)fy, = EoVd

In order to group all unmeasured total flowrates, zero columns are added to B4 and
Es if necessary. New matrices Bs and E; are obtained such that:
Bs(d)fy = B,Vvd

~ ~ 4.27)
E,(d)fy = E,Vd.

The set of component/energy balances and normalization equations after modification
of bilinear terms can now be written as

fum
fon
0 B, B, Bs B; i
—0 428
B, B E Es B/ (4.28)
U
A\

where Eg = E; + Es.
If we considered the adjustments of total flow rates (¢f) and the component and
enthalpy flows (gt ), the previous equations are finally modified as follows:

a -
0, B{||f
[Bii By Bulifu|=-|. HM =e, (4.29)
v E, Ei||fs
where
i 0. B, B B B
a=|e, |, Bu=|o o o, Bu=|o|. Bun=|.| 4.30
gh 11 {EL; E, Ez} 2 [Es n =g, (4.30)
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Then the general reconciliation problem can be written as
i (T =] T g1 Tgy—1
Min (ef Wiler, +ef Wrleg, +07%,'0)

s.t.
(4.31)

a ~
0, B||[fm
B B B fyl =— =
[Bi1 Bx Bsj) vU [E4 El] [fch]

Ts,, ¥y, . ¥y, and ¥4 are the weighting matrices for fi, for, 6, and d. ¥, is defined as
Wy =V¥,V. (4.32)

4.3.2. Decomposition Using Orthogonal Transformations

A method for decomposing unmeasured process variables from the measured ones,
using the Q-R orthogonal transformation, was discussed before for the linear case.
A similar procedure is applied twice in order to resolve the nonlinear reconcili-
ation problem.

Step |
A Q-R decomposition of (mb x nb) matrix Bs; is accomplished, then

RB,; RBz]

B3I, = [QB] [RB] = [QB, QBZ][ 0 o 4.33)

where r, = rank(RB,) and QB; is such that its columns span the null space of Bas.
That is,
QBIB3; = 0. (4.34)

If Eq. (4.26) is multiplied by QB the unmeasured variables v are eliminated, and
the process constraints are defined as

QB]B;1a + QBB f, = QBJe. (4.35)
Step 2
A new (md x nd) matrix D is defined as
D = QB! - Byp. (4.36)

Then Eq. (4.35) is rewritten as
QB]B),a + Dfy = QBJe. (4.37)
A Q-R orthogonal transformation is performed on matrix D:

RD, RDz}

DI, = [QD] [RD] = [QD; QDz][ 0 0 (4.38)

where rf = rank(RD;) and QD; spans the column space of D. Then the process
constraints can be reduced to

QDIQB!B;;a = G,a = QD;QBJe. (4.39)

All unmeasured variables are eliminated from the constraints by using simple Q-R
transformations and a linear reconciliation problem results. The zero columns of G,
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correspond to nonredundant measurements. The remaining ones are associated with
redundant measured variables.

4.3.3. Reconciliation of Measured Variables and Estimation
of Unmeasured Total Flowrates

After eliminating unmeasured variables, the reconciliation of measured variables and
the estimation of unmeasured total flowrates are accomplished, again by an iterative
procedure.

Step |

(a) Using an estimation of unmeasured total flow rates, the weighting matrix for
variable 6 is evaluated.
(b) The following linear reconciliation problem needs to be resolved:

Min aT¥; 'a
w

4.40
st. Gza=D, ( )
where
G, = QD;QB]By,
“4.41)
b = QD]QBle,

with the solution given by

4= 9,G7(G,2,G) . (4.42)

Step 2

The estimation of unmeasured total flow rates is done by using the Q-R orthogonal
decomposition of matrix D. The equation can be written as

" RD; RD f,
QB;B1.d + [QD, an][ 0 02] [f ”"]=QB§e, (4.43)
Und—rf
where
fu, | _
[fUm,_J = I fu. (4.44)

The subset fy,, . corresponds to the indeterminable total flowrates. Regarding the
subset fy ., nothing can be said, since some of these variables can be calculated directly
from the measurements and some depend on fy,, _, as is explained in Remark 3.
Further information for classifying the variables in subset fy, can be obtained
by premultiplying Eq. (4.37) by QDT and writing the vector fy . in terms of the other

variables:
QD{QB;B;, RD, RD,|| @ QD{QBJe 4.45)
Us | = .
QD;QBB; 0 0 ||g ' | |QD;QBje

f.,, = RD;'QD]QBJe — RD;'QD]QB!B,,a — RD;'RD.fy_, . (4.46)

Note that if the last term in the RHS of Eq. (4.46) is zero, all of fy;, can be calculated
from the available information.
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In order to classify the variables in fy;,, a matrix Ry is defined as
Rz = RD;'RD;, 4.47)
and the following can be stated:

1. A variable in subset fy, is estimable if the corresponding row in Ry is zero.
2. A variable in subset fy, is nonestimable otherwise.

At this point the vector fy can be divided into
fy = [i“d] , (4.48)
Ui

where

fuq is the fe-dimensional vector of determinable total flowrates (fe < rf)
fy; is the (nd — fe)-dimensional vector of indeterminable total flowrates

fuq contains the fe variables in subset f, that satisfy condition (1), whereas fy;
includes those that satisfy condition (2) plus the variables in subset fy,, .

After updating the values of determinable total flowrates, the procedure is reini-
tiated until convergence is achieved.

Estimation of Vector v

In order to estimate the unmeasured variables contained in v, the matrix By, is
divided into two parts by column permutation. The first fe columns correspond to the
determinable total flowrates, and the (nd — fe) remaining ones belong to indetermin-
able total flowrates:

By =[Bu Bail. (4.49)
The set of process constraints (4.29) is then expressed as
a
[Bi1 Ba By Bil f&}}d =e, (4.50)
i
v

where fyg and fy; are obtained by the solution of the previous subproblem.
Using the Q-R decomposition of matrix B33, the set of constraints (4.50) is
rewritten as

A RB; RB \7
B114 + Boafug + Baifus + [QB;  QB,] [ 0 ' 0 2] [v br: ] =e, 4.51)
where
v = [ Vi ] 4.52)
Vnb—r,
Consequently,

v = RB[!QBTe — RB;!QBTB,;4 — RB;'QB]Byfuq

e o (4.53)
—RB{ QB Byfyi — RB| RByvy.o,
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The first three terms of the previous equation are known, so if the last ones are zero,
all the variables in v, can be evaluated using the available information. In order to
classify the variables in v, , two new matrixes are defined,

Ry = RB;'RB, (4.54)
R = RB;'QB]By;, (4.55)

and the following can be stated:

1. A variable in subset v;, is estimable if the corresponding rows of Ryy and
Ry are zero.
2. A variable in subset v;, is nonestimable otherwise.

At this time the vector v can be divided into

V= [Vd}, (4.56)

\{
where

vq is the ve-dimensional vector of determinable variables in v (ve < rv)
v; is the (nb — ve)-dimensional vector of indeterminable variables in v

v4 contains the ve variables in subset v;, that satisfy condition (1), whereas v; includes
those that satisfy condition (2) plus the variables in subset vy, .

Unmeasured temperatures or concentrations that correspond to enthalpy or com-
ponent flows in vy are determinable if the total flow rate of the stream is measured.
Otherwise, they are indeterminable. Measured total flow rates are nonredundant and
unmeasured total flow rates are indeterminable. The analysis of intensive constraints
between variables may change previous classification.

4.3.4. Energy Balances in the Context of the Projection Approach

Throughout the preceding discussion, simplified expressions of stream-specific en-
thalpy as a function of temperature are used. They have to be updated during process
operation to consider changes in steady-state compositions.

The application of a more precise expression for enthalpy, at least as a function
of temperature and composition, requires a new categorization of enthalpy flowrates.
They can be divided into three categories depending on the combination of total
flowrate, composition, and temperature measurements, as indicated in Table 2.

The problem arises for the last combination of measurements. It is due to the dif-
ficulty of adjusting temperature measurement values for streams whose compositions

Bl TABLE 2 Categories of Enthalpy Flowrates
(from Sanchez and Romagnoli, 1986)

Category f t M
1 M M M
2 U M M
3 M/U U M
3 M/U M U
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are unmeasured or partially measured. In this context, the temperature of a stream j
may be adjusted only for the following conditions:

1. All component molar fractions are unmeasured

2. Rule of mixing: h; = Y M, Hj.

3. Hj. is approximated as a linear function of temperature for the steady-state
operation range

The following resolution scheme can be implemented:

1. Estimation of unmeasured total flowrates and unmeasured species flowrates
for streams with unmeasured temperatures

2. Simultaneous elimination of unmeasured variables; a two-stage
decomposition procedure is not advantageous because measurements are
involved in Category 3 flowrates

3. Least squares adjustment of measurements

4. Estimation of unmeasured variables

5. Iteration until convergence is achieved

Hence, factorization methods can only be applied to solve particular cases of data
reconciliation when energy balances are considered. Other equation-oriented tech-
niques, such as PLADAT (Sénchez et al., 1992), perform better in tackling the more
general problem.

EXAMPLE 4.5

Let us consider the well-known Vaclavek’s example (Vaclavek and Loucka,
1976); the process flowsheet and measured variables are presented in Fig. 5 and
Table 3, respectively. It consists of six units and four components. In this case, the
concentrations of a stream are assumed to be either all measured or all unmeasured.

1 2
" 1
3
13 14
12
—] 4
15

- FIGURE 5 Process flowsheet for Example 4.5 (from Vaclavek and Loucka, 1976).
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Il TABLE 3 Measurements for Example 4.5
(from Vaclavek and Loucka, 1976)

Measurement Stream
Total flowrates 12346891216
Composition 14589101112131415

69

The normalization constraints are taken into account by eliminating the measured
concentration of one component and calculating this concentration by difference
after reconciliation. There are 24 process constraints. Six equations belong to total
mass balances and 18 correspond to component mass balances. Enthalpy balances

are not included.

The set of process constraints for Vaclavek’s example is

v

£,
AL O, 0, A, O ;
O, B, B, Bs B,

fy

A\

where

M 1 =1 1 0 0 0 0 0]
0 -1 1 0 -1 0 0 0 0
A _|00 0 0 0 0 0 0 0
/o o o 0 o0 o0 o0 1 o}
00 0 0 0 0 —1 0 —1
0 0 0 -1 1 -1 1 0 0]
[0 0 0 0 0 0 0] I
10 0 0 0 0 0
i 00 0 0 0 —1
M=1g 9 11 11 of Bi=
0 1L I 0 0 0 0
(00 0 0 0 0 1] I
(0()0()0 0] p
-1 0 00 0 O . |
I 0 00 0O o
B=lo 0 11 -1 1| B=|o
O 1 1 0 0O 0o
0 0 0 0 0 Of ke

fy =

COOQOO~—

Co0Oo~

Lo

~QQO0

, fu=|/fi3

)
~©© lLoocoo
oc~000

-0 e

olLocoo

fs
flO
fn

fia
fis
L]

J
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1 00 0 0 0
0 01 0 0 O
[0 o 0 0 o o 0]
—ds o 0 0 0 0 0
ds 0 0 0 0 0 0 0
Bs = , o= 0],
5 0 o —dy dy —-dy —-dis o 0
o dp di o 0 o o
[ o o o 0 0 o o]

where O1, 0,, O3, O4 are compatible matrixes of zeros.

fL.=0fi1r fiz fiz far faz faz foa fs2 fes for foo fo3
fio1 fizz fiasl

T
0" =1[651 652 053 Bio1 Bo2 G103 B Bz Oz Oi31 O3z O3
Ora1 Ga2 Gaz b5y Oisp Oi153)

T
vi=[v1 V2 V23 V3] V32 V33 Vsl Vs2 Uss U7l V72 V73
Vil V162 V16,3)-

Inclassifying the measured and unmeasured process variables the following procedure
is applied:

1. A Q-R decomposition is performed on matrix B33, and QB{, QB,, RB;, RB,,
II, matrices are obtained.

2. Matrix D is calculated and the application of the orthogonal projection ap-
proach leads to QD;, QD,, RD;, RD,, Il matrices.

3. With the calculation of matrix G, [using Ex. (4.41)], all the necessary in-
formation for the measured variables classification is available. The zero columns

of matrix G, correspond to fs, fi2, fie, fa,1, fa,2, fa3, f12,1, f12.2, f12,3 and all the
elements of 8. Consequently, the nonredundant measured variables are:

(@) fe, f12, fie total flowrates
(b) All concentrations that belong to the streams in 6 and the concentrations of
streams 4 and 12

4. As RD, is an empty matrix, the subset fy_, . is also empty, so all the unmea-
sured total flowrates are determinable, as can be seen from Eq. (4. 46). The subsets
Vr,, Vab—r, and matrices Rg, R are then obtained:

Ve, = [v2,1, V2,2, V2,3, V7,1, V7.2, V7.3, V6,15 V6,25 V6,35 V16,15 V16,2 V16,3]
Vib—r, = [V3,1, V3,2, V33].

Matrix Ryg is, in this case,

R =

coo L
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and Ryg; is empty. As the first three rows of Ry are nonzero, the following v4 and v;
vectors result:
va = [v7,1, V7,2, V7.3, V6,1, V6,2, V6,3, V16,1, V16,2, V16,3
vi = [vg,1, v22, v2,3, V3.1, 3.2, V33].

As all total flowrates are measured or determinable, the concentrations of streams 6,
7, and 16 are determinable, while those of streams 2 and 3 are indeterminable.

4.4. CONCLUSIONS

NOTATION

In this chapter, the use of projection matrix techniques, more precisely the Q-R fac-
torization, to analyze, decompose, and solve the linear and bilinear data reconciliation
problem was discussed. This type of transformation is selected because it provides a
very good balance of numerical accuracy, flexibility, and computational cost (Goodall,
1993).

An extension of the strategy for bilinear systems was also discussed, which allows
us to separate total flowrates from specific flowrates. It has two advantages:

1. A sequence of simple expressions for application in instrumentation analysis
and data reconciliation were obtained using subproducts of Q-R
factorizations

2. Assumptions are avoided for the adjustment of total flowrates

Q-R factorization is successful in decomposing linear systems of equations. It is also
satisfactory when bilinear systems contain component balances and normalization
equations. If energy balances are included in the set of process constraints, the pro-
cedure has the drawback that only simple thermodynamic relations for the specific
enthalpy of the stream can be considered.

a vector defined by Eq. (4.30)

A a general matrix (m X n)

Ay matrix for measured variables (m x g)

A matrix for unmeasured variables (m x n)
A3 matrix defined by Eq. (4.3)

Ay matrix defined by Eq. (4.4)

B; matrices for component/enthalpy balances
B:; matrices defined by Eq. (4.30),ii = 1,3
b vector defined by Eq. (4.41)

d measured molar fractions and specific enthalpies vector
D; diagonal matix defined by Eq. (4.8)

D matrix defined by Eq. (4.36)

E; matrices for normalization equations

e vector defined by Eq. (4.29)

f vector of total flowrate

fcn vector of specific flowrates of Category 1
fus. fu,_;  partitions of fy

G matrix defined by Eq. (4.7) [(m — r,) x g]

Gx matrix defined by Eq. (4.18) [(m — r,) x g]
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G, matrix defined by Eq. (4.41)
h vector of stream enthalpies
H matrix of specific component enthalpies
M matrix of mass fractions
mp, My number of files of B33 and D, respectively
ny, ng number of columns of B33 and D, respectively
o Zero matrix
P projection matrix
[Q R, II] QR(A)
[Qu, Ry, I1] QR(A2)
[QB,RB,II,] QR(B33)
[QD,RD, Ik ] QR(A)
r rank(D)
ry rank(A3)
Ty rank(B33)
rf rank(D)
Ry matrix defined by Eq. (4.20) [r, x (n — ry)]
R, Ry, RE inspection matrices
t vector of stream temperatures
u vector of unmeasured variables (n x 1)
Up,, Up_g, partitions of u
v vector of specific flowrates in Category 3
Vi, Vobr, partitions of v
\'% diagonal matrix of i,
X vector of measured variables (g x 1)
X matrix defined by Eq. (4.3)
X matrix defined by Eq. (4.4)
X, matrix defined by Eq. (4.4)
Greek
€ vector of i random errors
7] vector defined by Eq. (4.24)
W;  variance-covariance matrix of i
Superscripts
~  with measured values
A with reconciled values
Subscripts
M, U  measured or unmeasured variable
d,i determinable or indeterminable variable
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B STEADY-STATE DATA
RECONCILIATION

In this chapter we concentrate on the statement and further solution of the general
steady-state data reconciliation problem. Initially, we analyze its resolution for linear
plant models, and then the nonlinear case is discussed.

The use of Q-R orthogonal factorizations is presented as an alternative method-
ology for performing data reconciliation for bilinear systems. Finally, we briefly
describe current techniques for tackling the general nonlinear problem.

5.1. INTRODUCTION

Reliable process data are the key to the efficient operation of chemical plants. With
the increasing use of on-line digital computers, numerous data are acquired and used
for on-line optimization and control. Frequently these activities are based on small
improvements in process performance, but it must be noted that errors in process data,
or inaccurate and unreliable methods of resolving these errors, can easily exceed or
mask actual changes in process performance.

Inadequate knowledge of the process models and poor estimation of process
parameters (physical properties, processing constants, etc.) mean that any technique
for correcting the measurements should rely on simple, well-known, and indubitable
process relationships, which should be satisfied independent of the measurements’
accuracy. Such relationships are the multicomponent mass and energy balances.

In chemical engineering, Kuehn and Davidson (1961) were the first to publish
an analysis of data reconciliation. Since then, many articles on this subject have
appeared in the literature. General reviews of data reconciliation have been published
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by Hlavacek (1977), Tamhane and Mah (1985), Mah (1982, 1990), Madron (1992),
and Crowe (1996).

5.2. PROBLEM FORMULATION

Process measurements are subject to errors. These errors give rise to discrepancies in
material and energy balances.

DEFINITION 5.1

Data reconciliation is the process of adjusting or reconciling the process mea-
surements to obtain more accurate estimates of flowrates, temperatures, compositions,
etc., that are consistent with material and energy balances.

Let us first define the models to be used in our formulation of the data reconcili-
ation problem.

DEFINITION 5.2 (MEASUREMENTS)
In the absence of gross errors, the measurement vector can be written as

y=x+¢ yech, xehs, 5D

where y is the (g x 1) measurement vector, X is the (g x 1) vector of true values of
variables, and ¢ stands for the vector of random measurement errors. The following
assumptions are usually made:

1. The expected value of ¢ is the null vector, i.e., E(¢) =0

2. The successive vectors of measurements are independent, i.e., £ (8,~81T-) =0,
fori # j

3. The covariance matrix of the measurement errors is known and positive
definite, i.e., Cov(e) = ¥ = E(g;))

Note that x and y € %8, that is, we are assuming that all process variables are
measured.

DEFINITION 5.3 (CONSTRAINTS)

Additional information must be introduced through the process model equations
(constraint equations). They occur in practice when some or all of the process variables
must conform to some relationships arising from the physical characteristics of the
model. In general we will represent them as a set of nonlinear algebraic equations,
such as

ex,u)=0, uecR", ¢eR”, (5.2)
where u indicates the (n x 1) vector of unmeasured process variables.

The data reconciliation problem can be generally stated as the following con-
strained weighted least-squares estimation problem:
Min (y ~ )T &~/ (y - %)
..
px,u) =10 (5.3)
xt<x<xV

- <u<uY
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If it is assumed that the measurement errors are normally distributed, the reso-
lution of problem (5.3) gives maximum likelihood estimates of process variables, so
they are minimum variance and unbiased estimators.

Different methodologies are required for solving problem (5.3) depending on
whether the constraints are a linear or a nonlinear set of equations. These methods
will be discussed in detail in the following sections.

5.3. LINEAR DATA RECONCILIATION

Two situations arise in linear data reconciliation. Sometimes all the variables in-
cluded in the process model are measured, but more frequently some variables are
not measured. Both cases will be separately analyzed.

5.3.1. Linear Data Reconciliation with All Measured Variables
For this case problem (5.3) can be reformulated as
MinJ =@y —x)" ¥ (y —x)
. (5.4)
Ax=0,

where A, is an (m x g) matrix of known constants. It should be noted that all variables
are redundant in this case.

Several different resolution methods for this problem have been developed. Of
these we will discuss the traditional methodology, called batch resolution, and an
alternative methodology that is based on Q-R factorizations.

Batch Solution

Introducing measurement error into the process constraints through Eq. (5.1)

gives
Ay—¢6)=0 (5.5)
Consequently, the previous optimization problem (5.4) is now
MineT¥ e
s.i. (5.6)
A(y—¢e)=0.

The solution is obtained by means of the Lagrange multipliers method. The
Lagrangian for this problem is

L=e"¥'e —2AT(Ay — Aje). (5.7

Since W is positive definite and the constraints are linear, the necessary and sufficient
conditions for minimization are
L
3e
aL
F3)

=2¥ e +2ATA =0
(5.8)
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Il TABLE | Data for Example 5.1 (from Ripps, 1965)

Flowrates Measured values True values Variances
h 0.1858 0.1739 0.000289
f 4.7935 5.0435 0.0025
f 1.2295 1.2175 0.000576
fa 3.88 4.00 0.04
which yield
e=—WATA (5.9)
-1
A=—(ATAT) Ay (5.10)

Finally, the estimate of the process variable, X, can be obtained as

g=y— TAT(A,TAT) 'Ary G.11)

EXAMPLE 5.1

To illustrate the application of data reconciliation to linear systems, we will
consider the problem presented by Ripps (1965). Four mass flows are measured, two
entering and two leaving a chemical reactor. Three elemental balances are considered:

01/1+06/—-02/—-07f,=0

08f1+01/,—-02f£-01f=0

01f1+03f/—-06f3—02f=0.
The data for the problem are given in Table 1.

From the balance equations and the stochastic characteristics of the measuring
devices the matrices A; and ¥ are given by

0.1 06 -02 —0.7 0.000289

A;=1(08 01 -02 01, ¥=
0.1 03 —-0.6 -—-02

0.0025
0.000576
0.04

Thus, by applying Egs. (5.9) to (5.11), we have the following measurement errors
and process variables estimates:

0.0182 0.1676
s |-00659| o 148594
= |+0.0565[° * T [1.1730|

0.026 3.854

A comparison between the original measurements, and the new estimates and the
relation between measurement adjustment and the standard deviation (relative error
found by data adjustment) is given in Table 2.
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Il TABLE 2 Measured and Reconciled Values for Example 5.1
(from Ripps, 1965)

Flowrates Measured value Estimated value Relative error
h 0.1858 0.1676 1.07
f 4.7936 4.8594 —1.31
f 1.2295 1.1730 2.35
fa 3.88 3.854 0.13

Q-R Factorizations

Using the Q-R orthogonal factorization method described in Chapter 4, the con-
strained weighted least-squares estimation problem (5.4) is transformed into an un-
constrained one. The following steps are required:

Step 1: Compute the general solution to the undetermined system (A1x=0).
Using the procedure outlined in the previous chapter, the Q-R orthogonal factorization
of Ay produces Qy, Ry, II, matrices, which allows the calculation of Qy;, Qy2, Ryj,
Ry, X;, Xg_ such that

AIHX - QxRx (512)

Ry Ry
Qx = [Qxl QX2]a Ry = * * s (513)

0 0
O = [X’x ] , (5.14)

Xg—r,
where r, = rank(Ry;) = rank(A ). The general solution of the problem is

Xr, = _R;IIRX2Xg_rx’ (5.15)

where X,__is an arbitrary vector.
Step 2: Formulation of the unconstrained problem. Applying previous results,
the (y — x) vector of the objective function is modified as follows:

Y-x)=y—[La Il [er‘

g 1Ix

:l =y+ leR;ll RXZXg—rx - IXZXg—rX

=Y + (leR;ll Rx2 " Ix2)xg—rxa (516)
where
IHX = [le IXZ]’ i= leR;llRXZ - Ix2~ (517)

I represents a (g x g) identity matrix and Tis a [g x (g — r,)] matrix with independent
columns.
The unconstrained minimization problem can now be stated as

Min (y + Ixg, )T &y + Ix, o). (5.18)
Step 3: Estimation of x. The solution of the aforementioned problem is
%, = —A"T DOy, (5.19)

Using the value of %;_ , Eq. (5.15) is resolved to calculate %;, .
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Remark. The dimension of the unconstrained optimization problem is smaller
than that of the original one.

EXAMPLE 5.2

Calculate an estimate of the process variables for the system in Example 5.1
using the decomposition approach. As all variables are measured, matrices A; and I
are in this case

0.1 06 —-02 -07 (1) (1) 8 8
A=108 01 -02 -01 |, I= 0010
0.1 03 —-06 -02 00 0 1
Applying the Q-R decomposition to matrix A;, we have
—0.1231 0.9572 -0.2621 [—0.8124 0.2093  0.2954
Qx = | —0.9847 —0.1506 —0.0874|, R, = 0 —-0.7044 —-0.3097],
—0.1231 0.2474 0.9611 | 0 0 —0.5067
—0.2093
R, = | 0.6334 | .
0.1223 |
Accordingly,
1 00 0
fi
0 00 1 o o
IX1= 0 0 1f° IX2= ol Xy, — f4 s xg—rxz[fZ]y
010 0 £
and
—0.0345
= -1 __ | —1.0000
I=LiRqRe—Lo=1|_49414
—0.7931

The estimate of Xg_, is then given by
%gr, = —~A"C'HT'TTO !y = 4.8594,

and finally the estimates of the remaining process variables are (from the general
solution)

0.1676
X, = —R'RoX,;, = |3.8540
1.1730

5.3.2. Handling Unmeasured Process Variables

The assumption that all variables are measured is usually not true, as in practice some
of them are not measured and must be estimated. In the previous section the decom-
position of the linear data reconciliation problem involving only measured variables
was discussed, leading to a reduced least squares problem. In the following section,
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we will use these ideas to provide a general soiution of the linear data reconcilia-
tion problem when some of the variables are considered unmeasured. The solution
is based on decoupling the unmeasured variables from the measured ones using Q-R
orthogonal factorizations. In this way the overall estimation problem is divided in two
subproblems, as was discussed in Section 4.2.2.

Let us consider the constraint equations written as follows:

Ax+Au=0. (5.20)
Performing a Q-R decomposition on matrix A,, matrices, Q,, Ry, and IT, are obtained
such that
Aol = QuRy (5.21)
Rui Rpp

Qu = [Qul Qu2]» Ru = s (5-22)

0 o

where r, = rank(A;) = rank(R,;). The vector of unmeasured variables is partitioned
into two subsets:

lu = [ Y ] . (5.23)
Upr,

Now, by premultiplying the linearised constraints by QT = Q~', we obtain
ElAlx + Ruluru + 1{u2un—r., =0
(5.24)
QEzAlx =0

Performing the reconciliation on the decoupled subsystem represented by the mea-
sured variables x and the constraints.

QLAIX=Gx =0, (5.25)
the solution of the overall system is
&=y — UGI(G,¥GT)'G,y. (5.26)

However, this problem can be reduced still further using the concepts developed
before, for the case when all variables were considered measured, leading to the
solution of a sequence of smaller subproblems.

For the unmeasured variables, we have in general

u, = —RLQN A% — R Rpu, (527

where the components u,_;, are arbitrarily set.
We can have two cases:

1. Rank(Ry1) =n
2. Rank(Ry) < n

Case (1). All unmeasured parameters are estimable and a unique solution for the
unmeasured variables is possible using the rectified measured values and the balance
equations.
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Il TABLE 3 Measured Values, Variances, and Reconciled
Values for Example 5.3

Flowrates Measured values Variances Reconciled values
f 115.0663 7.8134 115.0663
fa 111.6730 7.5556 109.6204
fs 53.3700 1.7736 53.3700
I3 0.8373 0.0004 0.8374
iV 66.0986 2.8283 66.8670
fi3 95.7552 5.2739 95.7552
fa 116.5318 8.4623 118.8308
fis 77.8575 3.4698 76.9148

Case (2). Some unmeasured process variables are nonestimable and an infinite
number of solutions are possible. Thus, the basic solution is

u, = -R'QTA% u, =0 (5.28)

EXAMPLE 5.3

The outlined strategy has been applied to the subsystem of Example 4.4 in Chap-
ter 4. The flow diagram, shown in Fig. 4 of Chapter 4, consists of 7 units interconnected
by 15 streams. There are 8 measured flowrates and 7 unmeasured ones. The flowrate
measurements with their variances are given in Table 3. In Chapter 4 we identified
the subset of redundant equations. In this case it is constituted by one equation that
contains the five redundant process variables. By applying the data reconciliation
procedure to this reduced set of balances, we obtain the estimates of the measured
variables, which are also presented in Table 3.

Regarding the unmeasured process variables, it was shown in Chapter 4 that
the rank of matrix R, is equal to 6; this means that at least one of the unmeasured
variables is indeterminable. The remaining ones can be written in terms of it, as
Eq. (5.27) indicates. In this case, from the orthogonal transformation, the subsets of
u are defined as

u, = [fi f6 fio fr fo f2], Wap, =[f2]

From an inspection of matrix Ryy, we can see that only the flowrates f¢ and f7
are independent of f5, so they are determinable. The calculation of their values as
functions of the adjusted measurements gives the following results:

_[fs] _ [118.4626
W11 7 (1726700

5.4. NONLINEAR DATA RECONCILIATION

The operation of a plant under steady-state conditions is commonly represented by
a non-linear system of algebraic equations. It is made up of energy and mass bal-
ances and may include thermodynamic relationships and some physical behavior of
the system. In this case, data reconciliation is based on the solution of a nonlinear
constrained optimization problem.
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The most general mathematical statement of an optimization problem is

Min o(z)

S
@(z)=0 (5.29)
w(@) <0
<z <Y,

The necessary conditions for an optimal solution of problem (5.29) are equivalent
(Edgar and Himmelblau, 1988) to those for optimizing the Lagrange function defined
as

ml m2
L@ i m =@+ hoi@+) ;@ (5.30)
1 1

These conditions are the well known Kuhn-Tucker (KT) conditions:

¢ Lineal dependency of the gradients:

m?2

ml
Vo@+ Y mVei@+ Y u;Vo@ =0. (5.31)
1 1

® Constraint feasibility:

pi2)=0, i=1,...,ml

wi(z) <0, j=1,...,m2. (5.32)
* Complementary conditions:
Hjwi()y=0, j=1,...,m2 (5.33)
® Nonnegativity conditions for inequality multipliers:
w; >0, j=1,...,m2, (5.34)

where A; and 1 ; stand for the Lagrange and Kuhn-Tucker multipliers,
respectively.

The sufficient conditions for obtaining a global solution of the nonlinear program-
ming problem are that both the objective function and the constraint set be convex. If
these conditions are not satisfied, there is no guarantee that the local optima will be
the global optima.

In this section we will explore the applicability of different techniques for solving
the nonlinear data reconciliation problem.

5.4.1. Q-R Orthogonal Factorizations

Orthogonal factorizations may be applied to resolve problem (5.3) if the system of
equations ¢(x, u) = 0 is made up of linear mass balances and bilinear component
and energy balances. After replacing the bilinear terms of the original model by the
corresponding mass and energy flows, a linear data reconciliation problem results.
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Using the notation of Chapter 4, it may be stated as follows:
Min (ef @y ler, +ef, U er, +079;16)

S.t.
(5.35)

a ~
01 B1 fM
B B B f = — ~ =
[Bii Bz B ‘1’1 [E4 EJ [fch]
An iterative method of solution of problem (5.35) was designed by Crowe (1986),
and we have discussed, in the previous chapter, the strategy for the case when Q-R
orthogonal factorizations are applied. The stages of the procedure are as follows:

¢ Unmeasured variable elimination through Q-R orthogonal factorizations
® Adjustment of measurements and estimation of unmeasured total flowrates
¢ Estimation of unmeasured component and energy flows

The procedure is not complex, and the required computation time is low. However,
its use is restricted to data reconciliation problems with linear and bilinear constraints,
and variable bounds cannot be handled.

5.4.2. Successive Linearizations

The method developed for linear constraints is extended to nonlinearly constrained
problems. It is based on the idea that the nonlinear constraints ¢(x, u) = 0 can be
linearized in a linear Taylor series expansion around an estimation of the solution
(x;, ;). In general, measurement values are used as initial estimations for the mea-
sured process variables. The following linear system of equations is obtained:

Ax+Au=c, (5.36)

where
A= ‘Z—‘: " A = %% . (5.37)
¢ = Arxi + Ao — o(Xj, ;). (5.38)

The unmeasured variables are then eliminated using, for example, the orthogonal
factorization procedure discussed before. Once the subset of equations containing
only measured variables has been identified, the problem stated by Swartz (1989) is

resolved:
Min (y — x)T®&~!(y — x)
s.t. (5.39)
G,x=b,
where
G, =QLA,, b=QlLe. (5.40)

Its solution can be stated as
% =y— WGT(G,¥GT) ' (G,y —b) (5.41)
u, = R;'Qlc; — R'QI A% — R 'Rypuy . (5.42)
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This solution is the optimal point for the linear constraints. A series of iterations are
performed by linearizing the constraints about the previous iterate until a solution
satisfying the nonlinear constraints is obtained.

Successive linearisation has the advantage of relative simplicity and fast calcula-
tion. In addition, it can be modified to choose a step size that minimizes a prespecified
penalty function. The step size is chosen by the method of interval halving (Pai and
Fisher, 1988). However, variable bounds cannot be handled; it may fail to converge
to the desired minimum; and it might oscillate when multiple minima exist.

5.4.3. Nonlinear Programming Techniques

NLP algorithms allow for a general nonlinear objective function, not just a weighted
least squares objective function. They can explicitly handle nonlinear constraints,
inequality constraints, and variable bounds. Typical algorithms include sequential
quadratic programming techniques, such as NPSOL (Gill et al., 1986), and reduced
gradient methods, such as GRG2 (Lasdon and Waren, 1978). The main features of
both approaches are described next.

Sequential quadratic programming. A sequential quadratic programming (SQP)
technique involves the resolution of a sequence of explicit quadratic programming
(QP) subproblems. The solution of each subproblem produces the search direction
d, that has to be taken to reach the next iterate z,,; from the current iterate z,. A
one-dimensional search is then accomplished in the direction d, to obtain the optimal
step size.

To apply the procedure, the nonlinear constraints ¢(x, u) = 0 are linearized using
a Taylor series expansion and an optimization problem is resolved to find the solution,
d;, that minimizes a quadratic objective function subject to linear constraints. The
QP subproblem is formulated as follows:

1
Min EdZHL(zk, )i + VoT(z,)d,
ot (5.43)
Vo(z)d, + p(z) = 0,

where HL is the Hessian matrix of the Lagrange function formulated for problem (5.3)
Vo is the objective function gradient, and Vi is the constraints gradient.

Reduced gradient method. This technique is based on the resolution of a sequence
of optimization subproblems for a reduced space of variables. The process constraints
are used to solve a set of variables (zp), called basic or dependent, in terms of the
others, which are known as nonbasic or independent (z;). Using this categorization
of variables, problem (5.3) is transformed into another one of fewer dimensions:

s.t. (3.44)

where o () is the reduced objective function and its reduced gradient is formulated

as
T T -1

0z; 0zZp 0Zp d9z;
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First the search direction, d, in the space of the independent variables is determined
from the elements of o}, and then the search components for the dependent ones
are calculated. A one-dimensional search is accomplished to obtain a solution for z;.
The remaining dependent variables are evaluated as functions of z; using the process
constraints.

The disadvantage of these NLP algorithms is the large amount of computation
time required relative to the successive linearisation algorithm. Nevertheless, their
range of application is wider, and they are able to manage nonlinear objective func-
tions, equality and inequality constraints, and bounds on variables.

Well-scaled problems improve the performance of NLP algorithms. Most vari-
ables are of different orders of magnitude and thus require scaling. Also, if constraints
are of varying magnitudes, it is important to scale the constraints such that the con-
straints’ residuals are of the same magnitude. In general, the accuracy of the solution
returned by the NLP software is problem dependent.

EXAMPLE 5.4

Let us consider the heat exchanger network (Swartz, 1989) given in Fig. 1. In this
system streams A receive heat from streams B, C, and D. The standard deviations of
flow rates and temperatures are 2% and 0.75°, respectively. The measured variables
are given in Table 4, where f and ¢ indicate flowrates and temperature measurements,

TABLE 4 Measured Variables for Example 5.4

Stream Variable Measurement Stream Variable Measurement
Al f 1000.00 A8 t 614.92
Al t 466.33 Bi f 253.20
A3 f 401.70 Bli t 618.11
A3 t 481.78 Cl f 308.10
A4 t 530.09 Cl t 694.99
A5 t 616.31 DI t 667.84
A6 f 552.70 D2 f 680.10
A7 t 619.00 D2 t 558.34
B2 c2
A4 AS

43 Bi ci

Al A2
pn———
A8
A6 ‘ A7
DI

Il FIGURE | Flow diagram for Example 5.4 (from Swartz, 1989).
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respectively. The model consists of 16 measured variables, 14 unmeasured ones, and
17 equations. The equations include total mass and energy balances around the heat
exchangers, mixers, and dividers; they are given in Appendix A. It is assumed that
the specific enthalpies for all streams can be represented by a quadratic expression in
terms of temperature:

hi = ni; +nuti +nut?, i =A,B,C,D.

The values of the constants in these equations are given also in Appendix A. The
problem was originally solved by Swartz (1989) using successive linearizations and
Q-R factorizations to eliminate the unmeasured process variables. Later, Tjoa and
Biegler (1991) solved the same problem using a hybrid SQP technique, developed to
exploit the advantages arising from the type of objective function in the reconciliation
problem. For this example we carried out the following analysis:

1. Effect of the a priori classification/decomposition on the solution of the
reconciliation problem.

As was discussed in Chapters 3 and 4, variable classification allows us to obtain a
reduced subsystem of redundant equations that contain only measured and redundant
variables. These are used in the reconciliation procedure.

A comparative analysis was performed to investigate the effect of the reduction
on computing time, between the two possible approaches:

(a) Without any classification/decomposition prior to reconciliation (i.e.,
solving the whole set of equations containing measured and unmeasured
variables)

(b) Decomposition of the global estimation problem, resolution of the reduced
reconciliation problem, and then calculation of the unmeasured but
determinable process variables

SQP was used for the solution, because of its good performance (Tjoa and Biegler,
1991), using the implementation available within the MATLAB environment.

From the classification it was found that, for this specific problem, there are 10
redundant and 6 nonredundant measured variables, and all the unmeasured process
variables are determinable. Symbolic manipulation of the equations allowed us to
obtain the three redundant equations used in the reconciliation problem:

Sar— faz— fas =0
Sfash(tas) + fAsh(tm))
+ fas — =0
Sfas + fas < 7irs)

Jaeh(taz) + fp2h(tp1) — fpahitpy) — fash(ta7) = 0.

Expressions for the unmeasured process variables, as functions of the measured ones,
were also obtained. These were solved sequentially after the reconciliation of the
redundant measurements was completed:

faz = far
Jaa = fa3
fB2 = [
fas = faz

fe2 = fa
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far = fas
for= fm
T2 = 143
ta6 = 143
/B3 = fm
By — JB1hp1 + fashas — fashaa
B2 =
1
oy — fashas + feiher — fashas
c2 =
fa
Sfashas + fashar
fA8 = —h——
A8
hgs = fathar + feihpr + fazhas — fazshas — farhas

fBl

The estimated values for the measured and unmeasured process variables for both
cases are given in Table 5. As shown in Table 6, the computing time and the number of
function evaluations decreased substantially when the decomposition/reconciliation
approach was used in comparison with the conventional approach. This indicates the
advantages of performing the decomposition before the reconciliation.

2. Analysis of the performance of the Q-R decomposition approach for bilinear
systems in correcting measured and unmeasured variables.

Since the original problem is bilinear, a redefinition of variables was performed
to transform it into a linear one, according to the strategy described in Section 4.3.

TABLE 5 Estimates of the Measured and Unmeasured Variables
in Example 5.4

Stream Flowrate Temperature Stream Flowrate Temperature
Al 963.63 466.33 Bl 253.20 618.11

A2 963.63 481.91 B2 253.20 543.90

A3 407.85 481.91 B3 253.20 486.51

A4 407.85 530.09 Cci 308.10 694.99

A5 407.85 615.51 Cc2 308.10 594.80

A6 555.77 481.91 DI 689.41 668.02

A7 555.77 617.77 D2 689.41 558.17

A8 963.63 616.81

TABLE 6 Solution Performance for
Example 5.4 with SQP

System of Objective function
equations evaluations Time (sec)

Complete 2228 101
Reduced 474 18
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To do this, the product of the mass flowrate and the specific enthalpy was substituted
by the corresponding enthalpy flow. Results of the reconciliation procedure using
the Q-R factorization are given in Table 7. Table 8 compares the residuum of the
balance equations, the value of the objective function, and the computing time of the
MATLAB implementation for both approaches (Q-R factorization and use of SQP
with the reduced set of balance equations). These results show the improvement and
the efficiency achieved using Q-R decomposition when the system can be represented
as bilinear.

Il TABLE 7 Estimates of the Measured and Unmeasured Variables
for Example 5.4

Stream Flowrate Temperature Stream Flowrate Temperature
Al 967.43 466.33 BI 253.20 618.11

A2 967.43 484.11 B2 253.20 543.99

A3 406.58 481.82 B3 253.20 477.98

A4 406.58 530.09 Ccl 308.10 694.99

AS 406.58 615.51 c2 308.10 595.16

A6 560.85 485.76 DI 680.10 667.84

A7 560.85 617.87 D2 680.10 558.34

A8 967.43 616.87

Il TABLE 8 Performance of the Different Methods
in the Solution of Example 5.4

Variable Bilinear system—SQP Bilinear system—QR
Res. #1 0. 0.

Res. #2 0. 0.

Res. #3 1x1072 1x10-13
Res. #4 0. 0.

Res. #5 0. 0.

Res. #6 0. 0.

Res. #7 0. 0.

Res. #8 1x1072 1x10-13
Res. #9 0. 0.

Res. #10 0. 0.

Res. #11 0.4756 —0.5071
Res. #12 0. —0.4720
Res. #13 0. 0.3408
Res. #14 —0.1268 0.3780
Res. #15 0.6243 —0.2359
Res. #16 —0.0446 0.0936
Res. #17 -3.047 —1.013
Maximum norm 3.047 1.013
Objective function 14.7974 13.7962

Time (sec) 18.13 9.72
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5.5. CONCLUSIONS

NOTATION

Greek

In this chapter we have stated the data reconciliation problem and explored some avail-
able techniques for solving it. It must be noted that the performance of reconciliation
methods is strongly dependent on the particular system.

For linear models, the Q-R factorization can be successfully applied for both
problem decomposition and estimation purposes. In contrast, nonlinear models re-
quire the selection of an appropriate technique that can manage the complexity of the
nonlinear constraints in a reasonably low run time.

In this sense, the application of Q-R factorizations constitutes an efficient alterna-
tive for solving bilinear data reconciliation. Successive linearizations and nonlinear
programming are required for more complex models. These techniques are more
reliable and accurate for most problems, and thus require more computation time.

Ay submatrix corresponding to measured variables for linear models
Ar submatrix corresponding to unmeasured variables for linear models
b vector defined by Eq. (5.40)

¢ vector defined by Eq. (5.38)

search direction

vector of total flowrates

number of measured variables

matrix defined by Eq. (5.25)

vector of stream enthalpies

Hessian matrix of the Lagrange function
matrix defined by Eq. (5.17)

partition of matrix I considering IIx
objective function value

index for the number of iterations
Lagrange function

number of process model functions
number of equality constraints

number of inequality constraints

n number of unmeasured variables

[Qx, R, II]  QR(Ap)

lQu, Ru» Hu] QR(AZ)

ﬁ:‘g}% - e

§h?rg,,r'—tt—u
)
3
&

3 3
[

Ty rank(A)

Ty rank(A;)

t vector of stream temperatures

u vector of unmeasured variables (n x 1)

U, Up g, partitions of u

X vector of measured variables (g x 1)

Xy Xgry partitions of x

y vector of measurements (g x 1)

z vector of optimization variables

11, Ip partitions of z in dependent and not-dependent variables

€ vector of random errors
n  polynomial coefficients for specific enthalpies
A Lagrange multipliers
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u Kuhn-Tucker multipliers

W covariance matrix of the measurement errors

¢  nonlinear equality constraints

@  nonlinear nequality constraints

o a general objective function
Superscripts

with reconciled values
L lower limit
U upper limit
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APPENDIX A: ADDITIONAL INFORMATION FOR EXAMPLE 5.4

Model Equations
L. far— fa2=0

2. feo— fez =0
3. farhar — fazhazr + feohpr — fe3shps =0
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4. faz— faz— fae =0
5.th—ta3=0
6. tar — tae = 0
1. fazs — faa=0
8. fpr— fp2=0
9. fashas — fashas + feihp — feohg2 =0
10. fas— fas =0
1. fer— fe2=0
12. fashas — fashas + fcrher — feahea =0
13. fas+ fa7 — fas =0
14. fashas + farhar — faghag =0
15. fae— far=0
16. fp1 — fp2 =0
17. fashas — farhar + fprhpr — fp2hp2 = 0.

Coefficients for the Specific Enthalpy Equations

Coefficient A B C D
m —6.8909 —14.8538 ~28.2807 —11.4172
2 0.0991 0.1333 0.1385 0.1229

7 1.1081 x 104 0.7539 x 1074 0.9043 x 1074 0.7940 x 104




B SEQUENTIAL PROCESSING
OF INFORMATION

In this chapter the mathematical formulation for the sequential processing of both
constraints and measurements is presented. Some interesting features are discussed
that make this approach well suited for the analysis of a set of measurements and for
gross error identification, the subject of the next chapter.

6.1. INTRODUCTION

The linear/linearized data reconciliation solution deserves some special attention be-
cause it allows the formulation of alternative strategies for the processing of infor-
mation. In this chapter the mathematical formulation for the sequential processing of
both constraints and measurements is analyzed.

A recursive procedure is presented that exhibits some advantages over classical
batch processing since it avoids the inversion of large matrices. It is shown that
when only one equation is processed at a time, the inversion degenerates into the
computation of the reciprocal of a scalar. Furthermore, this sequential approach can
also be used to isolate systematic errors that may be present in the data set (Romagnoli
and Stephanopoulos, 1981; Romagnoli, 1983).

6.2. SEQUENTIAL PROCESSING OF CONSTRAINTS

Consider in general the following set of m balance equations containing only measured
variables:

Ax =0 6.1)

93
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or
Ay—e)=0, 6.2)

where A is an (m X g) matrix of known constants; x is the g-dimensional vector
of process variables; € is the g-dimensional vector of measurement errors whose
covariance matrix is given by ¥. The residuum of the balance equations is defined as

r = Ay, 6.3)
and its covariance matrix is stated as
®=ATA" (6.4)
As shown before, the general data reconciliation procedure for the overall system
must solve the following constrained least squares problem:
Mgin e le
s.t. (6.5)
Ay—e)=0.

Now, because of the manner in which the balances arise, the total set of algebraic
equations can be partitioned into two arbitrary subsystems. The first contains (m — a)
equations and the second contains the remaining a equations, where a is an arbitrary
number 1 < a < m. Note that the cases a = 0 or a = m correspond to the overall
reconciliation problem.

Partitioning matrix A along these lines, we get

_ M
A= [AJ, (6.6)

where A and A; are compatible matrices of dimension [(m — a) x g] and (a x g),
respectively. Using the partitioning just shown, the constrained least squares problem
for the overall system was replaced in the work of Mikhail (1976) by the equivalent
two-problem formulation:

Problem 1
Nglin el e

s.t. 6.7)
A(y—€1)=0

When the Lagrangian technique is used to solve the preceding problem, the least
squares estimate of the measurement errors is given by

& =0 AT(A AT Ay (6.8)

Also, for the covariance of the estimation error and the measurement estimates (see
Appendix A) we have, respectively,

3y, = ¢, AT(A, ¥,AT) AT, (6.9)
and

S =0, — 5. (6.10)
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Problem 2

From the solution of the first problem, the measurements are adjusted using the
estimates of the measurement errors £;. Thus, new information is available when the
rest of the balances, A, are processed in Problem 2.

Let us defined a matrix W, such that

U, =¥, -3, (6.11)

where W, represents the covariance matrix of the initial measurements for Problem 2.
By analogy with the resolution of the first problem, the estimate of the measure-
ment error, &, associated with the subset of constraints A; is given by

&, = WAl (A, 0,AT) ' Ag(y — &), (6.12)

The following relationships can also be obtained for the covariance of the estimated
errors and for the measurement estimates:

3, = ‘I’zAg(Az‘I’zAg)_]Az‘I’z (6.13)
and
S, = ¥, 55, (6.14)

It can be shown (Mikhail, 1976), reproduced here in Appendix A, that the solution
for the overall set of balance equations can be obtained from the equivalent two-stage
procedure as follows:

E=8+& (6.15)
and
J=J + I, (6.16)

where J is the least squares objective function.

The same kind of arguments can be extended to consider in general the partition-
ing of the overall system of balance equations into k smaller subsystems (defining &
equivalent subproblems). At the ith stage we will have

i—1
& = W,AT (A, T,AT) A, <y — Z@,-) (6.17)
j=1

and
S, = U AT (A W,AT) AW, (6.18)
v, =V_ -3, (6.19)

using as starting values ¥; = W. In general, when the total set of balances is processed
in k steps, the least squares objective and the covariance of the measurement estimates
are given by

k
J = Z J;, (6.20)
i=l1
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where

i—1

A,~<y -3 e,)] (6.21)
j=1

and

T = — 5, (6.22)

The recursive formulas that have been presented exhibit some advantages over
classical batch processing. First, they avoid the inversion of the normal coefficient
matrix, since we would usually process a few equations at a time. Obviously, when
only one equation is involved each time, the inversion degenerates into computing the
reciprocal of a scalar. Furthermore, these sequential relationships can also be used to
isolate systematic errors that may be present in the data set, as will be shown in the
next chapter.

EXAMPLE 6.1

Let us apply the sequential processing of the constraints to the system defined
previously in Example 5.1. We will process one equation at a time starting from the
unconstrained problem.

Step 1. According to our definition we have for the first balance
A;=[0.1 06 -0.2 -0.7],

0.000289
0.0025
0.000576
0.04

=", =

The scalar to be inverted is now
(A% 'AT] = 0.0205.

Accordingly, we have for the estimate of the variables, the measurement errors, and
the error estimate covariance

0.1859 —0.0001 0 0 0 0
o _ |47984| | -00049| o _ |0 0.0001 0 —0.002
X=11201 1= | 00004 " <4< |0 0 0 0.0002 |

3.7883 0.0917 0 —0.002 0.0002 0.0382

Step 2. Processing equation 2, we have

A,=108 01 —-02 -0.1],

0.0003 0 0 0
0 0.0024 0 0.002
=0 -2 =| | 0 00006 —0.0002

0 0.002 —0.0002 0.0018
and

[A2¥,A]] = 0.000196.
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Therefore,
0.1814 0.0045
s 0.7978 . _ | 0.0006
2= 112311 27 | 0002
3.7866 0.0017
0.2633 0.0360 —0.1141 0.1011
¥ =107 0.0360 0.0049 —-0.0156 0.0138
2 —0.1141 -0.0156 0.0495 -—-0.0438|"

0.1011  0.0138 —0.0438 0.0388
Step 3. We process the final constraint equation. In this case
A; =101 03 -0.6 -0.2],

0 0 0.0001 —0.0001
0 0.0024 0 0.002
0.0001 0 0.0005 —0.0001
—0.0001 0.002 -0.0001 0.0018

;=

and
[A3%3A]] = 0.0001816.

Finally, we have for the estimate of the state and the measurement error

0.1676 0.0138
. 48594 | —0.0616
B= 111730 37| 00581
3.8540 —0.0675
0.0233 —0.1043 0.0983 —0.1142
S, = (10-3) | “0-1043 04660 04393 0.5101
& 0.0983 —0.4393 04140 —0.4808 |°

—0.1142 0.5101 —-0.4808 0.5583

6.3. SEQUENTIAL PROCESSING OF THE MEASUREMENTS

For the sequential processing of measurements data, we will consider the total set
of measurements partitioned into two smaller subsets composed of (g — ¢) and ¢
measurements, respectively. Partitioning the matrix A along these lines, we have

A=[A, A, (6.23)

where A, is an [m x (g — ¢)] matrix whose columns are composed of the coefficients
of the (g — ¢) measurements and A¢ is an (m x ¢) matrix corresponding to the
remaining ¢ measurements. Assuming that there is no correlation between the various
measurements, the covariance matrix can also be partitioned, leading to

¥ = [\I’g v } (6.24)
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Introducing this partitioning into the equations, we have for the covariance matrix
of the residuum in the balances

T
Ag

T, 0
$ = ATAT = [A, AC][ : ] K

0 ¥,
= AW, AT + AT AT,

(6.25)

The right-hand side of Eq. (6.25) represents the covariance of the residuum when
both blocks of measurement equations are used. The first term in the right-hand side
is the covariance resulting from considering the information provided by the first set
of measurements. Hence, the second term arises as a correction to the estimate, due
to the incorporation of new measurements (new information) as it becomes available:

Bpew = Potg + AT AL (6.26)

This procedure can be extended to the case of having an arbitrary number of
blocks of information (measurements). In this case, the covariance matrix ®, which
uses the information provided by the jth block, is given by

®; =%, ,+ (A;TA]). (6.27)

This formula corresponds to adding new observations to the sequential treatment. If
the covariance matrix of the reduced set of measurements is to be recovered from the
augmented one, then solving for ®;_; from Eq. (6.27), we have

;1 =%, — (A;T,AY). (6.28)

Equation (6.28) yields the new covariance when measurements are deleted from the
original formulation. In Eqgs. (6.27) and (6.28), the subscript j denotes the jth set
of measurements. If we redefine j to corresponds to the jth step of the sequential
treatment of the measurements, then the covariance matrix emerging sequentially,
after sets of observations are added or deleted, can be written as follows

®; =®;_ £ (A;¥,A]), (6.29)

where the signs + and — correspond to addition or deletion, respectively. Matrix A ;
in each case is the corresponding submatrix of the original matrix of coefficients.

To solve the least squares problem for the estimate of the measurement errors we
need to invert the covariance matrix ®. It is possible to relate ‘I>;1 to ‘I>;_11 through a
simple recursive formula. Let us recall the following matrix inversion lemma (Noble,
1969):

LEMMA
Let Y and Z be nonsingular matrices of order (n x n) and (p x p), respectively,
and U an (n x p) matrix. If

X =Y+ UZUT, (6.30)
then
X '=ylzyluz!'+uy 'urloty L (6.31)
Applying this lemma to the matrices of Eq. (6.29), we have
—_ —_ - — -1 -1
&' =@ {1 A;(T7 £ATR L A;)TATR ) (6.32)
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When measurements are added or deleted, this recursive formula exhibits the
advantage of avoiding the inversion of large matrices. Particularly, when only one
measurement is added or deleted at a time, the inversion degenerates into computing
the reciprocal of a scalar.

EXAMPLE 6.2

Let us consider the same system used in the previous example to show the ap-
plication of the sequential deletion of one of the sensors from the original problem
formulation.

The solution of Example 6.1 is considered as the first stage of the sequential
procedure. The following residuum in the balances and its corresponding covariance
matrix are obtained:

—0.06722 483.65 —241.96 —1339.82
rp= | —0.00591 |, ®;'=| —241.96 5890.55 —2071.62]|.
—0.05707 —-1339.82 —2071.62 5506.04

In the second stage (j = 2), the deletion of measurement f; from the adjustment is
desired. In this case,

0.1
A,= |08, ¥,=1[2.89x107%.
0.1

The scalar to be inverted is now given by

(T, +AT®IA,) = | 1/(2.89 x 1079 +[0.1 0.8 0.1]

483.65 —241.96 —1339.82110.1
x | —241.96 5890.55 —2071.62]]{0.8] |,
—1339.82 —-2071.62 5506.04 || 0.1

and from Eq. (6.32), ®5 "' is

472.34 —60.47 —1390.07
‘I’z'l = | —60.47 297747 —1265.08 |,
—1390.07 —-1265.08 5282.73

with the estimate of the measurement errors and vector x given by

—0.0425 4.8360
&= 00622 (, %= |1.1673|.
0.0445 3.8354

6.4. ALTERNATIVE FORMULATION FROM ESTIMATION THEORY

In this section we develop the best linear estimate of x for the general linear measure-
ment model

y=Cx+¢g Ceh*s (6.33)
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under a set of constraints imposed on the process variables by the balance equations.
Two cases will be considered:

1. Estimate x given that the model (6.33) holds and, further, that the set of
constraints on X is known to be such as indicated by Eq. (6.1):

Ax =0, 6.1)
where
rankA =m < g. (6.34)

2. Estimate x given that the previous measurement model holds and, further, that
the set of linear constraints is satisfied with an additive random component w:

Ax+w=0 (6.35)

The vector w is an additive error introduced to account for inaccuracies generated by
approximations and reflects the expected degree of modeling errors.

Estimation with Nonrandom Constraints

To incorporate the constraints in our least squares problem, we consider the
Lagrangian equation

L=(y—-Cx)T¥ !y — Cx) + ATAx, (6.36)
where A is the vector of Lagrangian multipliers. The optimality conditions are then
aL
= —2CT ey —Cx) +ATA =0 (6.37)
X
aL
— =Ax=0. 6.38
Y Ax =10 ( )
These give the necessary conditions for L to be minimum. The solution of the previous
problem is
£ = & — (CTE'C)ATIA(CTE ' C)1AT] 1A%, (6.39)
A =2[ACTT'O) AT A%y, (6.40)

where % is the solution of the least squares problem without constraints i.e.
%0 = (CTO 1O ICTw Yy, (6.41)
It is important to note that
A% = ARy — (CTO IO TATIACTE1C)TAT] 1 ARy)
= A%y — [ACTEIO)TATIACTE 1C) AT 1A%, (6.42)
= ARy — A%, =0,

as was required. Also note that the covariance matrix of the error in the estimate is
obtained as follows:

>, = BCTe10) BT, (6.43)
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where
B=1-(CT¥ 'O)"'ATA(CT T 'O) AT A, (6.44)

On reducing the covariance to a simpler form, we find that

3 = (CTe 1O — (CTE 1O ATACTE 1O) AT TA(CTE 1) !

= X, — (CT¥'C)TATACTE ' C) AT ACTE ' O) ©4

where g is the original covariance without the constraints.
Notice that the addition of information in terms of the constraints leads to a
reduction in the covariance of the estimate of x(X).

6.4.2. Constraints with Additive Random Components

In this section, we first consider that, in addition to the measurement equations model
(6.33), we have also the conditions defined by (6.35) imposed on the vector of process
variables. Furthermore, we will assume, as a more general formulation, that a priori
information enters into the estimation problem.

Case |

The objective function to be minimized is restated as follows:
J = wRw+ (y — Cx)TRa(y — Cx), (6.46)

where R; and R; are symmetric positive definite weighting matrices (usually taken
as the inverse of the covariance of the errors). R, reflects the expected degree of
satisfaction of the constraints (in our case R; 3> Rj). The minimization problem
becomes

Min w'R;w + (y — Cx)"Ry(y — Cx)
S (6.47)
Ax+w=0.

Defining

sT =[wl eT];s € it

R = [Rl } ‘Re Rim+Dx(m+l)
R, (6.48)
DT — [AT CT]
' =[0" y'],
the optimal solution for the estimates is given by
%= [D'RD] 'D'Rz. (6.49)

Assume that s is a random error vector with zero mean and covariance P, that is,

E)=0

E(ssT) = P — [Pl ‘I’J , (6.50)
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which implies that the error vectors s;, i = 1, 2, are uncorrelated. The covariance of
the estimate then becomes

3; = [D'RD]"'D'"RPRD[D'RD] . (6.51)
Assuming that the weighting matrix R is taken as the inverse of the covariance ma-
trix P, that is, R = P! Eq. (6.51) simplifies to
S = [D"P'D]"! = [ATP'A + CTe ] (6.52)
Here the covariance matrix has two contributions due to model equations (constraints)
and measurements, respectively.

Note: The interpretation of the matrix 33 as the covariance matrix of the errors in X has
important applications. The value of any estimate is greatly enhanced if its accuracy is
known. X is also very useful in initial design and development, as it can be calculated
before the estimator is implemented. 3; can be used to study measurement placement
and what type and accuracy of information is actually needed. &

Now, for the sequential treatment of constraint and measurements equations,
consider the system partitioned into two groups as follows:

_ A Wi
0= [Az]x+ [ :l (6.53)

for the constraints, where w; € R~ w, € R4, and A; € R—D*8 A, € RS,

Also,
_1G £y
y= [Cz]x+ [62] (6.54)

for the measurements, where £, € R, &, € R, C; € R8¢, and C, € RE—xsg,
Since no correlation is assumed for the corresponding noises, the weighting matrices
can be partitioned as well, that is,

R = {(Rl)l (RI)Z] > Re= [(RZ)I (Rz)z] ' (6:55)
Introducing these partitions into Eq. (6.52), we have for the constraints
;' = ATR 1A + CTR,C + AT(R)2A, 6.56)
=37 + AT(R))A,.
A similar arrangement can be obtained for the measurements. In general,
T =3 £ AT(R)LA, (6.57)

for both the addition and the deletion of constraint equations. In the same way, for
the sequential addition or deletion of measurement equations, we have

2 =37 £ CGR)Co. (6.58)

The application of the matrix inversion lemma leads to recursive formulas similar to
those previously obtained in the conventional approach set out in Section 6.3.
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Case 2

We can also consider that in addition to the model equations, a priori information
enters into the estimation problem, that is, some previous knowledge about the process
variables or system states is available. If the vector of a priori estimated errors p is
defined as

p=%x-x (6.59)

where X is the vector of the a priori estimate of the process variables, then the objective
function to be minimized can be expanded as follows:

J =wR;w+ (y — Cx)"Ry(y — Cx) + p'Rsp. (6.60)
R; is a symmetric positive definite weighting matrix. The minimization problem
becomes
Min wR;w + (y — Cx)TRy(y — Cx) + p'Rap,
s.t. (6.61)
Ax+w=0.
Defining
sT =[wl e pT];s € jmti+s
R,
R = R, ‘Re Rintl+g)x(m+i+g)
R; (6.62)

DT =[AT CT 1]
' =[0" y' 7],
the optimal solution for the estimates is given by
% = [D'RD]"'D'Rz. (6.63)
Assume that s is a random error vector with zero mean and covariance P, that is,

E(s)=0

P
E(ssH) =P = v ,
P;

(6.64)

which implies that the error vectors s;, i = 1, 2, 3, are uncorrelated. The covariance
of the estimate then becomes
3 =[P D = [ATP A+ CT¥IC +P; '] (6.65)
EXAMPLE 6.3
Let us now take the same system used in Example 4.1 but represented under the
general formulation. We have

0.1 06 —-02 -07
A=]08 01 -02 -0.1]|, C=
0.1 03 —-0.6 -02

SO O =
SO = O
(= e i
—_o OO
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from which the augmented matrix is

[0.1 06 —02 -0.7]
08 0.1 -02 -0.1
0.1 03 —-06 -02

0 0

[l -
(=l

0 0
10
L 0 1 -

We will assume that there is no a priori information and that we also need to assign
the weights corresponding to the balance equations. They represent the expected
degree of satisfaction of the constraints. Assuming as a first approximation R; =1,
the estimate of the process variables is given by the formula

% = [D'RD]"'D"Rz,
that is,

0.1858
4.7936
1.2295 |°
3.8777

>
I

which are very close to the measured values. This is consistent because we are giving a
large amount of confidence to the measurements. Next, we consider the case of giving
larger weights to the satisfaction of the constraints. Table 1 shows the results of the
reconciliation for different values of the weighting matrix R;. As expected, larger
corrections are performed to the measured values in order to satisfy the constraints.
In the limit, the results of the general approach and the data reconciliation results
from Section 6.2 coincide.

1t is clear that using this general procedure we have additional degrees of freedom
in terms of assigning weights to the satisfaction of constraints. Furthermore, this
general formulation clarifies the contributions to the error in the final estimate from
the processing of both the constraints and the measurements. It is now possible to study
separately aspects related to modeling problems and aspects related to measurement
problems.

Il TABLE | Results for Example 6.3

Ry =1 R; = 10001 R, =1 x 10%1
f 0.1858 0.1852 0.1678
£ 47936 4.8076 4.8591
f3 1.2295 1.2204 1.1733

fa 3.877 3.7920 3.8536
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6.5. CONCLUSIONS

This chapter discussed the idea of exploiting the sequential processing of information
(both constraints and measurements), to allow computations to be done in a recursive
way without solving the full-scale reconciliation problem.

The sequential procedure can be implemented on-line, in real time, for any pro-
cessing plant without much computational effort. Furthermore, by sequentially delet-
ing one measurement at a time, it is possible to quantify the effect of that measurement
on the reconciliation procedure, making this approach very suitable for gross error
detection/identification, as discussed in the next chapter.

NOTATION

a number of rows of A,
A matrix of linear constraints
A;  [(m —a) x g] submatrix of A
Az (a x g) submatrix of A
A;  [m x (g — c)] submatrix of A
¢ (m x ¢) submatrix of A
(g x g) matrix defined by Eq. (6.44)
(! x g) matrix of the general measurement model
number of columns of A
matrix defined by Eqgs. (6.48) and (6.62)
number of measured variables
index for the row sequential processing stage
index for the measurement sequential processing stage
least square objective function
number of subsystems for the row sequential processing of A
number of process constraints
dimension of matrix Y
dimension of matrix Z
covariance matrix of the vector s
number of rows of C;
residuum of process constraints
weighting matrix
vector defined by Egs. (6.48) and (6.62)
(p x n) general matrix
vector of expected degree of modeling errors
vector of true value of measured variables
(n x n) general matrix
vector of measurements
(n x n) general matrix
vector defined by Eqgs. (6.48) and (6.62)
(p x p) general matrix

NN e X £ 0® XT3 WD I I &~ "% T AWp

Greek Symbols

measurement random errors

covariance matrix of measurement errors
covariance matrix of residuum
covariance matrix of the error estimates
covariance matrix of variable estimates
Lagrangian multipliers

7 o

>MMe ™
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Superscripts

least square estimation
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APPENDIX A

Covariance Matrix of the Estimated Measurement Error

When the Lagrangian technique is used to solve problem (6.5), the following expres-
sion for the estimate of the measurement error is obtained:

& = PAT(ATAT) Ay (A6.1)
Its covariance matrix X, is defined as
3 = E@eT) = E(WATAPAT) 'AyyTATATAT) 'AD) (A6.2)
3 = E@eT) = PATAPAT) 'AE(yyDATATAT) AT, (A6.3)
As ¥ = E(yy"), the covariance matrix of the estimated measurement error is

3. = E@EéeT) = PATATAT) 1AW, (A6.4)

Covariance Matrix of the Adjusted Measurements
The adjusted measurements can be stated as
R=y-—&=y- PATATAT) !Ay. (A6.5)

By applying the propagation rules of the covariance, the following expression is
obtained for the covariance of &:

32 = cov(y) — cov(é) = & — 33;. (A6.6)

Equivalence between the Solution of the Overall Set of Balance Equations
and the Two-Stage Procedure

1. Proof that & = &, + &, (from Mikhail, 1976):
The total system of equations

AR =0 (A6.7)
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can be partitioned to

{iﬂé = [ijy (A6.8)

or
A=Ay (A6.9)
Aré = Ayy. (A6.10)

Now, if the vectors of measurement errors resulting from the resolution of each stage
are added and multiplied by matrix A, we obtain

AsE1 + &) = Asg1 + A TAT (A BoA]) TAay —2) = Az, (A61D)
So from Egs. (A6.10) and (A6.11) it follows that
E =8+ &. (A6.12)

2. Proof that J = J; + J, (from Mikhail, 1976):
The computation of J can be accomplished by the expression

J =rTATAT) 'r, (A6.13)
which is equivalent to
J=e"¥le (A6.14)
because of
J =0 e = [(WATAPAT) 'r]" @' [PATATAT) 1]
= [ATAYA") 'r"TO[AT(ATAT) 1)
=r"(APANH TATATAPAT) 'r = r"A®AT) 1.

If the total system of equations is partitioned into two subsets, the computation
of J by Eq. (A6.13) can be accomplished as follows:

-1

APAT A PATT
J:rT{{AI}\II[A¥ Ag]} r:rT[l L 2] r o (A6.15)

A, A, PAT A, WAT
J=[rf r;] [NITI/IT x} 1[2; = [T ¥} [(fT I(-;I] [iﬂ (A6.16)
J = (riM'r; —r’M 'MG"r,) + 2rTGr; + rlHr,, (A6.17)
where
H=M-MM"'M)~! (A6.18)
G = -M~'MH (A6.19)
E=M"'-M'MG". (A6.20)

Now with regard to the adjustment in steps, from the first step,
Ji =T (A CAT) 't =Ty (A6.21)
& = WAT(A, PAT) 'r; = TATM 1, (A6.22)
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From the second step,
1, = Ay =1 — Axd = Ay(y — &1)
and
5= () (Ar®aA0) e,
Since

(A2 %,AT) " = [A, (¥ — WATM A, @)AT]

= [(A,%A]) — (A, ZAT)M (A, B)AD)] ™

=M-M™M"'M)"! =H,
Eq. (A6.24) can be expressed as
J = (v;) Hr)
B = (1] — &]A7)H(r, — Axéy)
= riHr, — 26TATHr, + 6TATHA 2,
J, = riHry) — 2r’M~'MHr, + rfM"'MHM™ Dr,
J, = —rIM~'MG™r; + 2rGr, + rIHr,.
It is obvious from Eqé. (A6.21) and (A6.29) that J = J; + /5.

(A6.23)

(A6.24)

(A6.25)

(A6.26)

(A6.27)
(A6.28)
(A6.29)



B TREATMENT OF GROSS ERRORS

In this chapter we start by defining the data reconciliation problem in the presence
of gross errors and by describing the different stages to follow for the treatment of
biased data. Different strategies for testing a set of data are then described and a
serial elimination strategy discussed for identifying sources of gross errors. Then, a
method for estimating the amount of gross error (measurement bias and/or leaks) is
presented that will allow the continuing use of faulty sensors. Finally, a strategy for
the simultaneous estimation and identification of gross errors will be discussed.

7.1. INTRODUCTION

In the previous development it was assumed that only random, normally distributed
measurement errors, with zero mean and known covariance, are present in the data.
In practice, process data may also contain other types of errors, which are caused by
nonrandom events. For instance, instruments may not be adequately compensated,
measuring devices may malfunction, or process leaks may be present. These biases
are usually referred as gross errors. The presence of gross errors invalidates the
statistical basis of data reconciliation procedures. It is also impossible, for example,
to prepare an adequate process model on the basis of erroneous measurements or to
assess production accounting correctly. In order to avoid these shortcomings we need
to check for the presence of gross systematic errors in the measurement data.

There are various ways to identify a systematic large error: (1) with a theoretical
analysis of all the effects leading to a gross error, (2) with measurements of a given
process variable by two methods with different precision, or (3) by checking the

109
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satisfaction of the balance equations. This third alternative is particularly attractive
because it is relatively simple and is based on relations of absolute validity, namely
on the conservation of mass and energy.

Several works in the literature have attempted to deal with the problem of the
location of gross errors. A simple heuristic criterion has been proposed by Vaclaveck
and Vosolsobe (1975) to test each of the balances. This approach evaluates a ratio
of the balance residuum to the measured average flow of balanced variables through
the node, testing after all the double nodes to localize the position of the gross error.
Almasy and Sztano (1975) suggest a different procedure based on the statistical prop-
erties of the measurements. Their method of search for the source of large errors is
limited to systems containing a single element with systematic error, and those cases
where the ratio of the extreme error to the dispersion of the regular error is not too
small. Mah et al. (1976) extensively studied the problem of the identification of the
source of gross errors and developed a series of rules (based on graph-theoretical
results) that enhance the effectiveness of the algorithmic search. Exploiting the topo-
logical character of the process, and using available statistical information, a test
function for each node in the flow graph is developed, which is used in an identifica-
tion scheme by searching along the internal streams.

A serial elimination algorithm was first proposed by Ripps (1965) and extended
later by Nogita (1972). This approach eliminates one measuring element at a time
from the set of measurements and each time checks the value of a test function, sub-
sequently choosing the consistent set of data with the minimum variance. In this case,
after a new measurement has been deleted, the test function and the variance for the
resulting system have to be recomputed; when the number of suspect measurements
is increased, this may become a laborious solution.

A more systematic approach was developed by Romagnoli and Stephanopoulos
(1981) and Romagnoli (1983) to analyze a set of measurement data in the presence of
gross errors. The method is based on the idea of exploiting the sequential processing
of the information (constraints and measurements), thus allowing the computations
to be done in a recursive way without solving the full-scale reconciliation problem.

Of the various available techniques, the most widely used are based on the Mea-
surement Test (Mah and Tamhane, 1982). These are the Modified Iterative Mea-
surement Test (MIMT) developed by Serth and Heenan (1986) and the Generalized
Likelihood Ratio (GLR) method presented by Narasimhan and Mah (1987). The
MIMT method uses a serial elimination strategy to detect and identify only biases in
measuring instruments. The GLR method allows us to identify multiple gross errors
of any type. It uses a serial compensation strategy.

The Unbiased Estimation Technique (UBET) was developed by Rollins and Davis
(1992). This approach simultaneously provides unbiased estimates and confidence
intervals of process variables when biased measurements and process leaks exist.

Gross error detection in steady-state systems has received great attention in the
past 10 years. Good surveys of the available methodologies can be found in the
monograph by Mah (1990) and the paper of Crowe (1996).

In this chapter we start by defining the data reconciliation problem in the presence
of gross errors and by describing the stages to follow for the treatment of gross
biased data. Different strategies for testing a set of data are then described and a
serial elimination strategy discussed for identifying sources of gross errors. Then,
methods for estimating the amount of gross error (measurement bias and/or leaks)
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are discussed, which will allow the continuing use of faulty sensors. Finally, a strategy
for the simultaneous estimation and identification of gross errors (SEGE) is briefly
described and compared to GLR and MIMT methodologies.

7.2. GROSS ERROR DETECTION

As was shown before, the measurement vector in the absence of gross errors can be
written as

y=x+e, yeR, (7.1)
with the following assumptions:

1. The expected value of €, i.e., E(g) = 0
2. The covariance matrix of ¢ is known and given by E (eis,-T) =W

Furthermore, the balance (constraint) equations for the linear or linearized case are

X
A[u] =0. (7.2)

In Chapters 3 and 4 we have shown that the vector of process variables can be
partitioned into four different subsets: (1) overmeasured, (2) just-measured, (3) deter-
minable, and (4) indeterminable. It is clear from the previous developments that only
the overmeasured (or overdetermined) process variables provide a spatial redundancy
that can be exploited for the correction of their values. It was also shown that the gen-
eral data reconciliation problem for the whole plant can be replaced by an equivalent
two-problem formulation. This partitioning allows a significant reduction in the size
of the constrained least squares problem. Accordingly, in order to identify the pres-
ence of gross (bias) errors in the measurements and to locate their sources, we need
only to concentrate on the largely reduced set of balances

Arx; =0, (7.3)

where A corresponds to the reduced subset of redundant equations and x,, in this case,
corresponds to the redundant measured variables (overmeasured). In the following we
will make the following nomenclature changes: A = A, X = X, with the balances
taking the form

Ax = 0. (7.4)

Introducing the measurements within the balances, we obtain the vector of the residua
in the balances, r:

r=AX+¢e)=Ax+ Ae = Ae. (7.5)

The most common techniques for detecting the presence of gross errors are based
on so-called statistical hypothesis testing. This is based on the idea of testing the data
set against alternative hypotheses: (1) the null hypothesis, Hy, that no gross error is
present, and (2) the alternative hypothesis, H,, that gross errors are present.

Under the Hy hypothesis, if we postulate that the measurement errors are normally
distributed, then Eq. (7.5) implies that the residua in the balances are also normally
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distributed. As it was assumed that E(e) = 0, we will have
E[r] = E[Ae]l = AE[e] = 0. (7.6)
Furthermore, the propagation of variances and covariance yields
® = E[rr’] = AE[ec"]AT = ATAT. (1.7

At this point, it is important to make a distinction between the random errors and
the systematic errors. When the same variable is measured repeatedly, we usually
get a series of measurement. Because of a number of uncontrollable factors of small
importance, varying at random, the measurement errors are normally distributed, in
this case about zero.

Contrary to random errors, systematic (gross) errors are usually due to one or
more isolated factors that cause the displacement of the measurement in one direction.
The observations are distributed around a certain value y, different from the true value
of the variable x. The systematic error is consequently equal to (y — x) = a.

In our case the measured quantity is r and the theoretical value is assumed to be
known and equal to zero. The mean of the residua, that is, E[r], is calculated, and the
question now is to decide whether this mean differs significantly from zero, such that
the null hypothesis of zero mean is not satisfied.

The following two test functions can be formulated:

1. Global test.
1=r'®r, (7.8)

where r is the residua in the unsatisfied balances and @ is the covariance matrix of
the residua. If matrix A has full row rank m, T will have chi-square distribution with
m degrees of freedom. Thus, at a specified level of significance, «, such that

Prob{r > xlz_a(m)} =d«, (71.9)

a test for the inconsistency of a set of measurements in the presence of gross errors,
at a preassigned probability, is available. We need only preassign an allowable error
probability, which gives us a critical value of 7. The choice of the error probability
depends on the process characteristics. For example, a value of 0.10 is acceptable in
many cases.

The advantages of the global test are that it is simple, and that the test statistic
applies to the whole set of data a priori, that is, before any reconciliation of the
measurements is attempted. However, it provides only a global test, and no indication
of the origin of the failure is provided. Once the presence of gross errors is detected;
a separate procedure is required to identify their source.

2. Individual constraints test. The test statistic,

|7:]
NL
is used for each constraint in the problem, where 4; follows a standard normal distri-
bution, that is, #; ~ N(0, 1). In this case, in place of a single test, we have a different

number of tests for each constraint in the problem. As with the global test, a separate
analysis is required to identify the source of the gross error. However, in this case the

hi =

(7.10)
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presence of a gross error can be related to one equation, or to a subset of equations,
within the global problem.

Now we consider the estimate of the measurement error, &,
E=y—x=(I—-M)y. (7.11)

In the absence of gross errors, the vector & has the following properties:

E@) =0 (7.12)
and
Cov(@) =1 -M¥TI-M)' =V, (7.13)
where
M=1- PATAWAT) 1A, (7.14)

Vector & has a multivariate normal distribution. Mah and Tamhane (1982) proposed
the use of the test on the estimates,

lzil = \l/‘év_| (7.15)

where
d=vly—% (7.16)
Cov(d) = ATATAT) A =W, (7.17)

which follows a standard normal distribution. Unlike the previous test statistics, the
test on the estimates of the measurement errors is applied after the reconciliation
procedure. On the other hand, again in contrast to the previous tests, it provides a
test associated with each measurement in such a way that no additional identification
procedure is required.

In practice, linear balances are only encountered for total mass balances. The
equations for general component and energy balances are nonlinear. Consequently,
Eq. (7.5), relating the balance residuals to the measurement errors, requires lineariza-
tion around the approximate values ¢®. For nonlinear balances, Eq. (7.7) may be
further generalized as

® =G, VG (7.18)
with
ar
Gee=—| . (7.19)
de PR

Although in practical applications linearized functions are used regularly for the
propagation of variances and covariance, it should be pointed out (Brandt, 1970;
Mikhail, 1976) that this is appropriate only if the range of dispersion in & is small for
linear approximations compared to the curvature of the function in the neighborhood
of €9, In other words, the functions would be well approximated by their tangents
within the region of interest, that is, the region of dispersion of the random variable.
From a formal point of view it should be noted that in linearization the properties of
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random variables change from the variables themselves (in the nonlinear form) to the
increments

e=e9+Ae and r=r?+Ar. (7.20

Thus, the error properties (i.e., the characteristics of the probability distribution) are
now associated with Ae and Ar instead of € and r, respectively.

EXAMPLE 7.1

To illustrate the usage of test functions for the detection of gross errors, we
will consider the problem presented by Ripps (1965), which has been presented in
Example 5.1. The residua in the balances and their corresponding variances are given

by
—0.0672 4837 2420 -—1339.8
r=|-00059|, & '=| -2420 5890.6 —2071.6]|.
—0.0571 —1339.8 —2071.6 5506.0

By direct application of the global test defined in Eq. (7.8), we have
T =r'®"'r =8.5347.

If we consider an error probability of 0.10, the critical value for T with three degrees
of freedom is 7, = 6.251. Since in this case t >> 1., we can say that the inconsistency
is significant at an error probability level of 0.10, and gross errors are present in the
set of data.

7.3. IDENTIFICATION OF THE MEASUREMENTS WITH GROSS ERROR

If an extreme error is found by the test function, we need to identify which mea-
surement has the gross error in order to guide instrument repair and to correct the
corresponding measurement or to delete it from the set of data during the reconciliation
procedure. In typical processes, small errors are usual and gross errors are unusual.
A gross error is likely to occur only occasionally in any of the instruments; therefore,
in any given set of measurements the number of such large errors is generally small
compared with the total number of measurements taken.

In the following a serial elimination procedure (Romagnoli and Stephanopoulos,
1981; Romagnoli, 1983) is described. This scheme isolates the sources of gross errors
by a systematic treatment of the measurements.

7.3.1. A Serial Elimination Procedure

Let us consider the system of g overmeasured (redundant) variables in m balance
equations. Assuming that all of the errors are normally distributed with zero mean
and variance W, it has been shown that the least squares estimate of the measurement
errors is given by the solution of the following problem:

Min eT® " le
£
s.t.
Ae =,

(7.21)
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with the solution given by
¢ = PATATAT) 1Ay = AT 'r. (7.22)

If certain measurements have gross biases, this solution is not valid.

Assume now that ¢ measurements have gross errors while the rest (g — ¢) have
only random errors with zero mean. Partitioning the matrix A along these lines, we
have

A=A, Al (7.23)

where A, is an [m x (g — ¢)] matrix whose columns are composed of the coefficients
of the (g — ¢) measurements, and A, is an (m X c¢) matrix corresponding to the ¢
measurements with gross errors. Assuming that there is no correlation between the
various measurements, the covariance matrix can be also partitioned, leading to

— q’g 0
¥, = [ 0 \IIC+A\II]’ (7.24)

where AW is the increase in the variance of the ¢ measurements with gross errors.
Accordingly, the variance for the residuals in the balances can be expressed as

_ T _ W, 0 A
®, = AV, AT = [A, Ac][ 0 W.taw|al
= AW A, +A(T, + AD)A] (7.25)
=® +A(AP)A],
where
—_ ‘Ilg 0
T = [ 0 \1:] (7.26)
and
®=ATAT=[A A]{‘I’g 0 ] Ag
ETL0 W AT (7.27)

= A WAT + AT AT

are the variances of the measurements and the balance residua if all the measurements
are assumed to possess only random errors.

In order to estimate the vector £ in the presence of gross errors, we need to invert
the covariance matrix, ®,, as Eq. (7.22) indicates. It is possible, though, to relate &, !
to @' (the inverse of the balance residuals in the absence of gross errors) through
the simple recursive formula (6.32), which was presented in the previous chapter.
In this case we obtain the following relation:

&, =@ {I-A[(A®) ' +AT® A, 'ATH ). (7.28)

Equation (7.28) can also be used for a different situation. Consider that initially
c; specified measurements are suspected to possess gross errors, and let ®; be the
corresponding covariance matrix of the residuals in the balances. If a different set
¢;+1 of suspect measurements is obtained by adding measurements to the set ¢;, the
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covariance matrix of the residual for the new case, denoted as ®,.,1, can be calculated
as follows:
&) =@ {I-A,, [(AT, )" +AT  ®7'A,, ] AL &7} (7.29)

Cii+1) ' C(H')] Cu+1)

It is interesting to note that in Eq. (7.29) we need to invert the matrix

[(A‘P);}—l + AT Q'_IAC(,‘_H)]’ (7.30)

Cut+1) 1

which is a square matrix of order equal to the number of new suspect measurements
¢i+1. Given the fact that in usual practical situations the number of suspect measure-
ments is small, it is clear that Eq. (7.30) provides a simple recursive formula for
computing the variance of the residua in the balance equations when the effect of
different sets of suspect measurements is analyzed.

For each set of suspect measurements, the estimate of the measurement error is
given by

& =WAT® r, (7.31)
where
0, 0
P, = | g0 7.32
0 C() + (A‘P)l ( )

Also, the value of the least squares objective is given by
Ji=eTwrle = (,A"®; 'r) o (T,AT; ') = r"@; 1. (7.33)

Therefore, in order to compute the value of the least squares objective resulting from
a given set of suspect measurements, we can use the recursive formula of Eq. (7.29)
for <I>i_1, exploiting the information already available from previous calculations, as
is codified by the value ®;

It is now clear how we can establish a recursive strategy to identify the measure-
ments with gross errors:

1. Consider the ith set of ¢; suspect measurements and assign to them a variance

+ (AW);, (7.34)

c(l)
with
A¥; > 0 (7.35)

while the remaining (g — ¢;) measurements have a variance ¥y, .
2. Compute the inverse of the variance of the residua in the balances using the
recursive formula

- _ -1 _
= &7 {T- A [AL @A) T AL ) (7.36)
and by inverting the matrix
(AL, @7 "Ac,] (7.37)

of low order, equal to the number ¢; of suspect measurements.
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3. The estimate of the measurement errors after the deletion of the suspect mea-
surements is given by

=¥, Al & 'r (7.38)

8 Mg

and the objective function is given by Eq. (7.33).
4. If J; « J;_1, then we can conclude that some of the ¢; that were deleted as
suspect measurements possess gross errors.

Note: If one measurement is deleted at a time, the matrix [AT P 1AC( ,11s a scalar
quantity and then the inverse <I) can be easily calculated using a prev1ous1y computed
2. &

The foregoing procedure can be implemented on-line, in real time, for any pro-
cessing plant without much computational effort, by sequentially deleting one mea-
surement at a time to quantify the effect of that measurement on the reconciliation
procedure.

EXAMPLE 7.2

Let us consider again the system defined in Example 5.1. From the application of
the global statistical test, gross errors were detected among the data set as indicated in
Example 7.1. Now the serial elimination strategy will be applied to isolate the source
of gross error, that is to identify which set of measurements contains gross error.

Step 1. Deletion of measurement f. The new system matrices, according to our
definition, are

0.6 —-02 -0.7 0.1 0.0025
Ay=1(01 -01 —-01(, A.= 08|, ¥,= 0.000576
03 -06 -0.2 0.1 0.04

The scalar to be inverted is given by

4837  —=242.0 —1339.8770.1
Al®7'A. =[0.1 08 0.1]| —242.0 5890.6 —2071.6||0.8| =3432.88,
—1339.8 —2071.6 5506.0 ||0.1

and ®; ' from Eq. (7.28) is

460.9 122.5 —1440.7
& ' = 122.5 41.2 —452.1
—1440.7 —452.1 5057.6

From here the least squares objective is given directly by
Ji =11 r = 7.2953.
Also, the estimates of the measurement error & and vector f are given by

—0.0617 | 4.8552
g, = | 00575 |, f]|1.1720].
0.0293 3.8507
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Step 2. Deleting measurement f,. For this case the system matrices are now

0.1 -02 =07 0.6 0.00029
A, =108 -02 01|, Ac=|01], ¥,= 0.000576
0.1 -06 -0.2 0.3 0.04

Consequently, we have

4837  —242.0 -—1339.87[0.6
AT®'A, =[0.6 0.1 03]| —242.0 5890.6 —2071.6|{0.1 | =92.8938,
—1339.8 -2071.6 5506.0 ||0.3

and from Eq. (6.33), @;1 is

2847 —501.9 —402.1
® ' = |-501.9 5551.0 -—846.5 .
—402.1 —846.5 1086.3

The new value of the least squares objective is
Sy =11 'r = 0.9636,

with estimates of the measurement error & and vector f given by

0.0107 0.1751
&,=| 00039 |, f,=1225].
—0.1470 4.0270

Following the same procedure, we have considered the deletion of f3 and f4. The cor-
responding values of the least squares objectives were J; = 1.5702 and J, = 8.4374,
respectively. The results indicate that measurement f contains a gross error and has
to be deleted, or some corrective action has to be undertaken with the corresponding
measurement device.

7.3.2. A Combined Procedure

The previous approach for solving the reconciliation problem allows the calculation,
in a systematic recursive way, of the residual covariance matrix after a measurement
is added or deleted from the original adjustment. A combined procedure can be de-
vised by using the sequential treatment of measurements together with the sequential
processing of the constraints.

Consider, in general, the overall problem consisting of m balances and divide it
into m smaller subproblems, that is, we will be processing one equation at a time.
Then, after the ith balance has been processed, a new value of the least squares
objective (test function) can be computed. Let J; denote the value of the objective
evaluated after the ith equation has been considered. The approach for the detection
of a gross error in this balance is based on the fact that J; is a random variable whose
probability distribution can be calculated.

When a normal distribution of the errors can be assumed, the least squares fit
can be combined with a y2-test after each step of the sequential processing. We will
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- FIGURE | Steps in the identification procedure: (a) searching along equations; (b) searching along
measurements; (c) combined procedure (from Romagnoli, 1983).

reject the result of the adjustment if
Ji > xia (), (7.39)

that is, if J; exceeds the critical value of x2 belonging to a level of significance, a.
Thus, J; gives us an individualized criterion as each balance is processed.

Now if the test fails at the i th step, a systematic error has been detected. The source
of the gross error will be located in one or more of the new measurements incorporated
by the ith balance, and so they constitute a subset of suspect measurements. In practical
applications we will be faced with two possible alternatives:

1. Only one measurement is suspected to have gross error; then it can be
deleted and a new reliable estimate obtained

2. More than one measurement is suspected; then the serial elimination of the
measurements is initiated until a new reliable estimate is obtained

Figure 1 illustrates, schematically, the use of this recursive scheme for con-
straints/measurements processing in any identification procedure.

EXAMPLE 7.3

In this example we will show the combined procedure. Let us take the simple
serial system in Fig. 2 for which the available data is given in Table 1. Only total mass
balances are considered and the covariance matrix is the identity matrix, thatis, ¥ = I.

Now, applying the sequential approach we have the following:

Step 1. Processing Equation 1, we have

Ar=[1 -1 1000, =¥ =1 [ATA]]=3 r=15
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Il TABLE | Data for Example 7.3 (from

Romagnoli and Stephanopoulos, 1981)

Measured values True values
fi 10.5 10
b7 14.5 15
f3 5.5 5
fa 14% 10
s 19.5 20
fe 20.5 20
4
1 2 5 6
3

FIGURE 2 Simple serial system for Example 7.3 (from Romagnoli and Stephanopoulos, 1981).

with the corresponding estimates given by

[0.57] [1/3 -1/3 1/3 0 0 O
0.5 —1/3 1/3 -=1/3 0 0 0
s |05 s _| 3 -3 1/3 000
I=lo | &~ | o 0 0 00 0
0 0 0 0 00 0O
| 0 | 0o 0o 0 00 0

The value of the objective is now
J1 =075 < x2,(1)=2.75  (acceptable).
Step 2. Processing Equation 2, we have
Ab=[01 -1 1 =1 0], ¥,=¥,-3;,
and
[A2%,A]] =2.6667, 1, =45,
with the estimates given by

1.1250

0.5625

&, = | —0.5625
1.6875
—1.6875

and
Jo = 13.67 > x3,(2) = 4.61.
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This estimate is not acceptable. Since measurements f1, f>,and f3 wereusedinstep 1
and they gave a good estimate, the gross error is in either measurement f4 or fs or
both. Now, applying the combined approach, we delete sequentially measurements
f4 and f5 from the adjustment.

Step 3.

(a) Deleting measurement f4, we have

1 -1 1 0 0 0 3 -2 0
Ag={0 1 -1 -1 0|, Ac=|1|, &=|-2 4 -1},
00 0 1 -1 0 0 -1 2

with
0337 0 0
[A;PA:]=04615, ®,'=| 0 0 0
0 0 05

From here, the value of the least squares objective becomes
Jy=r"®'r =1.25.
(b) Deleting measurement fs,
Js =1"®'r =5.34.
Thus,
Ji & Js.

It is obvious from these results that measurement fy is grossly faulty and has to be
deleted during the rectification process. Finally, estimates of the measurement error
and the process variables when measurement fy is deleted are given by

0.5 10
-05 15
é=1051| f=15]
-05 20
0.5 20

Solving for f4 from the balances using the estimates of f,

fa=—154+54+20=10.

7.4. ESTIMATION OF THE MAGNITUDE OF BIAS AND LEAKS

Once the existence of systematic errors is ascertained, their effect is modeled func-
tionally. In the following, three cases of gross error estimation are discussed:

1. Bias in the measurements
2. Leaks in units
3. Combinations of leaks and measurement biases
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7.4.1. Bias in the Measurements

In the following discusston, one or several sensor failures are assumed, so a constant
bias of magnitude my, is added to the measurement vector y. In the presence of a
failure in the sensors, the measurement equation takes the form

y=x+¢e+ Bm,, (7.40)

where s is the number of gross errors in the data set (which is known from the gross
error identification phase) and By, is a matrix of order (g x s) whose elements are all
zero or one depending on whether the corresponding measurement is faulty or not.
The vector of constants m,, represents the sign and magnitude (bias) of the failure.
We proceed, in consequence, to minimize the error criterion:

Min eT® " lg
&

(7.41)
s.t.

A(y - e —Bym,) = 0.

Using the method of Lagrange multipliers, the solution of the problem is given by

& = WAT(AWAT) '[Ay — Pyring], (7.42)
where
i, = [PIATAT)'P,] ' Pl(AZAT) Ay (7.43)
and
P, = ABp,. (7.44)

This can be rewritten more conveniently as
& = WATAWAT)'Ay — PATATAT) Py, (7.45)
or in compact notation as
& =8 +xp, (7.46)

where &, is the bias-free estimate of the measurement error and x;, is a correction term
arising because of the biases in some measurements.

This means that the computation of the optimum estimate of x is effectively
decoupled from the estimate of the bias. Moreover, it can be computed in terms of
the residuals of the bias-free estimate. In terms of x, this can be expressed as follows:

g =y— WATATAT) Ay — TATAPAT)"'P,1iny, (7.47)
or more generally, this can be rewritten as
% = Xg + Xc + Xp. (7.48)

That is, the least squares estimate can be finally expressed as the contribution of
three terms. The first one arises from the solution of the original problem, without
constraints (for data reconciliation xg = y); the next is a correction term due to the
presence of constraints; and the last one takes into account failures in the model
(systematic errors).
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A quite important part of the adjustment is the determination of the precision
in the estimation problem. Such precision is in the form of the covariance matrix.
Following a similar procedure we arrive at

¥ = E{xoXy } + E{x.x{ } + E{xpx} }
=0 — PATAVAT]'AY — CATATAT] P, 3, PIIATAT]IA®  (7.49)
=%+ . + Db,
where
S = [PIATAT) 'R, (7.50)

The covariance of the residuals in the estimate can be expressed as the contribution
of two terms, the first corresponding to the original adjustment and the second to a
correction term. Furthermore, the quadratic objective can be expressed as

J="¥ e =r"(APAT) 'r - ] PLATAT) 'r = J, — b, (7.51)
which can be used as a checking procedure after the correction for bias has been
performed.

EXAMPLE 7.4

The same example proposed for the sequential treatment of the measurements
(Example 7.2) serves as a test case to illustrate the application of the scheme developed
for estimation of the magnitude of the bias term. The data for the new problem is
given in Table 2.

Case I. Abias present in the measurement of f, was identified by the sequential
processing of the measurements (see Example 7.2). We augment, in consequence, the
vector of parameters of the original problem by adding an additional component to
represent the uncertain parameter (bias term).

Accordingly,

Bn=10 10 0", P,=[06 0.1 037"
Using this value for Py, we have
[PIATAT)'P,] ™" = 0.010733,
from which the bias is calculated as

1y, = [PE(A\I;AT)—‘P.,}“PE(A\I:AT)—IAy = —0.2840.

Il TABLE 2 Data for Example 7.4 (from Romagnoli, 1983)

Measurement, Measurement,

Case | Case 2 True value
il 0.1858 0.2058 0.1739
b 4.7935 4.7935 5.0435
f 1.2295 1.2295 1.2175

f1 3.88 3.88 4.00
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Il TABLE 3 Results for Example 7.4 (Case 2)

Measured value Estimate with bias Bias-free estimate
h 0.2058 0.1677 0.1747
i) 4.7935 4.8640 5.0667
f3 1.2295 1.1741 1.2230
fa 3.88 3.8577 4.0183

With this numerical value, the correction vector of the measurements due to the pres-
ence of systematic errors and the estimates of the process variables may be computed:

xp, = —PATAWAT) Py, = [-0.0075 —0.0659 —0.0526 —0.1729]"
and
£ =1[0.1751 5.0775 1.2256 4.0270].

Case 2. In this case an additional bias present in measurement of f; was consid-
ered. In accordance with the previous development,

g [t 0ooo0]" L, _Joros 01]
m=i0 1 0 0| "°" |06 01 03

i, = [PIATAT) P, PIATAT) Ay = [ 0.0311 }

—0.2730

With these numerical values, the correction vector for the measurement and the esti-
mate of the process variables may be computed. They are given in Table 3.

7.4.2. Estimation of Leaks

If one or more leaks are considered, the constraint model for the process must be
modified to take them into account. Now, the least squares formulation of the problem,
when measurement bias are absent, can be stated as

Min eT®¥ " le
£

s.t.

(7.52)
Aly—¢)—Bym, =0,
where

B, is an (m x p) matrix with ; column vectors indicating the positions of the
leaks
m,, is the p-dimensional vector of the magnitudes of the leaks

Again, using the Lagrangian approach, the estimates of m,, €, and x are given by
i, = [BL(A®AT)'B,] ' BL(ARAT)"!Ay (7.53)
& = TAT(AWAT)"'[Ay — B i1, (7.54)
£ =y - PATATAT)I[Ay — Bpmh,]. (7.55)
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7.4.3. Estimation of Leaks and Biases

If combinations of leaks and measurement biases are considered, both the measure-
ment model and the process constraints equations need to be modified. The formula-
tion for the least squares problem is now

Min eT® e
X
s.t.
A(y — € ~ B;ymy) — Bym, = 0.

(7.56)

Again, we can use the Lagrangian approach to obtain estimates for m,, my, €, and X.
The estimates for m, and m,, are obtained by solving the following system:

[Abe ApBy | [my] [AbAyJ (757
CP, CB,| m CoAy | '
where Ay = PI(AWAT)™! and C = BIP(A\IIAT)_I.
Finally, for the estimates of x and £ we have
& = WAT(AWAT) '[Ay — Py, — By, ] (7.58)
X =y— PATATAT) '[Ay — Py, — Byyih,] — By, (7.59)

7.5. A RECURSIVE SCHEME FOR GROSS ERROR IDENTIFICATION AND ESTIMATION

This section briefly discusses an approach that combines statistical tests with si-
multaneous gross error identification and estimation. The strategy is called SEGE
(Simultaneous Estimation of Gross Error Method). It was proposed by Sdnchez and
Romagnoli (1994).

Recall that, in the absence of gross errors, the measurement and linear constraint
models are given by Eqgs. (7.1) and (7.4), respectively. Furthermore, the solution of
the least square estimation problem of x variables is

x=y— PATATA")'Ay. (7.60)
By a direct application of propagation rules, the covariance matrix of % is
Covx) =X =¥ — PATAWAT) 'AWD, (7.61)
0 X can be expressed in terms of its covariance matrix using Eq. (7.61) as follows:
=30 ly = (¥ - PATAVAT) AT Ty, (7.62)

where it should be noted that the set of process constraints is only involved in the
calculation of 3.

As was indicated in Section 7.2, the vector of measurement adjustments, &, has a
multivariate normal distribution with zero mean and covariance matrix V. Thus, the
objective function value of the least square estimation problem (7.21), ofv = éT® 12,
has a central chi-square distribution with a number of degrees of freedom equal to
the rank of A.

In order to detect the presence of gross errors in the proposed measurement
and constraint models, the strategy SEGE applies a collective hypothesis statistical



126

CHAPTER 7 TREATMENT OF GROSS ERRORS

test based on the vector of measurement adjustments, &. The null and alternative
hypotheses are stated as follows:

Ho=E@#) =0
H, = E(?) #0.

The global test statistic £T W' is used to compare both alternatives. Thus, an ap-
propriate «-level test is to reject Hg in favor of H,, iff gTwlg > x,fw, where X,%w
is the upper (100a)th percentile of the x2 with m = rank(A).

If Hy is rejected, a two-stage procedure is initiated. First, a list of candidate
biases and leaks is constructed by means of the recursive search scheme outlined by
Romagnoli (1983). All possible combinations of gross errors (measurement biases
and/or process leaks) from this subset are analyzed in the second stage. Gross error
magnitudes are estimated simultaneously for each combination and chi-square test
statistic calculations are performed to identify the suspicious combinations. We will
now explain the stages of the procedure.

Stage |

The recursive search is undertaken to identify a set of constraints that do not
satisfy the proposed models for measurements and constraints.

Let us suppose that an initial data reconciliation problem has been resolved using
aset of process constraints and the covariance matrix for the estimated variables (X°')
is available. If a set of constraints B; is incorporated into the least square estimation
problem, the covariance matrix 3 for the new case (3"") can be estimated using the
previous one by means of the formula

s — 30 31oUT (B;oMpT) Bz, (7.63)

The corresponding demonstrations are included in Appendix A.
Also, the vector % for the new case is calculated as

Y = DI ly, (7.64)

1t should be noted that if one constraint is added at a time, the vector X is easily
estimated as function of X"*¥ by the inversion of a scalar.

The preceding results are applied to develop a strategy that allows us to isolate
the source of gross errors from a set of constraints and measurements. Different least
squares estimation problems are resolved by adding one equation at a time to the set
of process constraints. After each incorporation, the least square objective function
value is calculated and compared with the critical value.

Two different situations can arise when an equation is incorporated:

® If ofv > 7., gross error is detected. The equation is eliminated from the set of
constraints. The procedure is repeated with the following equation.
¢ If ofv < 1., no gross error is detected, so the following equation is analyzed.

By this procedure, all of the measurements involved in the deleted constraints
and the leaks from the corresponding units are included in the list of suspected gross
errors.
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Stage 2

In this stage, all possible combinations of suspicious leaks and/or bias are ana-
lyzed. For each combination, the following tasks are accomplished:

¢ Modification of measurement/constraint models to take into account the
presence of gross errors

® [ east square estimation of & and gross error magnitudes

® Test statistic (ofv) calculation

Then the values of the test statistic for all combinations are compared with the critical
value. The presence of gross errors correspond to the combinations with the low
objective function value (ofv). Detailed algorithms for Stages 1 and 2 are included
in Appendix B.

7.5.1. Performance Evaluation

A simulation procedure can be applied to study the performance of different methods
in detecting gross errors and in estimating their magnitude.

As it is common practice (Tordache et al., 1985), each result is based on 10,000
simulation trials for given magnitudes of gross errors. In each simulation trial, a
different set of measurements is randomly generated. Three performance measures
can be used:

1. The overall power (OP)
2. Average number of type I errors (AVTI)
3. Expected fraction of correct identification (OPF)

They are defined as follows:

_ No. of gross errors correctly identified

OP = -
No. of gross errors simulated
AVTI — No. of gross er.rors W.rongly. identified
No. of simulations trials
OPF — No. of trials with perfect identification

No. of simulations trials

The first two measures were proposed by Narasimhan and Mah (1987) and the last
one was presented by Rollins and Davis (1992).

EXAMPLE 7.5

Consider the well-known example (Rosemberg ef al., 1987) consisting of a re-
cycle system with four units and seven streams (Fig. 3). In this example, true flowrate
values are considered tobe X =[5 15 15 5 10 5 5] and the standard deviations of
the flowrates are taken as 2.5% of the true flowrate values. As in previous publications,
all possible combinations of two measurement biases are simulated. Fixed gross error
magnitudes of 7 and 4 standard deviations are considered for the corresponding
flowrates. The measurement value for each simulation trial is taken as the average of
10 randomly generated values.

Three methods were applied to detect bias measurements in this process network
where only total mass balances are considered. These are the Generalized Ratio
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Bl TABLE 4 Performance Results for MIMT, GLR, and SEGE for Example 7.5

MIMT GLR SEGE
Str. AVTI oP OPF AVTI oP OPF AVTI oP OPF

1-2 0.152 0.969 0.910 0.167 0.971 0.904 0.008 0.996 0.992
1-3 0.153 0.969 0.908 0.168 0.972 0.903 0.000 1.000 1.000
14 0.070 0.974 0.929 0.063 0.973 0.934 0.049 0.974 0.948
1-5 2.088 0.035 0.028 1.950 0.145 0.021 0.615 0.704 0.692
1-6 1.048 0.500 0.000 0.143 0.993 0.868 1.000 0.997 1*¥6*7*
1-7 0.403 0.821 0.614 1.074 0.504 0.000 1.000 0.997 1*6*7*
2-3 1.045 0.500 0.000 1.041 0.997 0.005 1.000 0.999 2%3*4*
24 0.963 0.501 0.000 0.961 0.500 0.000 0.948 0.958 2¥3*4*
2-5 0.043 1.000 0.956 0.089 0.999 0.911 0.000 0.999 0.999
2-6 0.050 0.989 0.951 0.130 0.966 0.889 0.027 0.987 0.973
2-7 0.046 0.999 0.954 0.057 0.999 0.944 0.002 0.999 0.998
34 0.965 0.501 0.000 0.964 0.500 0.000 0.951 0.960 2¥3H4*
3-5 0.044 0.999 0.956 0.086 1.000 0.913 0.000 1.000 1.000
3-6 0.051 0.988 0.949 0.125 0.967 0.893 0.027 0.987 0.973
3-7 0.049 0.999 0.951 0.054 0.999 0.947 0.001 0.999 0.999
4-5 1.037 0.500 0.000 0.077 0.999 0.925 1.000 0.999 4*5%6*
4-6 0.189 0.923 0.814 1.063 0.577 0.002 0.999 0.998 4*5%6*
4-7 0.035 0.999 0.965 0.067 0.998 0.936 0.004 0.998 0.996
5-6 0.062 0.978 0.933 1.026 0.500 0.000 0.996 0.977 4*5%6*
5-7 0.051 0.996 0.949 0.144 0.996 0.864 0.006 0.997 0.994
6-7 0.045 1.000 0.955 0.820 0.886 0.324 1.000 1.000 1*¥6*7*

4
Bl FIGURE 3 Recycle process network (from Rosenberg et al., 1987).

Test Method (Narasimhan and Mah, 1987), the Modified Iterative Measurement Test
(MIMT), and the Simultaneous Estimation of Gross Error Method (SEGE). In order
to compare results on the same basis, the level of significance of each method is
chosen such that it gives an AVTI, under null hypothesis, equal to 0.1.

In Table 4 the results are presented in terms of identification performance mea-
sures for the three methods. Two different situations arise from this table:

1. For 12 of the 21 cases, a numerical value can be calculated for the overall
performance of the SEGE strategy. For these combinations of gross errors, SEGE
exhibits a larger fraction of perfect identification runs (OPF) compared to the other
two methods.

2. For the other nine cases, a numerical value for the SEGE’s overall performance
is not available. Nevertheless, the OP for this methodology is high and, in many cases,
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Il TABLE 5 Bias Estimation Results for SEGE and GLR for Example 7.5

SEGE GLR

Stream SIM.M EST.M ST.DEV ESTM ST.DEV

1-2 0875 1.5 0.876 1.503 0.053 0.127 0.805 1.474 0.052 0.126
1-3 0.875 1.5 0.876 1.501 0.053 0.129 0.805 1.475 0.052 0.126
14 0.875 0.5 0.876 0.505 0.054 0.099 0.925 0.487 0.053 0.095
2-5 2625 1.0 2.625 0.999 0.130 0.091 2.404 0.973 0.128 0.089
2-6 2.625 0.5 2.627 0.503 0.137 0.082 2.330 0.439 0.128 0.071
2-7 2.625 0.5 2.625 0.499 0.129 0.053 2.478 0.491 0.128 0.052
3-5 2625 1.0 2.626 0.998 0.131 0.091 2.405 0.973 0.129 0.089
3-6 2.625 0.5 2.628 0.503 0.138 0.082 2.331 0.440 0.129 0.071
3-7 2,625 0.5 2.626 0.499 0.130 0.053 2.478 0.492 0.129 0.053
4-7 0.875 0.5 0.875 0.499 0.103 0.054 0.895 0.554 0.168 0.087
5-7 1.750 0.5 1.748 0.499 0.092 0.054 1.552 0.470 0.090 0.051

is greater than the others. This indicates that the strategy identifies the simulated gross
errors, but includes an extra flowrate in the suspicious set. It should be noted that GLR
and MIMT perform poorly for seven and six of these nine cases, respectively.

SEGE is unable to give a perfect identification with the current process knowledge
in the following situations:

1. The objective function value is equal for different combinations of gross
errors

2. The matrices [PT(A®AT)~'Py] in (7.43) or [BL(AWAT)"'By] in (7.53) or
the system of equations in (7.57) is singular

In these cases it gives a suspicious subset of gross errors that includes the simulated
ones but is larger than the real set. The user is advised that a unique solution is
not possible. To sort out these difficulties, additional information on the process,
for example, component or energy balances using fixed values of composition or
temperature, may be included in Stage 2 of the procedure.

In Table 5, bias estimation results are given for GLR and SEGE. This table
contains the cases from Table 4 with overall performance values greater than 0.9. The
values in the SIM.M column are the simulated gross error magnitudes. EST.M and
ST.DEYV stand for the bias magnitude and its standard deviation estimate, respectively.
They are obtained from the simulation trials with perfect identification. The SEGE
method shows superior performance in estimating the size of gross errors; it gives
unbiased and minimum variance estimators.

7.6. CONCLUSIONS

In this chapter we first presented a number of different, simple strategies for gross
error identification. The serial elimination of measurements, the search along equa-
tions, and a combined procedure have been demonstrated to be simple and efficient
ways for identifying gross errors. The estimation of gross errors due to both bias and
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leaks was also considered. These estimates have been evaluated using the least square
technique.

Furthermore, we discussed a new strategy for the simultaneous identification
and estimation of gross errors that can be applied for both bias in the measurements
and leaks. This method is especially suited to large-scale, automated plants, where
a low amount of gross error is present. The first stage of the procedure is the quick
identification of suspicious systematic errors, which are then investigated in the second
stage in order to identify the faulty sensors and leaks. This method significantly
reduces the number of combinations for the second stage of the analysis.

The simultaneous estimation of gross errors enhances identification performance
and the accuracy of the estimation. This is a key characteristic when instruments
cannot be repaired until the units are out of service. In these situations the corrected
measurement data are used for control and optimization purposes.

a magnitude of a gross error

A matrix of linear constraints

A, [(m x (g — c)] submatrix of A

A, (m x ¢) submatrix of A

Ayx auxiliary matrix for constraints

AVTI  average number of type I errors

B; row of A

Bm (g x s) matrix with e; column vectors indicating bias positions
By (m x p) matrix with ¢; column vectors indicating leaks positions
c number of measurements with gross error

d vector defined by Eq. (7.16)

ec number of incorporated equations

EG set of gross errors

f vector of total flowrates

g number of measured variables

G Jacobian matrix of nonlinear constraints
Hy null hyphotesis

H,; alternative hyphotesis

h nodal test statistic

I identity matrix

J least square objective function

m number of process constraints

my vector of bias magnitudes

m, vector of leaks magnitudes

mnh  maximum number of hypothetical gross errors
mfo  minimum objective function value

M matrix defined by Eq. (7.14)

nh number of hypothetical gross errors
ofv vector of least square objective function values
OP overall performance

OPF  expected fraction of perfect identification
Py matrix defined by Eq. (7.44)

r residuum of process constraints

s number of gross errors in the data set
SE set of suspicious equations

SM set of suspicious measurements

u vector of unmeasured variables
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covariance matrix of measurement error estimates
covariance matrix of d

vector of measurements

vector of true value of measured variables

vector of redundant measured variables
measurement test statistic

N_NN‘<2<

Greek Symbols

3 measurement random errors
v covariance matrix of measurement errors
(3 covariance matrix of residuum
T global test statistic
o4 level of significance
x,%, chi-square distribution with m degrees of freedom
b covariance matrix of X
Ym, matrix defined by Eq. (7.50)
Superscripts

Subscripts

~

least square estimation
0 linearization point
new  new case
old  oldcase

i index for the sequential processing stage
0 without constraints

¢ with process constraints

b due to the presence of bias
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APPENDIX A

If an equation, or a set of equations, B, is incorporated into a system of constraints
defined by a matrix A, the new process model can be stated as

[Bi]x=Bx=0. (TA.1)

The covariance matrix of X for the new case is by definition
»rev — ¢ — YBY(BYBT) 'BW. (7A.2)

3% can be calculated as function of B; and the covariance matrix for the old case,
=°¢ by the following expression:

nnew _ EOld _ EoldB;['(Bi zoldB;r)—lBi EOId (7A3)

Demonstration

The difference between the rigorous definitions of the covariance matrix of X for the
new and old cases is

yev _ yold - WATATBAT) AP — $BT(BEBT) 'BY, (7TA4)
SO
srew — 30d L PATATAT)'AY — YBT(BYBY)'BY. (TA.5)
BT(B¥BT)~!B can be written in terms of A and B; matrices as follows:
B, ¢B!T B, TAT]|"![B,
BT AT ot oar| |
i AUBT ATA A
C;, Ci][B:
T T 11 12 i
(B AT] [CZI sz] [A] (TA.6)

[(BICyi +A"Car) (BICy; +ATCa)] [‘;]

= B?C“Bi + ATC21B,' + BITC12A + ATC22A,

B'"@¥B")'B
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where the elements C;; come from the development of the inverse of a partitioned
matrix (Noble, 1969):

Ci = [B,¥B] — B, ¥ATAWAT'ATB!] "

= [By(¥ — PATAPAT)'AD)B!] "
= [B;Z4B]] "
Ci2 = — C B, TATATAT)!
Cy = — (ATAT)'ATBIC),
Cn = (APAT) ' + (APAT)'AUBIC, B, PAT(ATAT).
Replacing these formulas in (7A.5), we obtain
v = 304 4 [_WB][B, =B} 'B, ¥]
+@AT(APAT) 'AUB] [B,=°B]] 'B, ¥
+ BT [B,=“B]] 'B, PATAWAT)'AT
~ WATATAT) 'AUB] [B,=°“B]| B, PAT(ATAT) AT
n = 3 — wBT (B, =“B]] 'B,[¥ - PATATAT)'AY]
+WAT(ATAT) 'ATB] [B, =Bl 'B,[¥ — PATATAT) 'AT]
sew _ yrold _ \IlBiT [Bi EoldBiT] _lBi s70ld
+PAT(ATAT)"'AYB][B,=°“B] | 'B, X
e = 304 _ (@ — WATAWAT)"'AD|B] [B,=°“B]] B, XV
e _ yrold EoldB;r [Bi EoldBiT] _IB,- shold

APPENDIX B

Stage |
The recursive search algorithm is as follows:
(a) Variable initialization:

® o = level of significance

® ec = 0; number of incorporated equations
® A,x = 0; auxiliary matrix for constraints
° EOId =

® SE = (; set of suspicious equations

* SM = (; set of suspicious measurements

(b) Fori = 1: number of equations:

® A= [,{’u"x ] ; the row corresponding to the ith equation is incorporated into
the auxiliary matrix
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e ¢ec=ec+1
® Calculate

+ Z™¥ using U [Eq. (7.63)]

+ X using 3" [Equation (7.64)]
+ ofv as function of X

¢ T = Xi_q(e0)

® Ifofv > 7,

+ Equation i is included in SE

+ Variables corresponding to equation i are included in SM, avoiding
repetitions

vec=ec—1

+ The last incorporated row of Ay is eliminated

Else
Eold — Snew
(c) Go to Stage 2.

Stage 2
Gross error identification is accomplished by the following procedure:
(a) Variable initialization:

¢ mnh = maximum number of hypothetical gross errors
® nh = 1; number of hypothetical gross errors
® 1. = critical value for the Chi-square distribution with (m — 1) degrees of

freedom
e ofv =0
e EG=0

(b) For each hypothetical gross error i, that is, for each leak corresponding to
a unit whose balance equation is included in SE, or for each bias of a measurement
included in SM, calculate

® Bias or leak magnitude
® ofv(i); objective function value of the least square technique

(¢) Selection of the minimum value of the objective functions, min (ofv) = mfo.
(d) For each gross error in (b),

® If ofv(i) < 1. and ofv(i) = mof, include i in the set of gross errors EG

(e) f EG # I, go to (1).
(f) Variable initialization:

® nh=nh+1

¢ ofv=0

® 1, = critical value for the chi-square distribution for (m — nh) degrees of
freedom
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(g) Formulation of all nk possible combinations of leaks, biases, and leaks with
bias.
(h) For each combination of gross error, i, formulated in (g), calculate:

® Gross error magnitude

* ofv(i)

(1) Selection of the minimum value of the objective functions; min (ofv) = mfo.
(j) For each combination of gross error, i, formulated in (g),

® If ofv(i) < 1. and ofv(i) = mof, include i in the set of gross errors EG

(k) IfEG # &, go to (1).
Else

If nh < mnh, go to (f)
Else EG = {combination i /ofv(i) = mfo}

() End.
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I RECTIFICATION OF PROCESS
MEASUREMENT DATA IN
DYNAMIC SITUATIONS

In this chapter, the data reconciliation problem for dynamic/quasi-steady-state evolv-
ing processes is considered. The problem of measurement bias is extended to consider
dynamic situations. Finally in this chapter, an alternative approach for nonlinear dy-
namic data reconciliation using nonlinear programming techniques will be discussed.

8.1. INTRODUCTION

In the previous chapters the data reconciliation problem was analyzed for systems that
could be assumed to be operating at steady state. Consequently, only one set of data
was available. In some practical situations, the occurrence of various disturbances
generates a dynamic or quasi-steady-state response of the process, thus nullifying
this steady-state assumption. In this chapter, the notions previously developed are
extended to cover these cases.

Under dynamic or quasi-steady-state conditions, a continuously monitored pro-
cess will reveal changes in the operating conditions. When the process is sampled
regularly, at discrete periods of time, then along with the spatial redundancy previ-
ously defined, we will have temporal redundancy. If the estimation methods presented
in the previous chapters were used, the estimates of the desired process variables cal-
culated for two different times, 7, and #,, are obtained independently, that is, no
previous information is used in the generation of estimates for other times. In other
words, temporal redundancy is ignored and past information is discarded.

In this chapter, the data reconciliation problem for dynamically evolving pro-
cesses is considered. Thus, temporal redundancy is taken into account by using

137
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filtering techniques. A scheme for sequential processing information within a dy-
namic environment is also developed, allowing us to check for the presence and
source of gross errors.

The second problem to be tackled is data reconciliation for applications in which
the dominant time constant of the dynamic response of the system is much smaller
than the period in which disturbances enter the system. Under this assumption the
system displays quasi-steady-state behavior. Thus, we are concerned with a process
thatis essentially at steady state, except for slow drifts or occasional sudden transitions
between steady states. In such cases, the estimates should be consistent, that is, they
should satisfy the mass and energy balances.

Finally in this chapter, an alternative approach for nonlinear dynamic data rec-
onciliation, using nonlinear programming techniques, is discussed. This formulation
involves the optimization of an objective function through the adjustment of estimate
functions constrained by differential and algebraic equalities and inequalities and thus
requires efficient and novel solution techniques.

8.2. DYNAMIC DATA RECONCILIATION: A FILTERING APPROACH

8.2.1. Problem Statement

Let us now consider a system modeled by the following system of equations:

x = f(x) + w(r) (8.1)
y = @(x) + &) 8.2
x(0) = xp, (8.3)

where modeling and observation errors are taken to be Gaussian, white noise pro-
cesses, that is,

w(t) ~ N[0;Q(1], Q@) =Q'() >0

(8.4)
e(®) ~ N[O;R(t)] R()=RT(¢) > 0.

The first term in the bracket stands for the mean, and the second for the spectral
density matrix. For the continuous formulation, the covariances for the model and
observation errors are given as

E[w(n)w'(1)] = Q)8(t — §)

8.5)
Ele(he®™] = RSt - &), (

where the operator § is the Dirac delta function.
The distinctive feature of the dynamic case is the time evolution of the estimate
and its error covariance matrix. Their time dependence is given by

% =1x,1 (8.6)
3(1) = Exf") — T + E¢x") — £27 + Q) 8.7)
X(O) = Xo, 2(0) = 20, (88)

where the caret () implies the expectation operator.



DYNAMIC DATA RECONCILIATION: A FILTERING APPROACH 139

These differential equations depend on the entire probability density function
p(x, t) for x(¢). The evolution with time of the probability density function can, in
principle, be solved with Kolmogorov’s forward equation (Jazwinski, 1970), although
this equation has been solved only in a few simple cases (Bancha-Reid, 1960). The
implementation of practical algorithms for the computation of the estimate and its
error covariance requires methods that do not depend on knowing p(x, 7).

An often-used method consists of expanding f in Eq. (8.1) as a Taylor series
about a certain vector that is close to x(¢). In particular, if a first-order expansion is
carried out on the current estimate of the state vector, we obtain

f(x, 1) = f&, 1) + AR )(x— %) + ..., 8.9)
where
afi(x,
Ay 1= L&D . (8.10)
3% leiy=r)

Application of the expectation operation on both sides of equation (8.9) and substi-
tution into Eq. (8.6) yields

() =&, 1);  x(0) = x. (8.11)

Substitution of Eq. (8.11) into Eq. (8.7) allows us to obtain an expression for the
differential equation of the estimation error covariance matrix:

3(1) = AR, (1) + ZOATR, 1) + Q)

8.12
$0) =% o= >0, 8.12)

Equations (8.11) and (8.12) are approximate expressions for propagating the estimate
and the error covariance, and in the literature they are referred to as the extended
Kalman filter (EKF) propagation equations (Jaswinski, 1970). Other methods for
dealing with the same problem are discussed in Gelb (1974) and Anderson and Moore
(1979).

When implementing the solution, some discretization in time has to be done;
therefore, it may be convenient to divide the system into time intervals, and approxi-
mate (8.11) and (8.12) with the difference equations, that is,

X1 = Fixp + (W), (8.13)

where A is the sampling interval, A" = 1, — f,{ = A/A’, thatis, A’ is contained
i times in A; (w); is now a stochastic sequence w ~ N[0, Q;]; and Q; = Q(r)A".

The discrete version of the equation for the estimate error covariance propagation
is now

S = B F] 4 Qr, (8.14)

where F represents the transition matrix for the system equation (8.11).
Summarizing, the statistical characterisation of the random process (mean and
covariance) can be projected through the interval #, < ¢ < f;4, and in this process
there is an input noise that will increase the error, damaging the quality of the estimate.
Suppose that at a time #,_ |, the updated values of the mean and the estimate error
covariance (X(fx_1|t—1) and X(#_| 1)) are already available where the argument
means “at time #;_;, given information up to time #_,.” These values are then used
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as initial values for the propagation in time, that is, for f,_; < t < #, of the mean
and covariance via the model equations.

If the predicted values %;,¢_1 and X, are already computed, the minimum
variance estimates of the states are obtained as the solution of the minimization
problem

MinJ = a; X, & + Ry ek, (8.15)
where

a = X — Re/p-1
/ (8.16)
& = Yk — Cxy,
where the first term in the objective function accounts for the modeling prediction er-
rors, and the second term for the observation errors. The solution to this minimization
problem is given by the formula

R = Bk (B ko1 Resk-1 + CTR W) (8.17)
where
_ _ -1
= [Tk +CRYICL (8.18)

Since X is a positive definite symmetric matrix, its trace can be taken as a measure
of the estimate error covariance.

As in the static analysis, the processing of the information (provided by the
addition of the new measurements) can be done systematically by means of a recursion
formula. As a result, the computational effort is reduced considerably. The procedure
is initialized with the determination of the error covariance for a single measurement,
say ¢, where ¢ is the first row vector of the measurement matrix C:

S0 =[Sk + TR el (8.19)

This formula requires the inversion of a (g x g) matrix. The remaining (/ — 1) pieces of
sensor information are added one at a time. As in the static case, this is accomplished
with the recursion formula

5 =S Fd R e 00 s ), 620

where the upper and lower signs correspond to addition and deletion, respectively.
It should be noted that the solution of the minimization problem simplifies to the
updating step of a Kalman filter. In fact, if instead of applying the matrix inversion
lemma to Eq. (8.19) to produce Eq. (8.20), the inversion is performed on the estimate
equation (8.18), the well-known form of the Kaman filter equations is obtained.

8.2.2. Analysis of Systems under Quasi-Steady-State Operation

In this section, the analysis of the data reconciliation problem is restricted to quasi-
steady-state process operations. That is, those processes where the dominant time
constant of the dynamic response of the system is much smaller than the period
with which disturbances enter the system. Under this assumption the system displays
quasi-steady-state behavior. The disturbances that cause the change in the operating
conditions may be due to a slow variation in the heat transfer coefficients, catalytic
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activity in reactors, etc., or the source of a disturbance may be a sudden but lasting
change. This is a process that is virtually at steady state but that exhibits slow, or
occasionally sharp, transitions between steady states. The model for these kinds of
processes consists of the following (Stanley and Mah, 1977).

1. A set of g transition equations
Xppt = X+, k=0,1,..., (8.21)

where ny, is the process noise.
2. A set of / measurement equations at time k,

Ve =Cxy +er, k=0,1,.... (8.22)
3. A set of m steady-state algebraic balance equations at time k,
Ax, +w, =0, (8.23)
where w; accounts for the modeling errors.

In this model, the noises n, £, and w are assumed to be uncorrelated, with zero
mean and known covariance, that is,

n; ~ N[0, S]
er ~ N[0, R] (8.24)
w, = N[0, Q],
and the state vector X is also assumed to be a random variable with xq & N[Xg, 3o).
Now consider the situation at time #;. Suppose the predicted values are already

available. As in the completely dynamic situation, the minimum variance estimates
of the states are obtained as the solution of the following minimization problem:

Min J (%) =[x — Ripk-1] By Xk — Repum1 ] + ef Ry ' + W, Q;  w.

(8.25)
Now, the solution of the data reconciliation problem at time & is given by
% = B[ S0) 1 %esk-1 + CTR; 'y, (8.26)
where
% = [S4 + CTR'C+ATQ;'A] ™! (8.27)

is the estimate error covariance. These values of &, and X; are used as initial values
for the propagation in time, via the model equation for #; < t < 41, that is,

Kiv1x =% (8.28)
and
Yk = B+ Qr. (8.29)
The initial values for the recursive calculations are assumed to be available and given
by

x(0) = %o (8.30)
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and
3(0) = 3. (8.31)

The solution of the minimization problem again simplifies to updating steps of a
static Kalman filter. For the linear case, matrices A and C do not depend on x and
the covariance matrix of error can be calculated in advance, without having actual
measurements. When the problem is nonlinear, these matrices depend on the last
available estimate of the state vector, and we have the extended Kalman filter.

8.2.3. Fault Detection-ldentification in Dynamic Processes

Problem Formulation

In the following we will be mostly concerned with the analysis of linear, stochastic
models in the standard state space form:
System equations:

X;+1 = Axg + Bug + wy. (8.32)
Sensor equations:
Yi = Cxi + &g, (8.33)

where u; is a known input, and w and ¢ are assumed to be zero mean and independent
white sequences with covariances defined by

E[Wk Wﬂ = Q&kj

(8.34)
E [Ek 6;] = Rékj,

where 6;; is Kronecker delta function.

Equations (8.32) and (8.33) describe what we call the “normal” or “no failure”
operation of the system of interest. The problem of failure detection is concerned with
the detection of abrupt changes in a system, as modeled in Eqs. (8.32) and (8.33).
Changes in (8.33) will be referred to as sensor failures. The main task of failure
detection and compensation design is to modify the normal mode configuration to
add the capability of detecting abrupt changes and compensating for them. In order
to do that, we need to formulate what is called the “failure” model system:

Xp+1 = Ax; + Bue + Eq + wy + Py (8.35)
vi = Cx; + Gg; + & + Dby, (8.36)

where by, € R, g, € B8, and g4, € R are the jumps of unknown magnitudes at
k = kg of the inputs, outputs, and states, respectively.

Note: The previous formulations for both normal and abnormal situations are very
general and include inputs to the process as well as different types of perturbations
(jumps) in normal process behavior. Later on in this chapter we will consider a reduced
version of this formulation, since we will be mainly interested in the measurement
bias detection and identification problem. &

Now the failure detection problem consists of three tasks: alarm, isolation, and
estimation. The alarm task consists of making a binary decision: either something
has gone wrong or everything is fine. The problem of isolation is that of identifying



DYNAMIC DATA RECONCILIATION: A FILTERING APPROACH 143

the source of the failure, that is, which sensor has failed. The estimation problem
involves the determination of the extent of the failure. For example, a sensor may
become completely inoperable or it may suffer degradation in the form of a bias. In
the latter case, estimation of the bias may allow the continued use of this sensor.

An important part of the failure detection problem involves the analysis of the
necessary and sufficient conditions for detectability of jumps in the system. These
are related to properties of matrix A and are discussed in detail by Caglayan (1980).
The detectability of jumps in the outputs will be dictated by the observability of the
discrete system defined by the pair (Ag, Cy) (Caglayan, 1980).

Fault Detection by Statistical Tests

Failure detection methods are based on successive monitoring of the innovation
sequence and statistical tests. Basically, the standard filter calculations are performed
until some form of aberrant behavior is detected. A test was suggested first by Wilsky
and Jones (1976) and is based on the following.

Under normal behavior of the filter, the innovation sequence is as follows:

Ye = Yi — Yask—1 = Y& — CRija-1, (8.37)

where -y, is a Gaussian white noise sequence with E{~,} = 0 and covariance matrix

0, £k
M- £ - { /

[CZ/i 1 CT+ Ry, j=k
This will be termed the null hypothesis Hy. If y; belongs to a distribution with some
other mean, the alternative hypothesis H; is satisfied, so the fault is declared. That is,

(8.38)

Ho : E[v;] = 0 (measurements are good)

. (8.39)
H, : E[v,] # 0 (fault is declared).
The following test statistic is applied in order to compare the hypotheses:
T =M v, (8.40)

This statistic has chi-square distribution with / degrees of freedom under the null
hypothesis, where [ is the number of elements of v,. If T > xg,,, Hy is rejected,
otherwise Hy is accepted. « is the significance level of the test.

As in the steady-state case, the implementation of the chi-square test is quite
simple, but has its limitations. One can use a more sophisticated technique such
as the Generalized Likelihood Ratio (GLR) test. An alternative formulation of the
chi-square test is to consider the components of -, separately (this may be useful
for failure isolation information). In this case we compute the innovation of the ith
measurement as

Ve = Y — Gy, (8.41)
where ¢; is an g vector. Thus, in this case the test statistic
2
i
(¢;Skskm1cf + Ry)

is tested against a chi square distribution with one degree of freedom. Note that only
the first component of -y is equal to the first innovation generated by the sequential

5= (8.42)
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Y4

Good

Yo

Bad

Il FIGURE | Innovation vector.

test. However, an advantage of performing the hypothesis test on the whole innovation
vector is that the test is more sensitive to the detection of a failure, because the
probability density function is n-dimensional as is shown in Fig. 1 for n = 2. In this
figure vector x is outside of the region of acceptance, but with the first test it would
be declared good, whereas in the case of processing the whole innovation vector it
would be declared faulty. On the other hand, the vector x;, which is inside of the
region with the first test, would be declared bad.

Finally, the selection of the critical value for the test is a trade-off between the
sensitivity to fault detection and the probability of giving a false alarm.

Identification of Faulty Sensors

One of the disadvantages of replacing fault detection tests on components of
the innovation vector by a test on the vector itself is that there is no longer a simple
indication of the origin of the fault. In order to solve this problem the following
procedure was implemented.

During the standard Kalman filter calculations, the matrix M has been evaluated
from Eq. (8.38). When the test gives an alarm of malfunction, one or more elements
of the innovation sequence vector is supposed to be at fault. In order to satisfy the
abnormal situation, if one element is assumed to be at fault, the corresponding term
in the matrix M would be greater than under normal circumstances. Thus,

M m I—1

M= , (8.43)
m' My+dém| 1
1—-1 1

where M and m contain the original elements of M (without change) and all the
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change is assumed in My;. §m is the increase in the variance due to the fault. This can
be seen as considering the corresponding measurement in fault resulting in a change,
3R, to the Ry element. Since R is a diagonal matrix, it will affect M only in the
corresponding diagonal elements. If we subdivide the innovation sequence vector, as
well as the matrix M~L, as follows,

-1
r=l {M sn] Df] (8.44)

where g and f mean good and faulty, respectively, then with §m — o0, the following
recursive formula can be obtained:
-1 -1 Tag—1. V"1 Tag-1

Mo, =Mga[I— ¢ (¢/Mgge;) e M), (8.45)
where ¢; is the ith row of the matrix C of measurements. In this way we can select
the element of the vector «y that leads to a minimum value of 7 in a sequential
form. Since the number of elements in the innovation sequence are considered to be
suspect one at a time, Eq. (8.45) provides a simple recursive formula for computing

the variance of the innovation sequence when the effects of the various elements are
analyzed. In this case, the recursive formula requires the inversion of a scalar quantity.

Bias Estimation

Once the occurrence of bad data is detected (through the previous procedure),
we may either eliminate the sensor or we may assume simply that it has suffered
degradation in the form of a bias. In the latter case, estimates of the bias may allow
continued use of the sensor. That is, once the existence of a systematic error in one
of the sensors is ascertained, its effect is modeled functionaily.

Consequently, in the following discussion a sensor failure that affects one or more
sensors will be assumed to add a constant bias of magnitude 8y to the measurement
vector, y. In the presence of a sensor failure, let us consider the following models for
the process and measurement:

Xpr1 = AXp + Wy (8.46)
Y. = Cx; + G8y + €k, (8.47)

where G is a matrix of all zeros or ones, depending on whether the corresponding
measurement is faulty or not. The constant 8y represents the sign and magnitude of
the failure. Once a bad sensor is identified, by any of the previous algorithms, the
matrix G can be constructed.

Note: This is a more restricted formulation than the one posed in Egs. (8.35) and
(8.36), since only bias in the measurements is considered and an autonomous system
is assumed. Also, here vector 8y stands for vector g in Eq. (8.36). &

Defining a new state vector
Xy

7 = , (8.48)
3yk
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we can rewrite Eqs. (8.46) and (8.47) as

Zit1 = HZk + Wy

(8.49)
Yi = Lz + &,

where

A0

o 10’ L=[C Gl (8.50)

ll,:

The solution of this general state-bias estimation problem can be obtained through
the application of the classical Kalman filtering technique. However, an efficient and
alternative algorithm can be constructed for on-line implementation. This algorithm is
based on the idea of a parallel processing technique that uses a decoupling procedure
for the state-bias estimation (Friedland, 1969; Romagnoli and Gani, 1983).

By defining the auxiliary matrices U and V, it is possible to obtain the corrected
values of the error covariance and the estimate of the state as follows:

T = Bp 4+ 8%

0 (8.51)
Xp = X, + 8x¢,

where =0 and x{ are the normal original elements of the filter in the absence of bias.
Each element 8x; and 833, corresponds to the correction (for the original filter) due
to the bias estimation. They are calculated as

8xk = V}(‘Syk 8,50
x§0y *\T ( ) )
82k = UkEk (Vk) )

while the estimate of the bias can be obtained from the recursion
8yx = 8yi1 + K [mg — (CUY + G)dyi—1], (8.53)

where my is the residual calculated from the standard Kalman filter, without the bias
estimation. All of the recursion equations, as well as the complete procedure, can be
found in the aforementioned publications.

This scheme may be viewed as a two-channel calculation procedure, where one
channel corresponds to the filter in the normal way, and the other corresponds to
the corrective part. This parallel computation will generate a corrective term (due
to the bias estimation) that will affect the final results of the original normal filter.
Since the state and parameter estimates are decoupled, the corrective term can be
activated only when necessary, that is, when an anomaly occurs.

EXAMPLE 8.1
The results of an experimental application given in Porras and Romagnoli (1987)
serve to display the features of this approach. The same experimental setup (see Fig. 2)
used to illustrate the on-line implementation of a multichannel estimator (Bortolotto
et al., 1985) is considered here. It basically consists of a solid cylindrical rod with a
heater housed in a hole longitudinally drilled at one end of the rod. An energy balance

on the rod yields
FT  2h pedT _

=T -T)— ——
ar? xr( o) A ot

9



DYNAMIC DATA RECONCILIATION: A FILTERING APPROACH 147

HEAT PROCESS ‘_‘“"— SET POINT COMMANDS

1] E

- - A. == TG
—MULTIPLEXER } —S/H —AD + LRRTATTATATATI
A _

- FIGURE 2 Process and data acquisition system for Example 8.1 (from Bortolotto et al., 1985).

with boundary conditions

0 dT
g=—=—-A— = constant
oL dTr
_— = = —A— =T, -T,
S qL i |, (T )
or

daT h

- =——(T. - T,),

dt |, A

where T is the air temperature and ¢ the axial coordinate. For more details of the
process and model description the reader is referred to the already-mentioned publica-
tions. A lumped version of the model was obtained by replacing the partial derivatives
in these equations by their finite difference analogs.

The behavior of the detection algorithm is illustrated by adding a bias to some of
the measurements. Curves A, B, C, and D of Fig. 3 illustrate the absolute values of the
innovation sequences, showing the simulated error at different times and for different
measurements. These errors can be easily recognized in curve E when the chi-square
test is applied to the whole innovation vector {(n = 4 and « = 0.01). Finally, curves
F, G, H,and I display the ratio between the critical value of the test statistic, t, and the
chi-value that arises from the source when the variance of the ith innovation (suspected
to be at fault) has been substantially increased. This ratio, which is approximately
equal to 1 under no-fault conditions, rises sharply when the discarded innovation is
the one at fault.

This behavior allows easy detection of the source of the anomaly. In practice,
under normal operation, the only curve processed in real time is E. But whenever
the chi-square test detects a global faulty operation, the sequential process leading to
curves F, G, H, and [ starts, and the innovation at fault is identified.

For the case of the bias estimation, several runs were performed simulating a
known bias in one of the measurements, assuming different initial values of the
variance of the bias. From Fig. 4 it can be seen that the convergence and the speed of
response are heavily dependent on the initial values of X5 . To help in the interpretation
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- FIGURE 3 Tests for the innovation vector (from Porras and Romagnoli, 1987).

of the results, a band was drawn around a nominal value of the bias (about 12% of
the bias). An estimate is considered good when the values predicted by the filter are
inside the band.

8.3. DYNAMIC DATA RECONCILIATION: USING NONLINEAR
PROGRAMMING TECHNIQUES

8.3.1. Problem Statement

As was previously shown, Kalman filtering techniques can be, and have been, suc-
cessfully used on dynamic process data, to smooth measurement data recursively and
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- FIGURE 4 Speed of response (from Porras and Romagnoli, 1987).

to estimate parameters for linear systems. Modifications have been developed to han-
dle nonlinear systems. These modifications typically involve replacing the nonlinear
equations that represent the system with first-order approximations. For processes
operating in highly nonlinear regions, linear approximations may not be satisfactory.

In this section, the use of nonlinear programming techniques for solving dy-
namic data reconciliation problems is discussed, as well as some existing methods
for solving the resulting nonlinear differential/algebraic programming (NDAP) prob-
lem. The discussion follows closely the work performed by Edgar and co-workers
in this area. The general nonlinear dynamic data reconciliation (NDDR) formulation
can be written as (Liebman e al., 1992; McBrayer and Edgar, 1995):

Min ®[y, ¥, o]
y

S.t.

ay . ]
f {E’ y(t)} =0 (8.54)
nF©H =0

w([y(@)] = 0,

where

A

$(2): estimate functions

discrete measurements

measurement noise standard deviations
differential equation constraints
algebraic equality constraints
inequality constraints

£33 =9«

Note that the measurements and estimates include both measured state variables and
measured input variables. The inclusion of the input variables among those to be
estimated establishes the error-in-variable nature of the data reconciliation problem.
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The lengths of §(¢) and o are equal to the total number of variables (state and
input). The vector y comprises all y,, where y, represent the measurements at discrete
time #;. The lengths of vectors f, 1, and w are problem specific.

For most applications, the objective function is simply the weighted least squares
(Liebman et al., 1992)

1
2y, 9), 0] = Y _ 190 — vl "€ [§00) - Vi, (8.55)
k=0

where §(#;) represents the values of the estimate functions at discrete time #; and ¥
is the variance—covariance matrix with ¥,; = 0'1.2,.. Variables fy and ¢, represent the
initial and current times, respectively.

As in the classical steady-state data reconciliation formulation, the optimal es-
timates are those that are as close as possible (in the least squares sense) to the
measurements, such that the model equations are satisfied exactly.

8.3.2. Solution of the Differential/Algebraic Optimization Problem

The problem to be solved by the estimator may be stated as

Min ®[y, ¥, o]
Yy

s.t.
g ..
- =0 (8.56)
nF®»l =0

wl§(nH] = 0.
There are two methods for computing solutions to problem (8.56):

1. Sequential solution and optimization
2. Simultaneous solution and optimization

1. The classic methods use an ODE solver in combination with an optimization
algorithm and solve the problem sequentially. This solution strategy is referred to
as a sequential solution and optimization approach, since for each iteration the opti-
mization variables are set and then the differential equation constraints are integrated.
Though straightforward, this approach is generally inefficient because it requires the
accurate solution of the model equations at each iteration within the optimization,
even when iterates are far from the final optimal solution.

2. In order to avoid solving the model equations to an unnecessary degree of
accuracy at each step, the differential equations are approximated by a set of al-
gebraic equations using a weighted residual method (Galerkin’s method, orthogo-
nal collocation, etc.). The model equations are then solved simultaneously with the
other constraints within an unfeasible path optimization algorithm, such as successive
quadratic programming. Using this approach, the differential equations are treated in
the same manner as the other constraints and are not solved accurately until the final
iteration of the optimization. Unfortunately, this method results in a relatively large
NLP problem.
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The original problem is restated as
Min @[y, §, o]
v

S.t.
Ny — f(§) = 0 (8.57)

iyl =0
w[F®HO1 = 0,

where N is a matrix of collocation weights (Villadsen and Stewart, 1967). Any deriva-
tives with respect to spatial coordinates may be handled in a similar manner, and
integral terms may be efficiently included by using appropriate quadrature formulas.

The simultaneous solution strategy offers several advantages over the sequential
approach. A wide range of constraints may be easily incorporated and the solution of
the optimization problem provides useful sensitivity information at little additional
cost. On the other hand, the sequential approach is straightforward to implement and
also has the advantage of well-developed error control. Error control for numerical
integrators (used in the sequential approach) is relatively mature when compared, for
example, to that of orthogonal collocation on finite elements (a possible technique
for a simultaneous approach).

As pointed out by Liebman et al., given a perfect model, an ideal data reconcili-
ation scheme would use all information (process measurements) from the startup of
the process until the current time. Unfortunately, such a scheme would necessarily
result in an optimization problem of ever-increasing dimension. For practical imple-
mentation we can use a moving time window to reduce the optimization problem to
manageable dimensions. A window approach was presented by Jang et al. (1986) and
extended later by Liebman et al. (1992).

If the most recent available measurements are at time step ¢, then a history hori-
zon H At can be defined from (1, — H At) to t,, where At is the time step size. In
order to obtain enough redundant information about the process, it is important to
choose a horizon length appropriate to the dynamic of the specific system (Liebman
et al., 1992). As shown in Fig. 5, only data measurements within the horizon will be
reconciled during the nonlinear dynamic data reconciliation run.
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I FIGURE 5 History horizon (from Licbman et al., 1992).
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A possible implementation algorithm comprises several steps (Liebman et al.,
1992), as shown below:

Step 1: Obtain process measurements

Step 2: Optimize P for all §(¢) over (1, — HAt) <t <1,
Step 3: Save the result of §(¢)

Step 4: Repeat at next time ¢,

An implementation of this algorithm, using the sequential procedure within the
MATLAB environment, was proposed by Figueroa and Romagnoli (1994). To solve
step 2, the constr function from the MATLAB Optimization Toolbox has been used.
The numerical integration necessary in this step has been performed via the function
ode45 for the solution of ordinary differential equations.

EXAMPLE 8.2

We now proceed to demonstrate the application of the NDDR technique using a
simulated CSTR with a first-order, exothermic reaction. The example was taken from
Liebman et al. (1992). The dynamic model is given by

dA ¢

22 9 pp—A)—auKA

a7 V( 0 ) —aq
dT —AH UA
Y el -T2 rkA - 2R (T 1)
dat Vv pCp pCpV

where

K = Ky exp(—Ea/T), an Arrhenius rate expression
Ao: feed concentration, gmol cm™3
Ty : feed temperature, K

A: tank concentration, gmol cm™>

T: tank temperature, K

The parameter o4 is included to allow for catalyst deactivation as shown by Liebman.
The data for the example (physical constants) are shown in Table 1. All temperatures
and concentrations were scaled using a nominal reference concentration (A, = 1 x
1076 gmol c¢m~) and a nominal reference temperature (7, = 100.0 K).

TABLE | Data for the Example (Physical
Constraints) (from Liebman et al., 1992)

Parameter Value Units

q 10.0 em?s~!

Vv 1000.0 cm?

AH, —27,000.0 cal gmol !
o 0.001 gcm™3

Cp 1.0 cal (gK)~!
U 5.0 x 1074 cal (cm? s K)™!
AR 10.0 cm?

T. 340.0 K

Ko 7.86 x 1012 571

Ex 14,090.0 K

ad 1.0
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Measurements for both state variables, A and 7', and both input variables, Ay and
Tp, were simulated at time steps of 2.5 s by adding Gaussian noise to the “true” values
obtained through numerical integration of the dynamic equations. A measurement
error with a standard deviation of 5% of the correspoding reference value was con-
sidered and the reconciliation of all measured variables (two states and two inputs)
was carried out.

The proposed NDDR algorithm was applied with a history horizon of five time
steps. The variance matrix was defined as

¥ = diag{0.325% 0.175% 0.0075* 0.205%}.

Input variables were treated as constants over the entire horizon, allowing a decrease
in the dimensionality of the optimization problem and also improving the performance
of the reconciliation.

The steady-state simulation was initialized at a steady-state operating point of
Ag=6.5,Ty =3.5,A =0.1531, and T = 4.6091. At time 30 s, the feed concen-
tration was stepped from 6.5 to 7.5.

The results are shown in Figs. 6 to 9. In these figures the stars correspond to the
measured values, the dotted line to the simulated (free noise) values, and the solid
line corresponds to the estimated values of the measurements. The estimate values
for the states contain far less noise than the simulated measurements, as is shown in
Figs. 6 and 7. Figures 8 and 9 show the estimate of the inputs. For the estimate of
feed concentration, a lag is observed in the transient.
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- FIGURE 6 Concentration estimate response to step change in feed concentration.
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- FIGURE 7 Temperature estimate response to step change in feed concentration.
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- FIGURE 8 Step change in feed concentration.
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- FIGURE 9 Feed temperature estimate.

8.3.3. Bias Detection and Estimation

The reconciliation method outlined before requires gross errors to be absent from
the data before the rectification is carried out. If these error types are not absent, the
reconciled values will exhibit “smearing” when compared with the true values.

Bias estimation in variables that are known a priori to be biased can be incorpo-
rated into the previous problem by incorporating the bias as a parameter (McBrayer
and Edgar, 1995). The new Objective Function in Eq. (8.55) in the presence of bias
becomes

. | . .
®,ly, §(1), o, b] = Z 5[5’(&) — (e —bHI"T '[9 — (vx — b)), (8.58)
k=0

where b is the bias estimate for variable j.
The problem to be solved by the estimator may now be stated as

Min ®[y, §. o, b;]

§.b;

s.t.
dy o
2 f$H =0 (8.59)
g1 =0

w[§(®)] > 0.
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By including b ; in the inequality constraints, physical limits can be put on the range
of admissible biases.

Remark. Although this method of estimation exhibits some oscillation, bias
is a systematic parameter and the variance of the estimate is small relative to the
measurement variance (McBrayer and Edgar, 1995). &

The same authors proposed an algorithmic approach for detecting the presence
of a bias and for identifying the fauity sensor. Briefly, the main steps of the algorithm
are as follows:

1. Using the model, a set of “base case” data is generated by adding Gaussian
noise to the calculated measurements, using the same variance as the physical mea-
surement.

2. These data are then reconciled and the test statistics calculated. These results
correspond to the correct answer to which the measurements are compared.

3. The data reconciliation is then performed using the actual data, and these
statistics are compared with those of the base case to determine the presence or
absence of a bias.

4. If the test is positive, a bias term is added to a suspected measurement and
estimated using the procedure outlined before.

5. The bias is then subtracted from the appropriate measurement, the reconcilia-
tion repeated, and the statistic compared with that of the base case. If the comparison
is favorable, then the correct variable has been identified to contain a bias. If not,
the procedure is repeated for a new suspected measurement, until the correct one is
identified.

The complete procedure, together with a simulation application for a continuous
stirred tank reactor, can be found in McBrayer and Edgar (1995).

Albuquerque and Biegler (1996) followed a different approach to incorporating
bias into the dynamic data reconciliation, by taking into account the presence of a
bias from the very beginning through the use of contaminated error distributions. This
approach is fully discussed in Chapter 11.

8.4. CONCLUSIONS

In this chapter different aspects of data processing and reconciliation in a dynamic
environment were briefly discussed. Application of the least square formulation in a
recursive way was shown to lead to the classical Kalman filter formulation. A simpler
situation, assuming quasi-steady-state behavior of the process, allows application of
these ideas to practical problems, without the need of a complete dynamic model of
the process.

Modification of the normal operation of the filter, to add the capability of detecting
and compensating for abrupt changes, was discussed through the formulation of a
“failure” model. It was shown that the solution of the general state-bias estimation
problem can be obtained through the application of the classical Kalman filtering
technique. A decoupling strategy was also introduced, based on the idea of parallel
processing techniques.
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Finally, an approach for nonlinear dynamic data reconciliation using nonlinear
programming techniques was discussed. This formulation involves the optimization
of an objective function through the adjustment of estimate functions constrained by
differential and algebraic equalities and inequalities.

NOTATION

vector defined by Eq. (8.16)
Jacobian matrix of f(x, ¢)
matrix defined by Eq. (8.32)
jump of imputs
index for current time
measurement model matrix
matrix defined by Eq. (8.36)
matrix defined by Eq. (8.35)
differential equations constraints
transition matrix
jump of outputs
matrix defined by Eq. (8.36)
width of the window
least square objective function value
time index
number of measurements
matrix defined by Eq. (8.49)
number of constraints
covariance matrix of ~
vector of process noise
matrix of collocation weights
x,1)  probability density function for x(¢)
matrix defined by Eq. (8.35)
jumps of states
spectral density function for w
spectral density function for &
covariance matrix of n
time
known imput
auxiliary matrix
auxiliary matrix

ECLmOe WY Z5 B2ICDT TSN QRETEHOOC TR P

[N A

w vector of modeling errors

X vector of state variables

y vector of measurements

z vector defined by Eq. (8.48)

Greek Symbols

vector of measurement functions

vector of errors between measurements and predictions
Dirac delta function

estimate error covariance matrix

sampling interval

vector of measurements residuals

test statistic

magnitude of the bias

matrix defined by Eq. (8.35)

TQNIDMTOS
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$  general objective function
o standard deviation
71 equality constraints
w  inequality constraints
¥ covariance matrix for the measurement errors
Subscripts
0 initial state
Superscripts
derivative
estimated value
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B JOINT PARAMETER
ESTIMATION-DATA
RECONCILIATION

In this chapter, the general problem of joint parameter estimation and data recon-
ciliation will be discussed. The more general formulation, in terms of the error-in-
variable method (EVM), where measurement errors in all variables are considered in
the parameter estimation problem, will be stated. Finally, joint parameter and state
estimation in dynamic processes will be considered.

9.1. INTRODUCTION

The estimation of model parameters is an important activity in the design, evaluation,
optimization, and control of a process. As discussed in previous chapters, process data
do not satisfy process constraints exactly and they need to be rectified. The reconciled
data are then used for estimating parameters in process models involving, in general,
nonlinear differential and algebraic equations (Tjoa and Biegler, 1992).

In a classical regression approach, the measurements of the independent variables
are assumed to be free of error (i.e., for explicit models), while the observations of the
dependent variables, the responses of the system, are subject to errors. However, in
some engineering problems, observations of the independent variables also contain
errors (i.e., for implicit models). In this case, the distinction between independent and
dependent variables is no longer clear.

As pointed out by Tjoa and Biegler, in the first case, the optimization needs only
to be performed in the parameters spaces, which is usually small. In the second case,
we need to minimize the errors for all variables, and the challenge here is that the

159
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degrees of freedom become large, and increase with the number of experimental runs
(data sets).

In the error-in-variable method, measurement errors in all variables are treated
in the calculation of the parameters. Thus, EVM provides both parameter estimates
and reconciled data estimates that are consistent with respect to the model.

Deming (1943) was among the first to consider the parameter estimation method
for implicit models, formulating the general problem of parameter estimation in mod-
els by taking into account the errors in all measured variables. Britt and Luecke (1973)
presented general algorithms for EVM where the objective function was optimized us-
ing Lagrange multipliers and the constraints were successively linearized with respect
to the parameters and the measured variables. In this approach both the parameter
estimates and the reconciled measurements were obtained simultaneously.

Other methods were proposed by Peneloux et al. (1976) and Reilly and Patino-
Leal (1981). Their main characteristic is that the data reconciliation routine is nested
within the parameter estimation routine. The advantage is that explicit calculation
of the reconciled measurements is unnecessary and the size of the estimation prob-
lem is greatly reduced. More recent studies in EVM have been made by Schwetlick
and Tiller (1985) and Valko and Vadja (1987). The main difference, with respect to
previous approaches, is the separation of the parameter estimation step and the data
reconciliation step, resulting in a two-stage calculation. Liebman and Edgar (1988)
demonstrated improved reconciliation estimates using nonlinear programming, since
the data reconciliation portion of the EVM seems to be especially sensitive to lin-
earization errors. Further studies on the effect of linearization and the use of NLP
to perform the data reconciliation problem were done by Kim et al. (1990). In this
paper, several algorithms were tested using different case studies.

In this chapter, the general problem of joint parameter estimation and data rec-
onciliation is discussed. First, the typical parameter estimation problem, in which the
independent variables are error-free, is analyzed. Aspects related to the processing of
the information are considered. Later, the more general formulation in terms of the
error-in-variable method, where measurement errors in all variables are considered
in the parameter estimation problem, is stated. Alternative solution techniques are
briefly discussed; some special attention is given to the method of Valko and Vadja
(1987) because it facilitates programming. This is because it can be implemented by
putting together existing programs, especially those used in classical reconciliation
routines. Finally, joint parameter and state estimation in dynamic processes will be
considered and two different approaches, based on filtering techniques and nonlinear
programming techniques, will be discussed.

9.2. THE PARAMETER ESTIMATION PROBLEM

Parameter estimation problems result when we attempt to match a model of known
form to experimental data by an optimal determination of unknown model parameters.
The exact nature of the parameter estimation problem will depend on the mathematical
model. An important distinction has to be made at this point. A model will contain
both state variables (concentrations, temperatures, pressures, etc.) and parameters
(rate constants, dispersion coefficients, activation energies, etc.).
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A further distinction still is possible by decomposing the state variables into two
groups: independent and dependent variables. This decomposition will lead us to two
different problems, as we will discuss later.

Let us now specify the model we will be considering. The following variables
are defined:

#: n-dimensional column vector of parameters whose numerical values are
unknown [6y, 6, . . ., 6,]1T.

x: r-dimensional column vector of state variables [x1, xa, ..., x,]T.
y: g-dimensional column vector of observed variables. These are the process
variables that are actually measured in the experiments [yi, y, ..., yg]T.

A single experiment consists of the measurement of each of the g observed
variables for a given set of state variables (dependent, independent). Now if the
independent state variables are error-free (explicit models), the optimization need
only be performed in the parameter space, which is usually small.

So first we will concentrate on the problem in which the x independent variables
are error-free and only errors in the dependent variables y need to be minimized. In
fact y can be expressed as an explicit function of x and parameters 6, that is,

y =f(x, 6), 9.1)

where f is a g-vector function of known form.

Note: When the independent variables, x, are also subject to errors (implicit models),
the distinction between independent and dependent variables is no longer clear and
we need to minimize the errors for all variables. This will be the subject of Sec-
tion 9.3. &

Coming back to problem (9.1), since we want to determine n parameters, we
must perform at least n observations. If we assume that M different experiments are
performed, then for each individual experiment we have a set of y’s and x’s. For the
Jjth experiment we have

y; =fx;,0), j=12 ..., M. (9.2)

It must be noted that the cases where the states and parameters are related by ordinary
differential equations can be included in this general formulation. Suppose

dx,
dt

= fi(t,x(2), 0), x,(0)=x05, s=1,2,...,r1. 9.3)

The simplest case of this parameter estimation problem results if all state variables
x5(¢) and their derivatives %() are measured directly. Then the estimation problem
involves only r algebraic equations. On the other hand, if the derivatives are not
available by direct measurement, we need to use the integrated forms, which again
yield a system of algebraic equations. In a study of a chemical reaction, for example,
y might be the conversion and the independent variables might be the time of reaction,
temperature, and pressure. In addition to quantitative variables we could also include
qualitative variables as the type of catalyst.
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EXAMPLE 9.1
Consider the isothermal rate equations
dCy
— =K,C
i 1C4
dCpg
—— =K;C4 — K,C
i 1Ca 20

corresponding to the reactions
K K
A—5B5C

If the initial conditions are such that the total numbers of initial moles are known,
that is,

Csuo=1 Cp =0, Cc=0, t=0,
we have for the integrated forms
Cy= e Kit

_ K, —Kit _ ,—Kat
_KZ_Kl(e Y —e 2).

If we measure the concentrations of both A and B, then according to the previous
definitions,

Cp

y=[Ca;CplT, 0=[K1,K2]", x =1,

and we have the form (9.1). If we measure C4 and Cp at M discrete values of time,
then we have (9.2).

Because of error in the measurements and inaccuracies in the model, it is im-
possible to hope for an exact fit of (9.2). Instead, we will try to find values of these
parameters that minimize some appropriate measure of the error. That is,

y, =0, 0 +p;, j=1,2,.... M, 9.4)

where pp = [, ft2, ..., 1 w17 is the vector of errors or residuals, between the obser-
vations and the predicted values. Now the parameter estimation problem, regardless
of the form of the model, seeks the global minimum of

Min (v ~ $)TW(y - 9)
s.t. 9.5)
§’ - f(X, 0) =0,

where W is the weighting matrix. There are different ways to solve this problem.
One approach is to solve it as a general NLP problem. In Tjoa and Biegler (1991), a
hybrid SQP (HSQP) method was developed for nonlinear parameter estimation when
the independent variables are error-free.

The first phase of the parameter estimation problem consists of choosing the
measurements in such a way that the necessary conditions for estimability are satisfied.
This means that we have to design the experiment such that if the measurements were
totally without error, it would be possible to recover the desired parameters. These
conditions were defined in Chapter 2. For instance, in the previous example, it would
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be theoretically impossible to recover K and K, by measuring only Cy4. In order to
have the estimability conditions verified we should measure Cpg, or C4 and Cp, or
C A and Cc.

The identification of the minimum set of observations required for a unique
solution of a given problem is also included in this phase. That is, let n represent the
number of parameters to be estimated and gy the minimum set of observations, with
go > n. Once these questions have been answered, the next step is to estimate the
parameters. The analysis of the accuracy of the estimates is very important, in order
to know along which variable we should move, when to take the samples, etc. This
is what is called “design of the experiments” and will be discussed later.

In the following we describe the sequential processing of the information applied
to parameter estimation. This allows us to analyze the accuracy of the estimate at each
step in the procedure.

9.2.1. Sequential Processing of the Information for Experiment Design

In this section the sequential approach discussed in Chapter 6 will be extended to
parameter estimation. An initial estimate of 6 can be obtained from a minimal data
set for which the number of observations is equal to the number of components of 6.
Let yo denote an observation at time ¢ = fg; if 6 has n components, the minimal data
set is symbolized by the vector

Yoi
Yo=| | (9:6)
Yon
The initial estimate, 8y, can be computed from the system of equations
fo1(6)
fo(Bo) = + €0 = Yo, 9.7
fon(B0)
where each element of f; represents a prediction of an observed quantity at time
t=1t;,j=1,2,..., M. Now it is necessary to obtain the covariance matrix of the

initial estimate error. Expanding the prediction function, fo(6;), about the true value
of the parameter set, 8, and retaining only the constant and linear terms, we have

£6(Bo) = £6(6) + Dy(8)(d, — 6), (9.8)

where
Do(8) = Viy(6). 9.9)

Since
Ag=8,-0, (9.10)

we can write

Do(0)A = £5(8o) — £5(8) = eo, (9.11)
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where & is the measurement error corresponding to the minimal data set. Thus,
¥ =E[eoe;| = E[DoA¢A{D;]. (9.12)
If we denote by X = E[AOAE] the covariance of the estimation error Ag, we have
o = [DIE'Dy| . 9.13)

‘We have now completed the preliminary step of obtaining the covariance for the
initial estimate as a function of the known covariance matrix of the measurement
errors. At time ¢t = ¢, following the initial estimation, a new observation y; is
completed. Now the objective to be minimized by combining the new data with the
previous estimate can be written as

J@O/ Ay, €)= ATT; 1 Ag + ] T gy

. R 9.14)
= (0o — 0)"=,"' (00— 0) + [y, — (O T [y, — £:(0)],

where f1(0) is the predicted value of the observation y; at time ¢ = #; based on the
value of the system parameters. Note the similarities between this formulation and the
one described in Chapter 6 for data reconciliation using the general formulation from
estimation theory, Eq. (6.61). In this case By, is the a priori estimate of the system
parameters and 3 is the covariance of the a priori estimate error; however, there is
no term related to the constraints (model) equations. The estimate error covariance,
as we have seen in Chapter 6, is now given by

=[5 +ple'p] (9.15)
That is,
7' =[5 +DE'Dy]. (9.16)

This gives us the new error covariance when the measurement at time ¢ = ¢ is
processed as a function of the previous one. Note again that this formula is equivalent
to the expressions in Chapter 6 when considering different blocks of information.
The process can be iterated at each step with the introduction or deletion of new
observations. By induction, the covariance for the error estimate at the ith step can
be written as

2 =3+ Dl D, 9.17)

where positive signs stand for the addition of information.

Until now we have only considered moving along the variable time. This proce-
dure, however, can be extended in general to other kinds of variables such as temper-
ature, pressure, or some other qualitative variable such as the type of catalyst. In this
way we can cover a whole range of operating conditions, processing the information
at each stage in a sequential manner, using the information available from previous
calculations.

Now, since the purpose of an experimental program is to gain information, in
attempting to design the experiment we will try to plan the measurements in such a way
that the final error estimate covariance is minimal. In our case, this can be achieved
in a sequential manner by applying the matrix inversion lemma to Eq. (9.17), as we
have shown in previous chapters.
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EXAMPLE 9.2
Let us consider the simple, but very illustrative, example consisting of the reac-
tions

REINy o)

where K and K, are first-order rate constants. Suppose further that Cg, the concen-
tration of compound B, is measured at various times ¢, and Cp, = 0, C¢, = 0 and
Cy, = 1 are the initial values at time ¢t = 0. Because of the estimability condition, we
need to consider a minimum set of measurements composed of at least two different
values of Cy at two times. According to our definition we have

y; =Cg, 0=[K,Ka]", x=1,

and
yi=Pi#+e;, j=1,.... M,
where
P, = {Ki(K; — Kyt + KZ}e—Klfj — Kye Kot
o (Kl - K2)2
P _ {_Kl(Kl - Kz)tj + Kl}e_Kltj — Kze—Kztj
12; (K] — K2)2 .

A routine to calculate the optimal minimum set (optimal sampling times) has
been implemented, which gives the minimum variance of the estimate errors. We have
considered possible samples at M discrete times (equally spaced in time), for example,
M = 6. That is, six measurements spaced every Ar = 1 period of time. The algorithm
then looks at all of the possible combinations of measurement number 1 (attime t = 1)
with each of the remaining, choosing the best combination. Then, combinations of
measurement number 2 (at time ¢ = 2) with each of the others are examined, and so
on. It can be seen (Table 1) that to obtain the optimal minimum set, corresponding to
two optimally located samples, measurements should be taken at times close to 7 = 1
and ¢ = 6. In Table 1 the results are also given for M = 12 (12 equally spaced points
intime At = 0.5). In this case the minimal set is composed of measurements number
2 and 12 (corresponding to times ¢ = 1 and t = 6 for At = 0.5). In the same way we
can isolate exactly the optimal minimum set of sampling times by further increasing
M, that is, the number of allowable sampling points.

Il TABLE | Optimal Sampling Times for Different Values
of M for Example 9.2

Optimal sampling times

Values of M Two Three Four Five
6 16 1,6;5 1;6;5;4 1:6:5:4:2
2 L6 L6SS5 16555 1:65.5:5;15

20 0.9;6 0.9;6;5.7 0.9;6;5.7;5.4 0.9:6;5.7,5.4;1.2
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Number of samples
- FIGURE | Trace of the error covariance as function of the number of optimal samples in time.

We have also considered the effect of increasing the number of optimally located
samples on the final estimate. In this case, we start with the optimal minimum set
and increase by one (optimally located) the number of samples. Figure 1 shows the
results for different values of M = 6, 12, 20. As expected, the quality of the estimate is
better when the number of optimally located samples is increased. However, after afew
optimally located samples, the quality of the estimate does not improve significantly.
Table 1 shows the corresponding optimal samples for different values of M and for
different numbers of optimally located samples. In each case, after the minimum
optimal set is determined, the next optimal samples are located around the times
corresponding to the values for this optimal minimum set. The quality of the estimate
is also directly affected by the variance of the measurements.

9.3. JOINT PARAMETER ESTIMATION-DATA RECONCILIATION PROBLEM

In the error-in-variable method (EVM), measurement errors in all variables are
treated in the parameter estimation problem. EVM provides both parameter esti-
mates and reconciled data estimates that are consistent with respect to the model.
The regression models are often implicit and undetermined (Tjoa and Biegler, 1992),
that is,

f(y,x,0) =0, (9.18)

where x are the independent variables and y are the dependent ones. As stated by
Tjoa and Biegler, “the estimation problem for these systems is often referred to as
parameter estimation with implicit models or orthogonal distance regression (ODR),
and we directly minimise a weighted least squares function that includes independent
as well as dependent variables.”
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-1}

an implicit model comprising b equations, p process variables, and n parameters can
be described as

Now defining

f(z,0) =0, (9.19)
where
f= (f17"'9fb)T
2=(21,...,2,)" (9.20)
0=(©,....0).

In experiments we observe the measurements values, Z, of the variables, z, and
allow for errors in all of them. Thus,

i}:Z]+€], j=1,...,M. (9'21)

Assuming that ¢ are normally distributed and uncorrelated, with zero mean and
known positive definite covariance matrix ¥ ;, the parameter estimation problem can
be formulated as minimizing with respect to Z; and :

M
Min > @ —2)' ¥ @ —z))
=t 9.22)
S.t.

f(z;,0)=0, j=1,...,M.

In the following sections, different approaches to the solution of the preceding
problem are briefly described. Special attention is devoted to the two-stage nonlinear
EVM, and a method proposed by Valko and Vadja (1987) is described that allows
the use of existing routines for data reconciliation, such as those used for successive
linearization.

9.3.1. Solution Strategies for EVM

Several alternative algorithms have been proposed in the literature for dealing effi-
ciently with EVM systems. The main approaches can be readily distinguished:

1. Simultaneous solution methods
2. Nested EVM
3. Two-stage EVM

I. Simultaneous Approach

The most straightforward approach for solving nonlinear EVM problems is to
use nonlinear programming to estimate z; and 6 simultaneously. In the traditional
weighted least squares parameter estimation formulation there are only n optimiza-
tion variables corresponding to the number of unknown parameters. In contrast, the
simultaneous parameter estimation and data reconciliation formulation has (p M + n)
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optimization variables. The dimensionality of the problem increases directly with the
number of data sets and can become large.

A feasible path optimization approach can be very expensive because an iterative
calculation is required to solve the undetermined model. A more efficient way is to
use an unfeasible path approach to solve the NLP problem; however, many of these
large-scale NLP methods are only efficient in solving problems with few degrees of
freedom. A decoupled SQP method was proposed by Tjoa and Biegler (1991) that is
based on a globally convergent SQP method.

2. Nested EVM

Kim et al. (1990) proposed a nested, nonlinear EVM, following ideas similar to
those of Reilly and Patino-Leal (1981). In this approach, the parameter estimation is
decoupled from the data reconciliation problem; however, the reconciliation problem
is optimized at each iteration of the parameter estimation problem.

The algorithm is as follows:

Step1: Ati=1,2=%and 6 = 6,. )
Step 2: Find the minimum of the function for Z and 6:

M
Ji=Miny (% —2)) 7' E — 2;)
s.t. i
Jp = 1V£1n zM:(ij _ Zj)T\I’;I(Zj 1) (9.23)
st. =
f(z;,0)=0, j=12,...,M.

As pointed out by Kim et al. (1990), the difference between this algorithm and
that of Patino-Leal is that the successive linearization solution is replaced with the
nonlinear programming problem in Eq. (9.23). The nested NLP is solved as a set
of decoupled NLPs, and the size of the largest optimization problem to be solved is
reduced to the order of n.

3. Two-Stage EVM

To define the two-stage algorithm we will follow the work of Valko and Vadja
(1987), which basically decouples the two problems. Starting from the definition of the
general EVM problem in Eq. (9.22), the vectors z;, . . . , Zy minimize the constrained
problem at fixed 6, if and only if each z;, j = 1,2, ..., M, is the solution to

Min J(z) = (Z —z)" %~ (Z — 2)
s.t. (9.24)
f(z,0) = 0,

where the index j is dropped, since problem (9.24)is solved foreachj =1,2,..., M
separately.

Now, linearizing the constraints in (9.24) about some estimate Z, and defining
the equation error in terms of this linear approximation,

e=f(z,0)+ N, 0)[Z — 2], (9.25)
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where N is the Jacobian matrix of f with respect to the variables z. Thus, keeping Z
fixed, we need to solve the typical linear (linearized) data reconciliation problem

Mind"¥~'d
s.t. (9.26)
—N(z,0)d +(2,0) + N2, 0)(Z — 7) = 0,

whose solution is given by
d = INT(INUND)[f+ N@E — 2)], 9.27)

whered =% — z.

The problem can be solved using the successive linearization technique until
convergence is achieved. The fixed point in the iteration is denoted by Z. It is the
solution of (9.24) and satisfies

7 —2 = UNTINEND)"![f + NG — 2)] (9.28)

Setting this equation into Eq. (9.24), we can compute the minimum of J in an
alternative way:

J(@) = [f+ N@ — 2)] " NEND) L [f + Nz — 2)]. (9.29)

This equation contains explicit information about the effect of the parameters on the
objective function J. This has been exploited in the following algorithm.

Algorithm

Step 1: Ati = 1select2;(i)=%;,j=12,..., M.
Step 2: Find the minimum 6*! of the function

M
s A ~1 s A
JO)= >[I + N;@; — ;)OI (N,END) ' +N; @ - ()], (9.30)
j=1
where f; = f(z;, 8) and N; = 0f(z;, 6)/0z computed at (Z;(i), §). If i > 1 and
|6° — @'+1|| < T, then finish; otherwise, proceed to step 3.
Step 3: At fixed 9! perform the data reconciliation foreach j =1,2,..., M
using successive linearization:

2V = 7; — @;NT(N;&,ND) T f; + N — 2))]. 9.31)

Denote by (i + 1) the result of repeating Eq. (9.31) until convergence. Replace i by
i + 1 and return to Step 2.

This type of algorithm facilitates programming, since the entire procedure can be
implemented by putting together existing programs, such as the case of the successive
linearization step, which can be implemented using the already available data recon-
ciliation strategy. An alternative formulation was proposed by Kim et al. (1990), the
difference being that the successive linearization solution is replaced with a nonlinear
programming problem in Step 3.

EXAMPLE 9.3
To demonstrate the application of the two-stage EVM algorithm on a simulated
example, let us consider the flowsheet of Fig. 2 taken from Bahri er al. (1996). It
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I FIGURE 2 The two CSTRs flowsheet (from Bahri et al., 1996).

consists of two continuous stirred tank reactors (CSTRs) in series with an intermediate
mixer for the introduction of the second feed. A single, irreversible, exothermic, first-
order reaction (A — B) takes place in both reactors.

For our analysis we will just consider steady-state operation. The stage variables
are the temperatures and concentrations in the reactors and the mixer. The four in-
dependent variables are input composition (Cr), two input flowrates (Q}r, Q%), and
input temperature (Tr). A CSTR steady-state model was used to simulate the mea-
surements of the dependent variables. Details of the model equations representing
the material and energy balances can be found in de Henning and Perkins (1991).
The total number of measurements considered in this study is 21. The reference data
set was generated adding a 1% Gaussian noise to each measurement. The parameters
requiring estimation are the heat transfer coefficient in each reactor. As they are con-
sidered to be equal, a single parameter estimation problem results. The actual value
of this parameter, used in the simulations that generated the measurements, is 0.35.

Different runs were performed by changing the noise level on the measurements
as well as initial value of the parameter. Only a single set of experimental data was
considered in our calculations. Table 2 gives a summary of the results, that is, the final
value of the parameter obtained from the application of the algorithm, as a function
of the initial value and the measurement noise. We can clearly see the effect of the
noise level on the parameter estimator’s accuracy, as well as its effect on the number
of iterations.

Cases 4 and 5 deserve some special consideration. They were performed under
the same conditions in terms of noise and initial parameter value, but in case 5 the
covariances (weights) of the temperature measurements were increased with respect
to those in the remaining measurements. For case 4 it was noticed that, although
a normal random distribution of the errors was considered in generating the mea-
surements, some systematic errors occur, especially in measurement numbers 6, 8,
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Bl TABLE 2 Summary of Results for the Two CSTRs Example

Initial value Final value Noise  Number of Iterations for parameter
Case of parameter of parameter level iterations estimation
1 0.5 0.3209 1% 5 14,7,7,7,7
2 0.5 0.3363 0.5% 4 11,7,7,7
3 0.5 0.3473 0.1% 3 12,7,7
4 0.2 0.3249 1% 4 7,717
5 0.2 0.3565 1%* 22 12,8,....8,3,3

Il TABLE3 Comparison of Actual, Measured, and Reconciled
Data for Case 4 in Tabie 2

Variable

(from Fig. 2) Actual value Measured value Reconciled value
! 0.0307 0.0311 0.0282
T! 385.0744 387.4882 387.4414
C? 0.0509 0.0509 0.0421
T? 360.7426 362.0110 362.4886
Cwm 7.3654 7.3141 6.8828
Tu 372.1917 378.5046 377.0245
cl 20.0000 20.0118 20.2201
T} 350.000 356.2898 356.7557
C2 20.0000 20.0528 20.1560
T 350.0000 353.0509 353.1371
TY o 319.3400 314.7218 314.8330
LE 283.7160 281.7267 281.7218
Wi 0.3318 0.3359 0.3722
W 0.7996 0.7945 0.8048
Ty in 250.0000 251.4434 251.4409
T2 o 250.0000 249.0999 249.1162
Qf 0.3552 0.3547 0.3556
Q 0.2062 0.2034 0.1828
Q! 0.3552 0.3507 0.3556
QM 0.5614 0.5669 0.5384
Q? 0.5614 0.5611 0.5384

and 11. Consequently, in case 5 a larger covariance for these measurements was also
considered. Under these conditions, the accuracy of the parameter estimation and data
reconciliation further improved. This shows the importance of a good knowledge of
the covariance matrix as well as the importance of being able to deal with systematic
errors. Tables 3 and 4 and Figs. 3 and 4 illustrate the comparisons, in terms of
the amount of correction on each data point after the joint parameter estimation and
data reconciliation procedure. This joint approach for parameter estimation and data
reconciliation is further investigated in Chapter 12 in the context of estimating the
heat transfer coefficient for an industrial furnace from available plant data.
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Il TABLE 4 Comparison of Actual, Measured, and Reconciled
Data for Case 5 in Table 2

Variable
(from Fig. 2) Actual value Measured value Reconciled value
c! 0.0307 0.0311 0.0300
T! 385.0744 387.4882 385.8322
c? 0.0509 0.0509 0.0496
T? 360.7426 362.0110 361.1329
Cum 7.3654 7.3141 7.3149
T™ 372.1917 378.5046 373.9660
c! 20.0000 20.0118 20.0114
T} 350.0000 356.2898 353.2848
ct 20.0000 20.0528 20.0528
T2 350.0000 353.0509 350.9374
T‘l,,you 319.3400 3147218 320.6448
T2 ou 283.7160 281.7267 283.8052
W, 0.3318 0.3359 0.3358
W2 0.7996 0.7945 0.7944
va,in 250.0000 251.4434 251.4434
Ty in2 250.0000 249.0999 249.1000

L 0.3552 0.3547 0.3563
Q2 0.2062 0.2034 0.2045
Q! 0.3552 0.3507 0.3563
QOm 0.5614 0.5669 0.5608
Q? 0.5614 0.5611 0.5608

0.5 - x
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X x X%
0%y% xXHx Xy My

0.5 x
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-1.5 Ly ) ) .

5 10 15 20 25

Measurement #

Il FIGURE 3 Amount of correction on the measurements after joint parameter and data reconciliation
for case 4 in Table 2.
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Il FIGURE 4 Amount of correction on the measurements after joint parameter and data reconciliation
for case 5 in Table 2.

9.4. DYNAMIC JOINT STATE-PARAMETER ESTIMATION: A FILTERING APPROACH

9.4.1. Problem Statement and Definition

The problem of state—parameter estimation in dynamic systems is considered in terms
of decoupling the estimation procedure. By using the extended Kalman filter (EKF)
approach, the state—parameter estimation problem is defined and a decoupling proce-
dure developed that has several advantages over the classical approach.

Following Bortolotto et al. (1985), let us consider the dynamic system governed
by the following stochastic model:

Xer1 = Fx +wy

9.32)
Y = Cxi + &y,

where w; and &, represent the forcing random noise entering the system and the
random noise that corrupts the measurements, respectively. The statistical character-
ization of these Gaussian white noises is represented as

Elww']=R,, Elec"|=R,

(9.33)
E[x(0)] = Xg, E[xox]] = I.

Furthermore, matrices F, C, and II; may depend, in general, on a finite-
dimensional vector @ that must be determined. The EKF approach for determin-
ing the unknown vector a involves extending the state vector x with the parameter ;
thus,

a= [x] (9.34)
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a; = f(ay) + [v:;k]

9.35)
Vi = (@) + &, (
fa) = [f((z‘)xk]
k
(9.36)

c(a;) = C(Op)xx.

9.4.2. Decoupling the State-Parameter Estimation Problem

According to the previous section, in order to deal with the state—parameter estimation
problem we have to solve a nonlinear set of filtering equations. The extended Kalman
filter leads to the following equations (Ursin, 1980):

where

and

811 = Gl 4 Bilyey1 — Liy 1 Gidig] 9.37)
B, = LTS (9.38)
i1 = Ge[I - B{L1Z:G] + Q, (9.39)
St = (L«Z(L{ +R) (9.40)
. . 0
dg/_1 = 4(0) = [—J (9.41)
)
1, 0

o = { o %] (9.42)

F, H - . W

0 I 0

of

G = — = |. . . 9.43
¢ aaT a=4a; . . . ( )

0 1

dc
L= — =[A, Al ... » 9.44
k= ST i [ k Ag k] (9.44)
X=X
u = GO (9.45)
L P S
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Al = —-—B(Ca";?")) ] (9.46)
Ry 0

Q= [0 0] (9.47)
R, 0

R= [0 0]. (9.48)

In view of the aforementioned augmented problem, the error covariance matrix
for the augmented system will be of the form

Ex B Ex&,,,
== |, (9.49)
29 x 7 29

m m

which shows the interaction between the state—parameter estimation problems, where
3 =E{x-%x-3%)7) (9.50)
and
Yo = E{(x — f()BiT}
(9.51)
Xy = E{6,67}.

Romagnoli and Gani (1983) and Bortolotto er al. (1985) developed and imple-
mented on-line a methodology for decoupling the state~parameter estimation prob-
lem. It was shown that the estimates of the states and error covariance matrix could
be expressed as

n
X = X + E 8x'
i=t

zk=22+iazi,

i=1

(9.52)

where 3 and x) are the normal (original) elements for the filter, in the absence of
the parameter estimation. Each element 8x’ and 63 corresponds to the correction
(on the original estimate) due to the parameter estimation. They are evaluated as
8x' = Vi(k)b,
. . T (9.53)
83" = Ul (bE, (Ui (k).

The individual estimates for the parameter can be obtained from the recursion
0,y1 =0, + B} [n, — (CLUL(0),], (9.54)

where U', V!, and E' are auxiliary matrices. The complete procedure, with all the
recursions, can be found in Romagnoli and Gani (1983).
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EXAMPLE 9.4

The experimental setup, described in Example 8.1, for calculating the bias in a dy-
namic environment will be used here to discuss the parameter estimation methodology.
In this case both the surface heat transfer coefficient (4) and the thermal conductivity
(1) of the body in the condition of natural convection in air are considered (Bortolotto
et al., 1985).

The extended state vector is now defined as

and a multichannel scheme implemented for the joint state—parameter estimation.
The algorithm was tested under conditions:

1. The channel for state estimation opened first and after some period of time
(when a “good” reference trajectory was obtained) the two channels for the parameters
were opened simultaneously.

2. The channel for state estimation opened first and the two other channels were
opened sequentially at different periods of time.

3. The algorithm was tested at different operating conditions.

As a sample, the performance of the algorithm for different initial values of
3, and X, is given in Fig. 5. Figure 6 shows the improvement in convergence
characteristics when channels are opened one at a time rather than simultaneously.
Some of the runs, along with the specified statistical characterization, are given in
Table 5. Additional information, as well as results, can be obtained from Bortolotto
et al. (1985).

The multichannel procedure introduces an alternative approach to the problem
of dynamic state—parameter estimation. The decoupling of the state estimator from

203
193
]
B %
|
<
183 O Run #3
1 A Run#5
173 ¢
10 20 30 40 56 ‘ 66

Time (m)

Il FIGURE 5 Behavior of the filter with different initial values of ;. (From Bortolotto et al., 1985.)
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Il TABLE 5 Results for Different Initial Values of 3}, and 5,
(from Bortolotto et al., 1985)

Initial parameter Weights for Final parameter
values covariance matrices values
Run # A h )Y A h A
1 203 8.04 10 1000 7.38 196.1
2 203 8.04 1 100 7.31 195.8
3 203 8.04 0.1 10 7.34 197.2
4 203 8.04 0.01 30 7.38 196.9
5 203 8.04 0.01 30 741 196.5
6 173 6.81 10 1000 8.23 190.7
7 173 6.81 1 100 8.23 191.3
8 173 6.81 0.1 10 8.20 199.5
9 173 6.81 0.01 1 8.20 180.3
10 173 6.81 0.3 50 8.23 191.3
11 187 7.38 10 1000 7.82 195.00
12 187 7.38 1 100 7.85 195.00
13 187 7.38 0.1 10 7.85 194.7
14 187 7.38 0.01 1 7.56 190.5
15 187 7.38 0.2 40 7.85 194.5
203

183 r

173 |

10 20 30 40 50 60

Time (m)
- FIGURE 6 Convergence characteristics of the algorithm selecting the channel: A, both parameters

estimated simultaneously; A, channel for parameter 4 opened first; O, Channel for parameter A opened
first (from Bortolotto et al., 1985).

the parameter estimator results in the manipulation of smaller vectors and matrices,
leading to efficient practical application. The data handling is reduced, as the infor-
mation is taken only when required, in accordance with the expected variation of the
particular parameter with time. In this way, the size of the problem becomes indepen-
dent of the number of parameters to be estimated, since such estimation is performed
sequentially and whenever desired.
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9.5. DYNAMIC JOINT STATE-PARAMETER ESTIMATION:
A NONLINEAR PROGRAMMING APPROACH

In this section the extension of the use of nonlinear programming techniques to solve
the dynamic joint data reconciliation and parameter estimation problem is briefly
discussed. As shown in Chapter 8, the general nonlinear dynamic data reconciliation
(NDDR) formulation can be written as:

Min @[y, §, o]
y
s.t.
dy
fl=.30| =0
[ FTRRA )] (9.55)

NF®)] =0
w(§()] = 0.

Note: The measurements and estimates include both measured state variables and
measured input variables. The inclusion of the input variables among those to be
estimated establishes the error-in-variable nature of the data reconciliation problem.

L

If the measurement noises are normally distributed and independent across the
data sets, the objective function is simply the weighted least squares

|
Bly, 5(t), 01 = > (9t — v " [$) — yi. (9.56)
k=0 2

By discretizing the differential algebraic equations model using some standard
discretization techniques (Liebman et al., 1992; Alburquerque and Biegler, 1996) to
convert the differential constraints to algebraic constraints, the NDDR problem can
be solved as the following NLP problem:

Min @[y, ¥, o]
9
s.t.
NI =0
w[§()] = 0,

where 1 now includes all the equality constraints.

Parameters and unmeasured variables can be incorporated into this formulation
(Alburquerque and Biegler, 1996). Let us consider that we have measured variables,
x, and unmeasured variables, u, and also suppose that they are constrained by some
physical model and are dependent on unknown parameters, 6. Then we can represent
the equalities in Eq. (9.57) by the general form

(9.57)

n(x,u,8)=0. 9.58)

The general problem is then to estimate 8 and u knowing the values of the
measurements, y, and the probability distribution function of € (measurement error).
If P(e) is the error distribution, then y will be distributed according to P(y —x {0, u).
Thus, according to Bayes’ theorem, (Alburquerque and Biegler, 1996), the posterior
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distribution of the parameter and the unmeasured variables, given the data, will be
P(6,uly) = L(6,wI1(6, u), (9.59)

where I1(8, u) is the a priori distribution function of the parameters, 8, and the un-
measured variables, u. Following Alburquerque and Biegler and using the maximum
a posteriori method, we minimize the negative of the log posterior subject to the
model, that is,

l\élin —log P(B,uly)

s.t.

n[x,u,0]=0 (.60)

wlx,u,0]>0.

If the measurement noise is normally distributed and independent across the data set,
and if we use a flat prior distribution, problem (9.60) become a nonlinear least squares
problem and can be solved using the techniques discussed in Section 9.3.

9.6. CONCLUSIONS

NOTATION

In this chapter, the general problem of joint parameter estimation and data reconcili-
ation was discussed. First, the typical parameter estimation problem was analyzed, in
which the independent variables are error-free, and aspects related to the sequential
processing of the information were considered. Later, the more general formulation
in terms of the error-in-variable method (EVM), where measurement errors in all
variables are considered in the parameter estimation problem, was stated. Alternative
solution techniques were briefly discussed. Finally, joint parameter—state estimation
in dynamic processes was considered and two different approaches, based on filtering
techniques and nonlinear programming techniques, were discussed.

vector defined by Eq. (9.34)
matrix defined by Eq. (9.46)
number of model equations
matrix defined by Eq. (9.38)
matrix of measurement model
concentration of component i
vector defined by Eq. (9.36)
vector defined by Eq. (9.27)
matrix defined by Eq. (9.9)
vector defined by Eq. (9.25)
auxiliary matrix

vector function that comprises the process model
transition matrix

matrix defined by Eq. (9.43)
number of measurements
minimum set of observations
matrix defined by Eq. (9.45)
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heat transfer coefficient

index of experiments

objective function value

constant of reaction rate

matrix defined by Eq. (9.44)

number of experiments

Jacobian matrix of f(Z, 8)

number of parameters

number of process variables for implicit models
flowrate

matrix defined by Eq. (9.47)

number of state variables

matrix defined by Eq. (9.48)

covariance matrix of w

covariance matrix of €

index for state variables

matrix defined by Eq. (9.40)

temperature

threshold value

time

auxiliary matrix

unmeasured variables

auxiliary matrix

forcing random noise entering the system
weighting matrix

vector of state variables

vector of measurements

vector of process variables for implicit models
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Greek Symbols

vector of measurement errors

covariance matrix of measurement errors
vector of parameters

parameter estimation error

covariance matrix of Xp

thermal conductivity

covariance of the parameter estimation error
vector of errors between measurements and predictions
general objective function

correction due to parameter estimation
standard deviation

equality constraints

inequality constraints
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Subscripts

0  initial state

Superscripts

measured value
derivative
estimated value
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10

B ESTIMATION OF MEASUREMENT
ERROR VARIANCES FROM
PROCESS DATA

Most techniques for process data reconciliation start with the assumptions that the
measurement errors are random variables obeying a known statistical distribution
and that the covariance matrix of measurement errors (¥) is given. In contrast, in
this chapter we discuss direct and indirect approaches for estimating the variances of
measurement errors from sample data. Furthermore, a robust strategy is presented for
dealing with the presence of outliers in the data set.

10.1. INTRODUCTION

Most of the available techniques for data reconciliation are based on the assumption
that the measurement errors are random variables obeying a known statistical distri-
bution, namely, a normal distribution. Furthermore, they start with the assumption of
a known covariance matrix of the measurement errors. Very little has been said about
how such information is available, and in most practical situations, this matrix is
unknown or known only approximately. Added to this, the covariance matrix, ¥, will
vary when the process is at different operating conditions. That is, for one measure-
ment device, the measurements’ error level may be different from range to range. For
instance, a normally operating pressure gauge will have different errors when working
in different scale ranges, say 20% and 50%. In such cases, changes in the measure-
ments’ error level indicate that the magnitude of the covariance matrix elements will
be different. Even if the covariance is already known, it still needs to be validated.
Consequently, the definition or calculation of this statistical property of the data is of
prime importance in implementing a reliable and accurate reconciliation procedure.

183
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Only a few publications in the literature have dealt with this problem. Almasy
and Mah (1984) presented a method for estimating the covariance matrix of mea-
sured errors by using the constraint residuals calculated from available process data.
Darouach et al. (1989) and Keller et al. (1992) have extended this approach to deal
with correlated measurements. Chen et al. (1997) extended the procedure further,
developing a robust strategy for covariance estimation, which is insensitive to the
presence of outliers in the data set.

The next sections describe direct and indirect techniques, developed in these
publications, for estimating the variances of process data, as well as a robustification
procedure for dealing with contaminated information.

10.2. DIRECT METHOD
As pointed out by Keller et al. (1992), if the process is truly at steady state, then
estimation by the so-called direct method using the sample variance and covariance

is adequate and simple to use. Let y; be the ith element in a vector of measured
variables, then the sample variance of the r repeated measurements of y; is given by

1 r
var(y) = ——= > (i — )’ (10.1)
k=1

and the covariance of y; and y; is given by

1 r
cov(yi, yj) = ——5 > i = )05 = I (10.2)
k=1
where
1 r
Bi=—D vk (10.3)
k=1

r is the size of the window, which is a function of the time during which the process
is truly at steady state. This is an unbiased maximum likelihood estimator, based on
the assumption of an independent error distribution with constant variance.

This procedure (based on sample variance and covariance) is referred to as the
direct method of estimation of the covariance matrix of the measurement errors. As it
stands, it makes no use of the inherent information content of the constraint equations,
which has proved to be very useful in process data reconciliation. One shortcoming of
this approach is that these r samples should be under steady-state operation, in order
to meet the independent sampling condition; otherwise, the direct method could give
incorrect estimates.

As pointed out by Almasy and Mah (1984), in real practical situations, the process
conditions are continuously undergoing changes, and steady state is almost never
attained. Practically speaking, steady state has meaning only within the framework
of the time interval and the range of variation allowed by the analyst. Variance and
covariance estimated by the foregoing technique will be very poor if the variation is
comparable in' magnitude to, or exceeds, the measurement errors. This drawback can
be eliminated through the use of an indirect method, which is discussed next.
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10.3. INDIRECT METHOD

As discussed before, in a strict sense, there is always some degree of dependence
between the sample data. An alternative approach is to make use of the covariance
matrix of the constraint residuals to eliminate the dependence between sample data
(or the influence of unsteady-state behavior of the process during sampling periods).
This is the basis of the so-called indirect approach.

Consider a g-dimensional process sample data vector at a time k,

Yi = X + €, (10.4)

where x; is the vector of process variables at time k and &y, is the vector of measurement
errors, also at time k. Usually, x; is called to satisfy the m-dimensional (m < g) set
of algebraic equations (e.g., multicomponent mass and energy balances)

Ax; =0, (10.5)

where A = (@ij)mxg, i =1,....m;j=1,...,8.
From Egs. (10.4) and (10.5), the residuals r; in the balance equations can be

calculated by
ry = Ay, = AX, + Ag, = Aegy. (10.6)
Assuming that g, is Gaussian with zero mean and positive definite covariance
matrix ¥ then
E(€)=0 (10.7a)
E(exef) = (10.7b)
E(ry) = E(Agy) = AE(gy) =0, (10.7¢)

where ¥ = (W;),xg, i =1,...,8j=1,..., 8
From Egs. (10.6) and (10.7) we can obtain the covariance matrix of the residuals,
®, as follows:

® = cov(ry) = E(ryry ) = E(Aere{AT) = AE (4] )AT = ATAT,  (10.8)

where @ = (®;j)mxm. i =1,...,m;j=1,...,m.
Using the Kronecker product of matrices and the vec(o) operator (Almasy and
Mah, 1984; see also Appendix A), Eq. (10.8) can be restated as

vec(P) = (A ® A) vec(P). (10.9)

The indirect method uses Eq. (10.9) to estimate W. This procedure requires the
value of the covariance matrix, ®, which can be calculated from the residuals using
the balance equations and the measurements.

10.3.1. Computational Procedure

Two alternative procedures have been suggested in the literature to solve the problem
and they will be discussed next. Alternative 1 was proposed by Almasy and Mah
(1984). They attempt to minimize the sum of the squares of the off-diagonal elements
of a measurement error covariance matrix subject to the relation deduced from the
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statistical properties of the residuals constraints. Alternative 2 was proposed by Keller
et al. (1992) to deal with the diagonal and non-diagonal case. They presented an
analytical procedure (following Dorouach et al., 1989) based on the relation deduced
from the statistical properties of the material constraints.

Alternative | (Almasy and Mah, 1984)

From Eq. (10.9), with reference to ¥, let d be the vector of g(y) diagonal elements,
and t the vector of g(t) off-diagonal elements. In general,

-1
g(t) < g(y)%z]. (10.10)

The remaining off-diagonal elements are zero by specification. Vectors d and t may
be obtained from vec (¥) by premultiplying by the appropriate mapping matrices D
and T, that is,

d = D vec(¥) (10.11)
t =T vec(P), (10.12)

It is then possible to recover W from
vec(¥) =D1td + Tt (10.13)

with appropriate matrices D™ and T™.
As before, a vector p of g(p) elements can be defined, associated with ®, such
that

1
gp) = g(r)% (10.14)
and
p = P vec(®). (10.15)

Substituting Eqs. (10.9) and (10.13) into Eq. (10.15) yields

p=PA®A) - D*d+Ttt)

(10.16)
= Md + Nt.

The problem of estimating the covariance matrix of the measurement errors may now
be formulated as

I\g[in t't, (10.17)
,t

subject to the constraints given by Eq. (10.16).
The solution of this problem is given by

d =SM'Rp (10.18)
and
t = NT(R — RMSM'R)p, (10.19)
where
R = (NNT)~! (10.20)

S = (MTRM)~". (10.21)
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The necessary conditions for the existence of the inverse matrices in Egs. (10.20) and
(10.21) are
gt) = g(p) = gy (10.22)
According to Almasy and Mah:

1. The conditions imposed by Eq. (10.22) by themselves do not guarantee the
existence of R and S.

2. We need to compute matrices SMTR and NT(R — RMSM'R) only once and
apply the results of Eqgs. (10.18) and (10.19) each time a p is obtained.

A procedure for computing matrices M and N is given in Almasy and Mah (1984).
Alternative 2 (Keller et al., 1992)
In this approach we have two possible situations:

1. Diagonal case. If the measurement errors are not correlated, W is a diagonal
matrix. Let us consider

d=[V, ¥, ..., Uyl (10.23)

This vector contains all of the parameters that need to be estimated. Equation (10.9)
can be written as

vec(®) = Fd, (10.24)
where
vee(®) = [®11, Pr2, ... Pim, Dot P2, oo Py o ooy Prnty P2y - oy Pl
(10.25)
anA; apA; ... apA,
F— anA;  anA; ... apA, (10.26)
amiA1  amAy ... amgAy

and A is the jth column of matrix A; vec(®) is an m? vector, d is a g vector, and F
is a (m?, g) matrix.

Now, if (m? > g), the solution of Eq. (10.24), under the assumption of an
independent and normal error distribution with constant variance can be obtained as
the maximum likelihood estimator of d and is given by

d = F'F)"'FTvec(®). (10.27)

EXAMPLE 10.1

To illustrate the application of the strategy for the diagonal case, we consider
the process system taken from Ripps (1965). As indicated in Chapter 5, it con-
sists of a chemical reactor with four streams, two entering and two leaving the pro-
cess. All the stream flowrates are assumed to be measured, and their true values are
x = [0.1739 5.0435 1.2175 4.00]". The corresponding system matrix, A, and the
covariance of the measurement errors, ¥, are also known and given by

0.000289
0.0025
0.000576

01 06 —-02 -0.7
Aj=108 01 -02 -01}, ¥=

0.1 03 -06 -0.2 0.04
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A multivariate normal distribution data set with the variance and mean given
by this ¥ and x was generated by the Monte Carlo method to simulate the process
sampling data. The data size was 1000 and it was used to investigate the performance
of the indirect method.

In the estimation of ¥ from the conventional indirect approach, using the Keller
et al. (1992) method, (¥¢) is given by

0.0002678 0 0 0

T — 0 0.00246 0 0

c= 0 0 0.000512 0
0 0 0 0.0416

2. General case. If some measurement errors are correlated, the covariance ma-
trix is not diagonal. It is assumed that we know the sensors which are subjected to cor-
related measurement errors, for example because they share some common elements
(e.g., power supplies). There are then s off-diagonal elements of W, (W, ..., Wy),
that need to be estimated in addition to the diagonal ones.

Letf= (W1, W2, ..., Ve, ¥pyo . ., W,)T. Then Eq. (10.9) can be written as

vec(®) = Gf, (10.28)
where
anAy  apA, ... algAg aipAp, + alqu ceoapAp +ayly
G= anA1  anA; angg aszp + aquq e anpAp t+ayA
amiA1  amA; ... amgAg a,,,pAp + aquq cer QupAp + amiA
(10.29)

where A; is the jth column of matrix A, A = (A1, Az, ..., Ap).
From Eq. (10.28), the maximum likelihood estimator of f is given by

f = (GTG)"'GTvec(®). (10.30)
The estimability conditions of variance are now rank(G) = g +s.

EXAMPLE 10.2

This example was taken from Keller et al. (1992). It consists of the network of
7 nodes and 12 streams given in Fig. 1. In this case, we make a change about the
position of the correlated sensors to make sure that the target covariance conforms

- FIGURE | Process network for Example 10.2 (from Keller et al., 1992).
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to the common assumption on the property of positive definiteness. Thus, the mea-
surement errors of sensors 2 and 5 and sensors 6 and 11 are to be correlated. The
simulation condition is similar to the uncorrelated case. The system matrix, A, and
target covariance, ¥, for this case are

1 -1 O 0 0 0 -1 0 0 0 0 0
0O 1 -1 0 0 0 0O -1 0 0 0 0
0 0 1 -1 0 0 0 0 0 0 0 0
A=10 O 0 1 -1 0 0 0 -1 0 0 0
0 0 0 0 1 -1 O 0 0 -1 0 0
0 0 0 0 0 0 1 1 0 0O -1 0
o0 0o 0 0 0 0 0 1 1 0 -1
[3000 0 0 0 0 0 0 0 0 0 0 0 ]
0 3000 0 0 600 0 0 0 " ) 0
0 0 200 0 0 0 0 0 0 0 0 0
0 0 0 2000 0 0 0 0 0 0 0 0
0 600 0 0 750 0 0 0 0 0 0 0
g |° 0 0 0 0 1500 0 0 0 0 900 O
| o 0 0 0 0 0 1000 0 0 0 0 0
0 0 0 0 0 0 0 1000 0 0 0 0
0 0 0 0 0 0 0 0 1000 0 0 0
0 0 0 0 0 0 0 0 0 810 0 0
0 0 0 0 0 900 0 0 0 0 2000 0
| 0 0 0 0 0 0 0 0 0 0 0 2000

A comparison with the target covariance shows that the conventional indirect
approach gives a very good estimation of the covariance in this case:

(2952 0 0 0 0 0 0 0 0 0 o0 0
0 3001 0 0 492 0 0 0 0 0 0 0
0 0 1972 0 0 0 0 0 0 0o 0 0
0 0 0 1924 0 0 0 0 0 0 0 0
0 492 0 0 709 0 0 0 0 0o o 0
o |0 0 0 0 0 1252 0 0 0 0 951 0
N 0 0 0 0 0 1125 0 0 0 0 0
0 0 0 0 0 0 0 1125 0 0 0 0
0 0 0 0 0 0 0 0 1144 0 0 0
0 0 0 0 0 o 0 0 0 824 0 0
0 0 0 0 0 951 0 0 0 0 2017 0
0 0 0 0 0 0 0 0 0 0 0 2151

10.4. ROBUST COVARIANCE ESTIMATOR

The performances of the indirect conventional methods described previously are very
sensitive to outliers, so they are not robust. The main reason for this is that they use
a direct method to calculate the covariance matrix of the residuals (®). If outliers
are present in the sampling data, the assumption about the error distribution will be
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violated. In such situations, the final estimation of the covariance of the measurements
will not be a maximum likelihood estimator. In other words, this may lead to an
incorrect estimation. For this reason an alternative robust procedure is needed.

DEFINITION

An estimator is called robust if it is insensitive to mild departures from the under-
lying assumptions and is also only slightly more inefficient relative to conventional
approaches when these assumptions are satisfied.

10.4.1. The M-Estimator

One type of common robust estimator is the so-called M-estimator or generalized
maximum likelihood estimator, originally proposed by Huber (1964). The basic idea
of an M-estimator is to assign weights to each vector, based on its own Mahalanobis
distance, so that the amount of influence of a given point decreases as it becomes less
and less characteristic.

Letz,, ...,z besamples of j dimension. Then, the M-estimator of the location
(vector m) and the scatter (matrix V) are obtained by solving the following set of
simultaneous equations (Maronna, 1976; Huber, 1981, p. 212):

1 =r
;Zul(w,-)(z,- —m)=0 (10.31)
i=1
1 i=r
— lzuz(w,?)(zi —m)z —mT =V, (10.32)
i=1
where u; and u; are arbitrary weights and w? = (z; —m)'V~!(z; —m),i = 1, ..., r,

are the squared distances of the observation vectors from the current estimate of
location m. Note that when u; = u, = 1, Egs. (10.31) and (10.32) become

;:z::(z,' -m)=0

i=r

> —m)z —mT =V.
i=l

r—1

In this case, V is the classical sample covariance matrix of z.
In Chen et al. (1997) the following simultaneous estimation strategy is adopted
to construct the M-estimator:

o Assuming the covariance V is positive definite, the Cholesky decomposition
of Vis

vV =cch. (10.33)

Then Egs. (10.31) and (10.32) can be written as
E{w(|C'z-m)DC ' z-m)} =0 (10.34)
E{wp(IC'@ - m)|HIC 'z —m)[C'z-—m)"} =1,  (10.35)
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where || - || denotes the norm of vectors or matrixes and I stands for the identity matrix.
e Let n = ||C~I(z — m)|. Then the functions «; and u; will be determined by
the following minimax problem:

go.(n, ¢) = max{—c, mi'n(n, o)} (10.36)
with ¢; =nu;(n), i=1,2,

where ¢(n, ¢) is known as the Huber’s psi function; ¢ is a constant specified by the
user to take into account the acceptable loss in efficiency of the Gaussian model in
exchange for resistance to outliers.

Taking ,
v = ¢(n,c) (10.37)
@2 = o(n, c*)/B, (10.38)

where § is chosen to make V an asymptotically unbiased estimator of the covariance
matrix in a multivariate normal situation, the following algorithm can be devised to
estimate the covariance matrix of the residuals, ®.

10.4.2. The Algorithm (Chen et al., 1997)

Lety;, y2, ..., Y, be the g-dimensional vector of data with y; = [y, yai, ..., ygi]T,
A = (aij)mxg is the matrix for the constraint equations. The algorithm for robust
covariance estimation can be implemented as follows.

Step 1: Calculation of the residuals, r;, by means of Eq. (10.6).
Step 2: Calculation of the covariance matrix of residuals:

® Variable initialization. Initialize the location (mean) m j»scale b, and
covariance matrix ® with

mjf,o =median(r;;); j=12,...,m; i=12,...,r (10.39)
b; = median(|r;; — m;|)/0.6745 (10.40)
& = diag(bf, b%, ...,b?n). (10.41)

® [terative calculation. The solution of the M-estimator Egs. (10.31) and
(10.32) is obtained by means of an iterative procedure that, for iteration g, is
made up of the following steps:
(a) Estimation of the weight function uy, u;:

1 w; < c¢
uiwi) = {c/w,- otherwise (10.42)
uz(w?) = (u1(w;))?/B, (10.43)
with
B = G(c?/2,1.5) + 2cX(1 — F(c)), (10.44)

where F represents the multivariate normal cumulative distribution
function and G(a, f) is the gamma distribution with f degrees of
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freedom. In this work, ¢? is taken to be the 90% point of the X2
distribution.
The Mahalanobis distances

wl=(rn—m_) (@) (n—mi_), i=12..,r (1045

of the sample vectors from the current estimate of location m* are
measured in the metric of ®*, the current estimate of the covariance
matrix.

(b) Estimation of the location m*:

mp=m)_, + ) w(w)(r —m;_l)/Zu,-(wi). (10.46)
i=1

i=1

(c) Estimation of ®*:

1 r

* __ 2 * «\T

®; = - > ua(w?) (r; —m}) (r; —m}) . (10.47)
i=1

The iteration process terminates when the maximum difference in the

elements of ® between two successive iterations is smaller than a

prespecified threshold, in this work taken to be 107,

Step 3: Robust maximum likelihood estimation of ¥:
First calculate the maximum likelihood estimator of vec (¥):

vec(¥) = f = (G"G) "G vec(®). (10.48)
Then the robust covariance W can be obtained by reshaping vec(¥) as follows:
¥ = vec™ ! (vec(¥)) = vec™(F). (10.49)
End

The following remarks are in order:

Remark 1: The selection of weight functions #; and u, is basically arbitrary.
However, these functions have to satisfy certain conditions in order to ensure the
existence and uniqueness of a solution. The weight functions u; and u; utilized in
this approach have been verified as meeting all these conditions (Maronna, 1976).
Since u; and u; solve the minimax problem (10.36), they are also known as Huber
type weights.

Remark 2: It is worthwhile to mention that the breaking point of the M-estimator,
the fraction of outliers that can be tolerated without the estimator potentially breaking
down, is about 1/(g + 1), where g is the dimension of the data (Maronna, 1976). In
data reconciliation, outliers refer to the abnormal observations and are a small fraction
of the whole data set. In our view, the breaking point property is reasonably good for
practical implementations.

Actually this approach follows a general recipe that works for many robust proce-
dures: Clean the data by pulling outliers towards their fitted values, refitting iteratively
until convergence is obtained. By assigning a weight to each of the observations, the
individual observation’s contribution to covariance can be adjusted in order to avoid
outliers governing the estimation of the covariance. The empirical convergence be-
havior of the iterative calculation procedure is good (Maronna, 1976), but there is
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not yet theoretical proof and more research is needed. Besides the M-estimator, there
are several simultaneous estimation strategies, but none of them have been proved.
It is worth mentioning that when referring to Eqs. (10.40), (10.41) and (10.47), the
iterative algorithm will maintain the positive definiteness of the covariance matrix.

To investigate the performance of the proposed robust estimator, Monte Carlo
studies were performed on the two previous examples used for the case without
outliers.

EXAMPLE 10.3 (Chen et al., 1997)

As before, all the stream flowrates are assumed to be measured in the process
flowsheet presented by Ripps (1965). The corresponding system matrix, A, and the
covariance of the measurement errors, ¥, are given in Section 10.3.

A multivariate normal distribution data set was generated by the Monte Carlo
method using the values of variances and true flowrates in order to simulate the
process sampling data. The data, of sample size 1000, were used to investigate the
performance of the robust approach in the two cases, with and without outliers.

Without outliers. The estimation of ¥ both from the conventional indirect ap-
proach ¥¢ and from the robust approach ¥g gave similar results when compared
with the target covariance matrix W:

0.0002678 0 0 0
T = 0 0.00246 0 0
0 0 0.000512 0

0 0 0 0.0416
0.0002712 0 0 0
Wy = 0 0.002498 0 0
0 0 0.000507 0

0 0 0 0.0411

With outliers. For comparison, we still use the same data set as case 1 (without
outliers), except one outlier is introduced to x3 (from 1.2128 t0 7.2128). The estimation

results are
0.000306 0 0 0
T — 0 0.00715 0 0
c= 0 0 0.03637 0
0 0 0 0.03874
0.0002717 0 0 0
_ 0 0.002493 0 0
R= 0 0 0.000515 0
0 0 0 0.0411

Wy from the robust estimator still gives the correct answer, as expected. However,
the conventional approach fails to provide a good estimate of the covariance even for
the case when only one outlier is present in the sampling data.

EXAMPLE 10.4 (Chen et al., 1997)
The second case study is that of Example 10.2 given in Figure 10.1. As before,
the measurement errors of sensors 2 and S, and sensors 6 and 11 are to be correlated.
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The system matrix, A, and target covariance matrix, W, for this case are given in
Section 10.3. The simulation condition is similar to the uncorrelated case; the two
cases, with and without outliers, are tested.

Without outliers. As shown by comparison with the target covariance, both the
conventional indirect approach and the robust approach give a very good estimation
of the covariance in this case:

[2952 0 0 0 0 0 0 0 0 0 0 0 ]
0 3001 0 0 49 0 0 0 0 0 0 0
0 0 1972 0 0 0 0 0 0 0 0 0
0 0 0 1924 0 0 0 0 0 0 0 0
0 492 0 0 709 0 0 0 0 0 o0 0

goo | © 0 0 0 0 1252 0 0 0 0 951 0
0 0 0 0 0 0 1125 o0 0 0 o 0
0 0 0 0 0 0 0 1125 0 0 0 0
0 0 0 0 0 0 0 0 1144 0 0 0
0 0 0 0 0 0 0 0 0 824 0 0
0 0 0 0 0 951 0 0 0 0 2017 O

0 0 0 0 0 0 0 0 0 0 0 2151
2913 0 0 0 0 0 0 0 0 0 o 0 |
0 2981 0 0 491 0 0 0 0 0 0 0
0 0 195 0 0 0 0 0 0 0 0 0
0 0 0 1913 0 0 0 0 0 0 o0 0
0 491 0 0 698 0 0 0 0 0 o0 0

g | O 0 0 0 0 1238 0 0 0 0 954 0
0 0 0 0 0 0 1124 0 0 0 o 0
0 0 0 0 0 0 0 1009 0 0 0 0
0 0 0 0 0 0 0 0 1145 0 0 0
0 0 0 0 0o 0 0 0 822 0 0
0 0 0 0 0 954 0 0 0 0 198 0
| o 0 0 0 0 0 0 0 0 0 0 2122

With outliers. We still use the same data set as for the previous case, except
that two outliers are introduced to x,, x5 (from 2.7683 and 4.4475 to 102.7682 and
—95.5525). The results are as follows:

(3148 0 0 0 0 0 0 0 0 0 0 0 ]
0 408 0 0 —6.1 0 0 0 0 0 0 0
0 0 202 0 0 0 0 0 0 0 0 0
0 0 0 1990 O 0 0 0 0 0 0 0
0 —6.1 0 0 1737 0 0 0 0 0 0 0
B = 0 0 0 0 0 1234 0 0 0 0 91 0
0 0 0 0 0 0 1164 O 0 0 0 0
0 0 0 0 0 0 0 1027 O 0 0 0
0 0 0 0 0 0 0 0 1144 O 0 0
0 0 0 0 0 0 0 0 0 814 O 0
0 0 0 0 0 9.51 0 0 0 0 2062 0
0 0 0 0 0 0 0 0 0 0 0 21.68]
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2804 0 0 0 o0 0 0 0 0 0 0 0
0 2990 0 0 48 0 0 0 0 0 o0 0
0 0 195 0 0 0 0 0 0o 0 0 0
0 0 0 1906 0 0 0 0 0 0 0 0
0 480 0 0 712 0 0 0 0o 0 o 0

wee | O 0 0 0 0 1236 0 0 0 0 954 0
0 0 0 0 0 0 1118 0 0 0 0 0
0 0 0 0 0 0 0 1105 0 0 0 0
0 0 0 0 0 0 0 0 1146 0 0 0
0 0 0 0 0 0 0 0 821 0 0
0 0 0 0 0 954 0 0 0 0 1990 0
L0 0 0 0 0 0 0 0 0 0 0 2121

The robust estimator still provides a correct estimation of the covariance matrix; on
the other hand, the estimate ¥, provided by the conventional approach, is incorrect
and the signs of the correlated coefficients have been changed by the outliers.

10.5. CONCLUSIONS

The covariance matrix of measurement errors is a very useful statistical property.
Indirect methods can deal with unsteady sampling data, but unfortunately they are
very sensitive to outliers and the presence of one or two outliers can cause misleading
results. This drawback can be eliminated by using robust approaches via M-estimators.
The performance of the robust covariance estimator is better than that of the indirect
methods when outliers are present in the data set.

NOTATION

matrix of linear constraints

initial standard deviations of residuals
matrix from Cholesky decomposition of V
constant

vector of g(x) diagonal elements of ¥
matrix that maps diagonal elements of ¥ into d
matrix that maps vector d into the diagonal elements of matrix ¥
degrees of freedom

vector of estimated elements of ¥

matrix defined by Eq. (10.26)

multivariate cumulative function distribution
number of measured variables

matrix defined by Eq. (10.29)

gamma function

dimension of z

sample index

number of process constraints

location vector

matrix defined by Eq. (10.16)

matrix defined by Eq. (10.16)

vector formed with elements of ®

U+O=-°O°‘>

TZZEI TS QQE® mE o
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matrix that maps elements of @ into vector p

iteration index

number of repeated measurements

residuum of process constraints

matrix defined by Eq. (10.20)

number of off-diagonal elements of ¥ for the general case
matrix defined by Eq. (10.21)

off-diagonal elements of matrix ¥

matrix that maps off-diagonal elements of matrix W into t
matrix that maps vector t into off-diagonal elements of ¥
arbitrary weights

scatter matrix

distance of the observation vectors from the current estimate of m
vector of true value of measured variables

maximum likelihood estimator of V

vector of measurements

general vector

Greek Symbols

£ measurement random errors
¥ covariance matrix of measurement errors
®  covariance matrix of residuum
Superscripts
T least square estimation
Subscripts
C  conventional estimation
R robust estimation
Other Symbols

cov( ) sample covariance of

var(

)  sample variance of

vec( ) see Appendix A

n( )
®
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APPENDIX A': THE KRONECKER PRODUCT OF MATRICES AND THE vec(o) OPERATOR

The Kronecker Product

Let A = {a;;} be an (n x m) matrix and B an (s x ¢) matrix. Then the Kronecker
product of A and B, denoted as A ® B, is defined as the [(n - s) X (m - )] matrix

A®B={a; B}, (A10.1)

where a;; - B denotes the product of matrix B by the scalar g;;.

The vec(o) Operator
Let the jth column of matrix A be denoted by a;, so that
A=(a,a,...,a,). (A10.2)
Neudecker (1969) defined an (m - n) column vector

a
a

vec(A) = | . |, (A10.3)
am

that is, vec(A) is obtained by writing the columns of A below each other.

'From Almasy and Mah (1984).
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B NEW TRENDS

This chapter discusses some recent approaches for dealing with different aspects of
the data reconciliation problem. A more general formulation in terms of a probabilistic
framework is first introduced, and its use in dealing with gross error is discussed in
particular. Robust estimation approaches are then considered, in which the estimators
are designed so that they are insensitive to outliers. Finally, a strategy that combines
principal component analysis and steady-state data reconciliation will be discussed.

11.1. INTRODUCTION

In the previous chapters, data reconciliation schemes have been discussed extensively.
These schemes, used to remove both noise and gross errors from measured plant data,
provide a more accurate description of the true operational status of the plant.

As was shown, the conventional method for data reconciliation is that of weighted
least squares, in which the adjustments to the data are weighted by the inverse of the
measurement noise covariance matrix so that the model constraints are satisfied. The
main assumption of the conventional approach is that the errors follow a normal
Gaussian distribution. When this assumption is satisfied, conventional approaches
provide unbiased estimates of the plant states. The presence of gross errors violates
the assumptions in the conventional approach and makes the results invalid.

We have discussed, in Chapter 7, a number of auxiliary gross error detection/
identification/estimation schemes, for identifying and removing the gross errors from
the measurements, such that the normality assumption holds. Another approach is to
take into account the presence of gross errors from the beginning, using, for example,
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contaminated error distributions. In this case, the regression accommodates the pres-
ence of the outliers and gross error detection can be performed simultaneously.

In addition, conventional approaches assume that the only available information
about the process is the known model constraints. However, a wealth of information
is available in the operating history of the plant. In this case, together with spatial
redundancy, there is also temporal redundancy, that is, temporal redundancy exists
when measurements at different past times are available. This temporal redundancy
contains information about the measurement behavior such as the probability distri-
bution. The methods discussed in the first two sections of this chapter try to exploit
these ideas by formulating the reconciliation problem in a different way.

Correlations are inherent in chemical processes even where it can be assumed
that there is no correlation among the data. Principal component analysis (PCA)
transforms a set of correlated variables into a new set of uncorrelated ones, known
as principal components, and is an effective tool in multivariate data analysis. In
the last section we describe a method that combines PCA and the steady-state data
reconciliation model to provide sharper, and less confounding, statistical tests for
gross errors.

11.2. THE BAYESIAN APPROACH

As discussed before, in the conventional data reconciliation approach, auxiliary gross
error detection techniques are required to remove any gross error before applying
reconciliation techniques. Furthermore, the reconciled states are only the maximum
likelihood states of the plant, if feasible plant states are equally likely. Thatis, P{x} =1
if the constraints are satisfied and P{x} = 0 otherwise. This is the so-called binary
assumption (Johnston and Kramer, 1995) or flat distribution.

To alleviate these assumptions the maximum likelihood rectification (MLR) tech-
nique was proposed by Johnston and Kramer. This approach incorporates the prior
distribution of the plant states, P{x}, into the data reconciliation process to obtain the
maximum likely rectified states given the measurements. Mathematically the problem
can be stated (Johnston and Kramer, 1995) as

Max P{x|y}. (11.1)
X
According to Bayes’ theorem, the probability of the states, given the data, will be

Max P{x |y} = Max P{y|x} P(x}/ P{y), (11.2)

where P{y/x} indicates the probability distribution of the measurements given the
states, P {x} is the prior probability distribution of the states, and P{y} is the probability
distribution of the measurements. Since P{y} acts as a normalization constant for a
given set of data and does not depends on x, it can be ignored. The states that maximize
the conditional probability density of the plant states, given the data, are, finally,

Max P{x |y} = Max P{y | x} P{x}. (11.3)

The following three cases can be defined according to different assumptions about
P{y/x} and P{x} and are discussed later:
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Case 1: Binary assumption on P{x} (flat distribution), and sensor errors are
assumed to follow a normal distribution

Case 2: Binary assumption on P{x}, and sensor errors do not follow a normal
distribution

Case 3: Relaxed assumption on P{x}, and sensor errors do not follow a normal
distribution

Case 1. The implicit binary assumption on P{x} implies that P{x} is a binary
variable, that is,

* P{x} = 1if and only if x satisfies the model equations (equality and
inequality constraints)
® P{x} = 0 if x fails to satisfy the model equations

Under this assumption the P{x} term is converted to a set of constraints and our
original problem is converted to the following constrained optimization:

Max Ply|x)
S.t.
114
o(x) = 0 (14
w(x) < 0.

If in addition to the binary assumption on P {x}, sensor errors are normally distributed
and independent across the data sets, the problem becomes our typical nonlinear least
squares data reconciliation problem:

Max (y — )" (y — x)
s.t.
115
p(x) =0 (13

w(x) < 0.

Case 2. The assumption on P{x} still holds in this case, but a nonnormal model
of P{y/x} is considered. To take into account the presence of outliers, the contami-
nated normal distribution (Tjoa and Biegler, 1991) is considered in most cases.

Let us state the measurement model for the ith observation as the sum of the true
state being measured and an additive error, that is,

i =x; + 4, (11.6)
where §; is the measurement error. For the case where §; is independent of x;,
P{yi|xi} = P{5:}. (1L.7)
Here are two possible outcomes:

® G = (Gross error occurred} with probability
® R = {Random error occurred} with probability 1 — n

When G occurs, the error will follow a distribution P{§ | G}, and when R occurs, the
error will follow P{§ | R}. Under these conditions the distribution of §; will be

P{si} = (1 — n)P{5; IR} + n; P{6; | G}. (11.8)
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Assuming that the errors are uncorrelated, the joint distribution of the biases is the
product of the individual biases, that is,

Pisy =[] Ptss). (11.9)

Normal distribution is commonly used for random and gross errors, but gross error
distributions have a higher variance than the random error distributions. This leads to
the n-contaminated normal distribution with normal contamination, that is,

1 Y 1 82
P8} =1 —n)——ex (——')-i— = X (_—t>’
{6:} n:) Ao P 207 n /27rst;o; P 2rstlo?
(11.10)

where o; is the standard deviation of the normal noise band in sensor i and rst;
(rst; > 1) is the ratio of the standard deviation of the gross error distribution of sensor
i to the standard deviation of the normal noise band for sensor i.

Under these assumptions, our original problem is converted to the following
constrained optimization:

Max P(3)
s.t
: 11
o) =0 (111
o(x) <0,

where P{3} is given by Egs. (11.8) and (11.9).

Tjoa and Biegler (1991) used this formulation within a simultaneous strategy
for data reconciliation and gross error detection on nonlinear systems. Albuquerque
and Biegler (1996) used the same approach within the context of solving an error-in-
all-variable-parameter estimation problem constrained by differential and algebraic
equations.

Case 3. Taking into account the probability distribution of the sensors errors
given by Egs. (11.8) and (11.9) and the modetl of P{x}, this more general formulation
solves the following problem to obtain the most likely rectified states, given the
measurements:

anx P{6} P{x}
s.t
) 11.12
p(x) =0 ( )
w(x) < 0.

One problem encountered in solving Eq. (11.12) is the modeling of the prior
distribution P{x}. It is assumed that this distribution is not known in advance and
must be calculated from historical data. Several methods for estimating the density
function of a set of variables are presented in the literature. Among these methods
are histograms, orthogonal estimators, kernel estimators, and elliptical basis function
(EBF) estimators (see Silverman, 1986; Scott, 1992; Johnston and Kramer, 1994;
Chen et al., 1996). A wavelet-based density estimation technique has been developed
by Safavi et al. (1997) as an alternative and superior method to other common density
estimation techniques. Johnston and Kramer (1998) have proposed the recursive state
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density estimation (RSDE) method to find P{x} from noisy data. This method links
the data reconciliation and probability density estimation through the principles of
expected maximization.

Following Johnston and Kramer (1998) and using an EBF probability density
estimator, the form of the estimator for P{x} is

H
Pix} = gadn(x, my, Qu), (11.13)
h=1
where
_ 1 Cx-m) Q' (x — mh))
d(x, my, Qp) = mfﬁﬁ)( 2 . (11.14)

my, are the unit centers and Qy, are the unit covariance matrices; g, are the mixing
proportions; and # is the window size. In this way, from Eq. (11.1), the resulting
reconciliation problem requiring solution is

H
M)Zax P{8) Z qr®n{(X; my; Qh):|
h=1 (11.15)
st. e(x)=10
w(Xx) <0.

In general, it is computationally expensive to find the solution to problem (11.12).
An alternative approach based on a surrogate objective function was developed by
Johnston and Kramer (1998). This approach, for the unconstrained and linearly con-
strained cases, has an analytical solution thus simplifying the calculations. The com-
plete procedure can be found in the aforementioned publication.

EXAMPLE 11.1

The same problem discussed in Example 5.1 is taken to illustrate the ideas des-
cribed in this section. The system consists of a chemical reactor with four streams,
two entering and two leaving the process. All the stream flowrates are assumed to
be measured, and their true values are x = [0.1739 5.0435 1.2175 4.00]T. The
corresponding system matrix, A, and the covariance matrix, ¥, of the measurement
errors are also known and given by

0.1 06 —-02 -—0.7
A=1]08 01 —-02 -0.1
01 03 —-0.6 -0.2

0.0029 0 0 0
o= 0 0.0025 0 0
- 0 0 0.0006 O

0 0 0 0.04

Monte Carlo data for y were generated according to ¥ with mean X, to simulate
process sampling data. A window size of 25 was used here and to demonstrate the
performance of the Bayesian approach.

Following Tjoa and Biegler (1991) we have modeled P{8} as a bivariate likeli-
hood distribution, a contaminated normal distribution as shown in Eq. (11.10) with
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rsd = 10 and P{x} = 1 (flat distribution). Monte Carlo simulations have been per-
formed on several distributions. All these generated distributions were contaminated
by some isolated outliers randomly generated. Only the results for Cauchy distribution
with 10% outliers are shown here.

Figures 1 to 4 illustrate the results of the reconciliation for the four variables
involved. As can be seen, this approach does not completely eliminate the influence
of the outliers. For some of the variables, the prediction after reconciliation is actually
deteriorated because of the presence of outliers in some of the other measurements.
This is in agreement with the findings of Albuquerque and Biegler (1996), in the sense
that the results of this approach can be very misleading if the gross error distribution
is not well characterized.

0.26 . — . . T

0.24

0221

Sampling instance

- FIGURE | Reconciliation results for variable x| with Cauchy distribution and 10% of outliers (*, mea-
sured value; O, reconciled value).

7.5 T - o)

0 10 20 30 40 50 60
Sampling instance

Bl FIGURE2 Reconciliation results for variable x, with Cauchy distribution and 10% of outliers (, mea-
sured value; O, reconciled value).
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Il FIGURE3 Reconciliation results for variable x3 with Cauchy distribution and 10% of outliers (, mea-
sured value; O, reconciled value).
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- FIGURE 4 Reconciliation results for variable x4 with Cauchy distribution and 10% of outliers (*, mea-
sured value; O, reconciled value).

11.3. ROBUST ESTIMATION APPROACHES

In robust statistics, rather than assuming an ideal distribution, an estimator is con-
structed that will give unbiased results in the presence of this ideal distribution, but
that will try to minimize the sensitivity to deviations from ideality. Several approaches
are described here:

® M-estimators approach

® QQ-plots approach
® The trust function approach
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11.3.1. M-Estimators Approach

Robust system identification and estimation has been an important area of research
since the 1990s in order to get more advanced and robust identification and estimation
schemes, but it is still in its initial stages compared with the classical identification
and estimation methods (Wu and Cinar, 1996). With the classical approach we assume
that the measurement errors follow a certain statistical distribution, and all statistical
inferences are based on that distribution. However, departures from all ideal distri-
butions, such as outliers, can invalidate these inferences. In robust statistics, rather
than assuming an ideal distribution, we construct an estimator that will give unbiased
results in the presence of this ideal distribution, but will be insensitive to deviation
from ideality to a certain degree (Alburquerque and Biegler, 1996).

Consider a nonlinear system with g inputs and / outputs described by the follow-
ing model:

y=1(x,6)+e@), (11.16)

where y is an /-dimensional vector, X is a g-dimensional vector, e is the noise vector,
and @ is the n-dimensional parameter to be estimated from the noisy data. The ordinary
least squares (OLS) estimates of parameter 6 are obtained by minimizing

M
> i = fxi, 07, 11.17)

i=1

or equivalently by solving the system of n equations that results from differentiating
expression (11.17) with respect to 6 and setting the derivative equal to zero. That is,

M
Zgg—(y,-—f(x,»,o))%o, j=1,...,n. (11.18)
i=1 OV
If the errors are normally distributed, the OLS estimates are the maximum likelihood
estimates of 8 and the estimates are unbiased and efficient (minimum variance esti-
mates) in the statistical sense. However, if there are outliers in the data, the underlying
distribution is not normal and the OLS will be biased. To solve this problem, a more
robust estimation methods is needed.

Several robust identification and estimation methods have been considered in
the literature. One approach is the use of L, estimators, in which we estimate the
parameters of a given process by minimizing (Butler ez al., 1990)

M
> 1y = fxi, 0P (11.19)

i=l1

instead of the sum of the error square. Least absolute deviation (LAD) and ordinary
least squares estimation (OLS) correspond to p = 1 and p = 2, respectively. Values
of p smaller than 2 are associated with tails that are thicker than the normal distri-
bution. Forsythe (1972) suggested that setting p = 1.5 can give good robust features
for a thicker tailed distribution. L, estimators are, in fact, special cases of robust
M-estimators (Butler et al., 1990). Huber’s M-estimates (Huber, 1981) provide the
general framework for robust estimation. These estimates are based on the concept
of the influence function (IF).
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If we denote the residual values by
@)=y — flx,0), i=1....M, (11.20)

the M-estimates of vector § are

M
0 = argmin Y p(u;(9)), (11.21)

i=1

where p is usually a convex function in order for the solution to be unique. Comparing
Eq. (11.21) with Eq. (11.18), the estimates can be defined as the solution of the n
equations

M

Z 3f(xt*") =0, j=1...n (11.22)

where (1) = p'(u). If p is convex and continuous, the definitions expressed in
(11.21) and (11.22) are equivalent. For all but the simplest f functions, the solution
of (11.22) must be obtained numerically, generally by using some iterative process.

Occasionally it is convenient to refer to the p function in (11.21), but generally
the form (11.22) is used in robust M-estimation. The use of the i form is due to
Hampel’s concept of the influence function (Hampel et al., 1986). According to the
IF concept, the value of y represents the effect of the residuals on the parameter
estimation. If ¢ is unbounded, it means that an outlier has an infinite effect on the
estimation. Thus, the most important requirement for robustness is that yr must be
bounded and should have a small value when the residual is large. In fact, the value of
the ¥ function corresponds to the gross error sensitivity (Hampel et al., 1986), which
measures the worst (approximate) influence that a small amount of contamination of
fixed size can have on the value of the estimator.

For least squares estimation, p is the errors squared function, and the influ-
ence function ¥ = u. For a very large residual, u — 00, and ¢ also grows to infin-
ity; this means that a single outlier has a large influence on the estimation. That is,
for least squares estimation, every observation is treated equally and has the same
weight.

Now we must consider the problem in robust estimation of how to choose the
Y function properly so that it meets the crucial condition that it is bounded when
the argument « is very Jarge, while remaining a continuous function. In other words,
unlike least squares, we do not treat the observations equally, but rather we give a
limited (usually small) weight to large error observations. In some cases zero weight
may be assigned to a large error observation in order to ignore its contribution to the
estimation.

Moberg et al. (1980) use the residuals from the preliminary fit to classify the error
distribution according to the tail-weight and skewness characteristics. They then use
the classification to select a ¢ function. The general form of the function for a skewed
light-tailed distribution according to Moberg is

a2u

V) = Il

(11.23)

where the parameters a, b, and ¢ are determined empirically.
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Within the context of data reconciliation and gross error detection, Alburquerque
and Biegler (1996) used a p function given by

plu) = c? [M - log(l + M)] (11.24)
c c
where c is a tuning parameter. The corresponding influence function is given by
Y(u) x T (11.25)
1+ —
c

which is bounded, since lim,_, o ¥(u) o c¢. This estimator behaves like the least
squares estimator for small residuals, but like an absolute estimator for large residuals
(Alburquerque and Biegler, 1996).

An alternative approach to these methods is to obtain the influence function
directly from the error distribution. In this case, for the maximum likelihood estimation
of the parameters, the ¢ function can be chosen as follows:

f'w)
fw)’
where f is the density function of the true underlying distribution of {e(¢)}. This is
an MLE of the parameters 6, and it possesses the smallest asymptotic variance.

Wu and Cinar (1996) use a polynomial approximation (ARMENSI) of the error
density function f based on a generalized exponential family, such as

fw) = Eexp [— / v) du}, (11.27)

w(u)

Yvu) =— (11.26)

where v and w are reasonable functions and £ is a scalar constant. Generally, v and
w are polynomials, but they can be allowed to include more general functions such
as logarithms and trigonometric expressions. Detailed explanation can be found in
Wu and Cinar (1996). The disadvantage of this approach is the predetermination of
the orders of the polynomials. An alternative adaptive wavelet based robust estimator
(WARME) approach has been proposed by Wang and Romagnoli (1998). This ap-
proach uses an embedded wavelet method for density estimation. These approaches
have obvious advantages over the other approaches, because they do not assume that
the errors belong to some generalized distribution. Consequently, we do no need to
preselect a form for the  function as it can be obtained directly from the residuals.
However, this is still an open and continuing area of research.

EXAMPLE 11.2

This simple example consists of the model of a lollipop dissolution in a mixing
experiment, which is a typical experiment in a chemical engineering laboratory (Wang
and Romagnoli, 1998). The power number P/(pN2D5) is related to the Reynolds
number D2Np/u by the following nonlinear model:

y(t) =61 + 0 + e(t),

where y(t) = P/(pN3D%), x(t) = D*Np/u, u(t) is uniformly distributed between
[1, 15] and e(z) is the error distribution mentioned earlier.
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Il TABLE | Comparison of the Performance
of Different Estimators for the Uniform
and t? Distributions

Relative error Efficiency
Method Uniform ¢ Uniform ¢
OLS 0.4455 12.0906 0.0958 0.0091
Huber’s 0.1009 0.2588 0.4229 0.4245
ARMENSI 0.0993 0.1205 0.4296 0.9120
Biegler’s 0.1066 0.2341 0.4003 0.4692
WARME 0.0427 0.1099 1.0000 1.0000

A Monte Carlo study comparing five parameter estimation procedures using dif-
ferent error distributions was performed. The five estimators are OLS, Huber’s mini-
max estimator, Biegler’s fair function, ARMENSI, and the wavelet-based adaptive
robust M-estimator (WARME). Various error distributions were generated, ranging
from light-tailed to heavy-tailed and from symmetric to skewed. All these generated
distributions were contaminated by some isolated, randomly generated outliers.

The empirical relative errors of the model parameter vector 8 are calculated by

6 —6;\*
Z( 0; >’

i=1

where
6 = [1.1232 49.0075], and § is the estimated value of the parameter.

The relative efficiencies have also been obtained by comparing these relative
errors to the smallest value of the other estimates for each case studied. The smaller
the relative error, the better the model parameter estimation; the larger the relative
efficiency, the better the estimator. Results are listed in Table 1 for the uniform and
¢? distributions.

This Monte Carlo study shows that, for this family of error distributions, the
WARME method has the best performance. Also, as expected, the OLS performs the
best for the normal distribution, but performs very poorly for the case when outliers
are present in the data set. The Huber minimax estimator can decrease the influence
of the outliers, but it only works well for the symmetric distribution. Biegler’s fair
function is also designed for symmetric distributions.

11.3.2. QQ-Plots Approach

Chen et al. (1998) developed an integrated approach, which can delete the influence
of outliers in the data reconciliation problem, based on the idea of QQ-plots. The
basic concept of this approach is to calibrate sampling data by means of its own
main structure so that the influence of data decreases as it becomes less and less
characteristic. In this way, the final data reconciliation procedure will be resistant
to outliers. A limiting transformation, which operates on the data set, is defined to
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eliminate or reduce the influence of outliers on the performance of the conventional
data reconciliation procedure.

Quantile probability plots (QQ-plots) are useful data structure analysis tools
originally proposed by Wilk and Gnanadesikan (1968). By means of probability
plots they provide a clear summarization and palatable description of data. A variety
of application instances have been shown by Gnanadesikan (1977). Durovic and
Kovacevic (1995) have successfully implemented QQ-plots, combining them with
some ideas from robust statistics (e.g., Huber, 1981) to make a robust Kalman filter.

In comparing two distribution functions, a plot of the points whose coordinates
are the quantiles {g,1(p.), gz2(p.)} for different values of the cumulative probability
pe is a QQ-plot. If z; and z, are identically distributed variables, then the plot of
z1-quantiles versus zz-quantiles will be a straight line with slope 1 and will point
toward the origin.

A desired property (linear invariance property) of QQ-plots is that when the two
distributions involved in the comparison are possibly different only in location and/or
scale, the configuration of the QQ-plots will still be linear, with a nonzero intercept
if there is a difference in location, and/or a slope different from unity if there is a
difference in scale.

Following Durovic and Kovacevic (1995), let us now consider a measurement
sample recorder {yy},i = 1,..., M (here, i can be considered as each sampling
instance), from a distribution F(y), corresponding to a probability density function
F(»). When the samples {y(;} are rearranged in ascending order {y;}, the probability
that an observation y will have rank i in the ordered sequence {y;} follows from the
Bernoulli experiment (Papoulis, 1991):

M-1\ . .
P(i/y)= (7——1> Fi='(y)( — Fy)yM—, (11.28)

and the conditional expectation E(i/y) is
E(/y)=1+M — 1)F(y). (11.29)
Rewriting Eq. (11.29), one obtains the QQ-plots expression as follows:

yi = FY[EG/y)— 11/(n — 1)}
%F“{(i—l)/(M—l)}, i=12,.... M (11.30)
~ F7HY(i —0.5)/M},

where F~'(°) is the inverse of the distribution function F(°).

The essence of a QQ-plot is to plot the ordered sample values against some
representative values from a presumed null standard distribution F(°). These repre-
sentative values are the quantiles of the distribution function F(°) corresponding to
a cumulative probability p; [e.g., (i —0.5)/M] and are determined by the expected
values of the standard order statistics from the reference distribution. Thus, if the con-
figuration of the QQ-plotin Eq. (11.30) is fairly linear, it indicates that the observations
({y@»},i =1, ..., M) have the same distribution function as F(°), even in the tails.

Figures 5 and 6 show a typical noise record {y;} and the corresponding QQ-plots
when the noise follows a standard Gaussian distribution F,(°) with zero mean and
unit variance.
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Frequently, the measurement error distributions arising in a practical data set
deviate from the assumed Gaussian model, and they are often characterized by heavier
tails (due to the presence of outliers). A typical heavy-tailed noise record is given in
Fig. 7, while Fig. 8 shows the QQ-plots of this record, based on the hypothesized
standard normal distribution.
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As discussed before, the outliers generated by the heavy-tails of the underlying
distribution have a considerable influence on the OLS problem arising in a conven-
tional data reconciliation procedure. To solve this problem, a limiting transformation,
which operates on the data set, is defined to eliminate or reduce the influence of
outliers on the performance of a conventional rectification scheme.

For an ordered observation {y;},{ = 1, ..., M, ¥, (¥;) is a suitably chosen lim-
iting (nonlinear) transformation for cutting off the outlier’s influence (Durovic and
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Kovacevik, 1995; Chen et al., 1998). In general, the form of this limiting transforma-
tion is
o1(yi, ), ¥yi <
Yi(yi) = ¢ 0201), o <y < Bi, (11.31)
01(yi, B, yi = Bi

where 0,(°), k = 1, 2,3, are known deterministic functions, while «; and B; are
adjustable parameters, depending on the rank i of the observation y in the ordered
sequence {y;}. N

As pointed out by Durovic and Kovacevic (1995), ¥;( °) should look like a linear
function for small values of the argument, in order to preserve the Gaussian observa-
tions with high probability. Furthermore, v;(°) should be a bounded and continuous
function. Boundedness prevents a single observation from having an arbitrarily large
influence, while continuity limits the effect of rounding, grouping, or quantization.

Once the type of limiting function has been selected, the parameters «; and 8;,
which quantitatively define the nonlinearity v;(°) in Eq. (11.31), have to be chosen
to give the desired efficiency at the nominal Gaussian model. An analytical procedure
was developed by Chen et al. (1998) for choosing each set of tuning parameters,
based on the conditional probability of the measurements.

EXAMPLE 11.3

Let us consider the same chemical reactor as in Example 11.1 (Chen er al.,
1998). Monte Carlo data for y were generated according to ¥ in order to simulate
process sampling data. A window size of 25 was used here, and to demonstrate the
performance of the robust approach two cases were considered, with and without
outliers.

Without outliers. The results of data reconciliation from the conventional ap-
proach x¢ and from the robust approach xg are same, that is,

xc = [0.1731 5.0194 1.2116 3.9809]"
xg = [0.1731 5.0194 1.2116 3.9809]".

With outliers. For comparison, we use the same data set (without outliers) and the
same window size, 25, only we substitute one set of measurements with an outlier of
y = [0.1858 4.4735 1.2295 3.88]T. The outlier is assumed to be in the measurement
of variable x,. Figures 9 and 10 show the sampling data of variable x, and the
corresponding QQ-plots. In Fig. 10, most of the measurements (24 of 25) approximate
a straight line, which indicates that the main data has a Gaussian distribution. Only
the 25th measurement is far away from this main structure and is obviously an outlier.

The results for the robust and the conventional approaches are, respectively,

xg = [0.1742 5.0508 1.2192 4.0058]"
xc = [0.1593 4.6183 1.1148 3.6628]".

xg from the robust approach, as expected, still gives the correct answer; however,
the conventional approach fails to provide a good estimate of the process variables.
Although the main part of the data distribution is Gaussian, the conventional approach
fails in the task because of the presence of just one outlier. In a strict sense, the presence
of this outlier results in the invalidation of the statistical basis of data reconciliation,
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N

thus deteriorating its performance. Figures 11 and 12 show the sampling data of x,
and the corresponding QQ-plots, after the application of the limiting transformation.
From Fig. 12, one can easily conclude that the data now has a Gaussian distribution,
thus providing some degree of confidence about the result of the data reconciliation.
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11.3.3. The Trust Function Approach

This approach (Chen and Romagnoli, 1997) tries to assess directly the behavior of
measurements from the temporal information (historical record). A trust degree on
each measurement is calculated by referring to the main structure of the data. The trust
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function defined here is the measure of the confidence level of the measurement. Its
value, between 0 and 1, stands for zero confidence and 100% trust in the measurement,
respectively. Trust degree can also be viewed as the degree to which the individual
data belongs to its own main structure. A moving window is used to capture the
latest data structure. Generally, the more data that are employed, the more precise the
information. However, this will increase the amount of computation.

The trust function should be selected in such way that it will decrease when
measurements become less and less relevant to the main characteristic of the data set.
Distance is used in this approach to describe the difference between, or the similarity
of, data and can be expressed as

C=@y-mViy-m, i=1..M (11.32)

It is suggested that the trust function, tf;, should follow the distance-based function,
that is,

fay=q Sk (11.33)
t i) = y .
! k/d; otherwise

where d? is the squared distance of the observation from the current estimate of
location (mean) m, V is the variance used to normalize the distance, and k is a
parameter. k2 is taken to be the 90% point of the x? distribution. It worth noting that
the trust function is a convex function of the residuals and belongs to the family of
well-known Huber type functions (Huber, 1981).

In real practice, the location m and the variance have to be estimated from real
data. An iterative algorithm, similar to the one used in Chapter 10 for the robust
covariance estimation, is used to calculate the trust function. The main advantage of
using this algorithm is that the convergence is warranted.

Once the trust function is calculated, the next step is to incorporate this informa-
tion into the data reconciliation problem. The general idea of the approach is that the
measurement’s correction potential should be proportional to the trust function, that
is, the more trust, the less correction needed. If the trust function equals or approaches
zero, the measurement is deleted and estimated by using spatial redundancy. This kind
of action brings the feature of robustness into data reconciliation, since the outliers
will have little influence on the results.

EXAMPLE 11.4

The same problem discussed in Examples 11.1 and 11.3 is taken to illustrate
the ideas described in this section (Chen and Romagnoli, 1997). To evaluate the per-
formance of the proposed approach under different error distributions, Monte Carlo
simulations have again been performed on the four previous distributions.

Only the results for the Cauchy and symmetric contaminated distributions are
shown in Figs. 13 and 14, respectively. From these figures, it is clearly shown that
the robust approach consistently and successfully performs the data reconciliation,
regardless of the distributions of the data. This is a very desirable property in real
applications, since in most cases the distribution is unknown or known only approx-
imately.
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I 1.4. PRINCIPAL COMPONENT ANALYSIS IN DATA RECONCILIATION

Correlation is inherent in chemical processes even if one could assume that there is
no correlation among the data. PCA is an effective tool in multivariate data analysis.
It transforms a set of correlated variables into a new set of uncorrelated ones, known
as principal components.

Principal components analysis (PCA) and project to latent structure (PLS) were
suggested to absorb information from continued-process data (Kresta et al., 1991;
MacGregor and Kourti, 1995; Kourti and MacGregor, 1994). The key point of these
approaches is to utilize PCA or PLS to compress the data and extract the information
by projecting them into a low-dimension subspace that summarizes all the important
information. Then, further monitoring work can be conducted in the reduced subspace.
Two comprehensive reviews of these methods have been published by Kourti and
Macgregor (1995) and Martin et al. (1996).

The key idea of this section is to combine PCA and the steady-state data rec-
onciliation model to provide sharper and less confounding statistical tests for gross
errors, through exploiting the correlation.

As shown in previous chapters, the residuals of the constraints for linear steady-
state processes are defined as

r = Ay, (11.34)
where y is the vector of measured variables and A is the balance matrix.

Note: We have considered that all variables are measured. If this is not the case, the
unmeasured variables can be removed using some of the techniques described in
Chapters 3 and 4. &

Assuming that the measurement errors follow a certain distribution with covari-
ance W, then r will follow the same distribution with expectation and covariance
given by

Er)=r"=0, covir}j=®&=A¥A" (11.35)
Consider the eigenvalue decomposition of matrix ® as follows:
A=UT®U, (11.36)
where

U = matrix of orthonormalized eigenvectors of ®(UUT = I)
A = diagonal matrix of the eigenvalues of &

Accordingly, the following linear combinations of r are proposed by Tong and Crowe
(1995):

p=Wir—-r9)=Wr, (11.37)
where
W=UA""? (11.38)
and p are the principal components of matrix ®. Also,

r~(0,%)=p~©1I.
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That is, a set of correlated variables r is transformed into a new set of uncorrelated
variable p.

Note: If the measurement errors are normally distributed, y ~ N(x, ¥) = p ~
N, ). &

Consequently, instead of looking at a statistical test for r, we can perform the
hypothesis test on p. Tong and Crowe (1995) proposed the following test for a principal
component:

pi=WTr); ~N@©,1), i=1,...,np, (11.39)

which is tested against a threshold tabulated value. The constraints suspected to be in
gross error can be identified by looking at the contribution from the jth residual in
T, r;j, to a suspect principal component, say p;, which can be calculated by

g =wyry, j=1,...,m, (11.40)

where w; is the ith eigenvector in W.
Principal component analysis can be further extended to study the chi-square
statistic, since

X,%l =PIy = pr, (11.41)

where p € R™. If np < m principal components are retained, that is, p € R", we
have

X, =P'P- (11.42)

This is called the truncated chi-squares test (Tong and Crowe, 1995).

An interesting analysis was carried out by Tong and Crowe in comparing three
different tests, the univariate test, the maximum power (MP) test, and the principal
component (PC) test, for two cases: (1) when the ® matrix is diagonal and (2) when
the ® matrix is not diagonal. This comparison is depicted in Figs. 15 and 16 for a
two-dimensional problem, together with the chi-square statistic. As shown in Fig. 15,
when ® is a diagonal matrix all the three statistics are identical. As ® shifts away
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- FIGURE |5 Confidence regions for diagonal ® (from Tong and Crowe, 1995).
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from diagonal form, it can be seen that the univariate and PC tests remain rectangular
while the MP test changes gradually from a rectangle to a flattened parallelogram.

Tong and Crowe analyzed the behavior of the tests under the presence of different
types of errors. They came to the following conclusions:

® Because of the flattened shape of the MP region, it has the potential to
wrongly accept large gross errors, which would be rejected by the other tests,
such as point B in Fig. 16.

¢ On the other hand, the relative positions of the PC region and the ellipse are
fixed under any chosen type I error, regardless of the structure of ®, thus
leading to consistent performance.

A sequential procedure was further developed by Tong and Crowe (1996) by
applying sequential analysis of the principal component test using the sequential
probability ratio test (SPRT). Dunia et al. (1996) also used PCA for sensor fault
identification via reconstruction. In that paper it was assumed that one sensor had
failed and the remaining sensors are used for reconstruction. Furthermore, the transient
behavior of a number of sensor faults in various types of residuals is analyzed, and a
sensor validity index is suggested, determining the status of each sensor.

EXAMPLE 11.5

Let us consider the process flowsheet that was presented in Fig. 3 of Chapter 7,
which consists of a recycle system with four units and seven streams. In this case,
two measurement errors are simulated in order to show the application of principal
component strategy in their identification. Fixed gross error magnitudes of 5 and 7
standard deviations are considered for streams 1 and 2, respectively.
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The measurement vector, the covariance matrix of the measurement errors, and
the residuum vector are as follows:
y =[5.5797 17.6334 149127 5.0336 10.0096 5.0652 4.9845]1T
¥ = diag(0.0016 0.0141 0.0141 0.0016 0.0062 0.0016 0.0016)
r=[-1.9550 2.7207 —0.1305 —0.0401]T.
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After performing the eigenvalue decomposition of matrix ®, the vector p of
principal components of ® is calculated through Eq. (11.37). The elements of p are
represented in Fig. 17.

Each p; statistic is tested against the threshold value of 1.96, which corresponds
to a 95% confidence level. The last principal component results in suspect. The
contributions from each residual of the constraints to the principal components are
given in Fig. 18. From this figure we see that the residuals of units 1 and 2 are the main
contributions to all the principal components and in particular to p4. The flowrates
involved in units 1 and 2 are fi, f2, fa, f4, fs. Because f3 and f are related to unit 3,
which is not suspect, and fg participates in the unsuspected unit 4, we can conclude
that the only bias measurements are fi, f5, as was simulated.

11.5. CONCLUSIONS

NOTATION

In this chapter, some of the most recent approaches for dealing with different aspects
of the data reconciliation problem were discussed. A more general formulation in
terms of a probabilistic framework was first introduced and its application in dealing
with gross error was discussed in particular. It was shown through this formulation
that the conventional approach is just a special case of the problem when certain
conditions are assumed.

Robust estimation approaches were then considered; in this case, the estimators
are designed so they are insensitive to outliers. That is, they will give unbiased results
in the presence of the ideal distribution, but will try to minimize the sensitivity to
deviations from ideality.

Finally, a method for dealing with the inherent correlation existing in chemical
processes was discussed. This method combines principal component analysis (PCA)
and the steady-state data reconciliation model to provide sharper and less confounding
statistical tests for gross errors.

balance matrix for linear constraints
constant

constant

constant

distance of the observation vector from the current estimate of the location
noise vector

presumed distributions

vector of modeling equations
probability density function
number of system imputs

gross error occurred

index

size of the window

constant

number of system outputs

unit center

current location vector

number of samples
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x

number of parameters
dimension of p

function defined by Eq. (11.31)
probability

order of the L, estimator
principal components of &
cumulative probability
mixing proportion

unit covariance matrix
constant

vector of residuum

random error occurred

ratio of standard deviations
time

trust function

matrix of orthogonalized eigenvectors of ®
residual vector

function in Eq. (11.27)
current variance

function in Eq. (11.27)
matrix defined by Eq. (11.38)
eigenvector in W

vector of state variables
vector of measurements
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Greek Symbols

parameter

parameter

covariance matrix of measurement errors
covariance matrix of residuum

equality constraints

inequality constraints

measurement errors

probability of occurrence of gross errors
standard deviation

function defined by Eq. (11.14)
parameters

convex function involved in Eq. (11.21)
influence function

scalar constant

diagonal matrix of the eigenvalues of ®
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Subscripts

C  conventional estimation
R robust estimation
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12

B CASE STUDIES

This chapter discusses different applications of the theoretical developments of previ-
ous chapters. Emphasis is given to industrial applications as well as on-line exercises.

12.1. INTRODUCTION

Several case studies will be discussed in this chapter to show the use of and possible
implementation methods for the ideas discussed in the previous chapters in a practical
environment. The examples of application consist of two industrial cases for which
real plant data were available, and an on-line application for the monitoring and
control of a distillation column through a distributed control system.

The first case study consists of a section of an olefin plant located at the Orica
Botany Site in Sydney, Australia. In this example, all the theoretical results discussed
in Chapters 4, 5, 6, and 7 for linear systems are fully exploited for variable classifica-
tion, system decomposition, and data reconciliation, as well as gross error detection
and identification.

The second case study corresponds to an existing pyrolysis reactor also located at
the Orica Botany Site in Sydney, Australia. This example demonstrates the usefulness
of simplified mass and energy balances in data reconciliation. Both linear and non-
linear reconciliation techniques are used, as well as the strategy for joint parameter
estimation and data reconciliation. Furthermore, the use of sequential processing of
information for identifying inconsistencies in the operation of the furnace is discussed.

The third case study consists of a well-instrumented experimental distillation
column that has been interfaced to an industrial distributed control system. In this
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example the use of the techniques described in previous chapters is shown in an actual
on-line framework, using industrial hardware. Furthermore, the usefulness of data
reconciliation, prior to process modeling and optimization, is clearly demonstrated.

12.2. DECOMPOSITION/RECONCILIATION IN A SECTION OF AN OLEFIN PLANT

12.2.1. Process Description

This section of the olefin plant includes ethylene refrigeration and compression to
C,-splitter sections (Sdnchez and Romagnoli, 1996). A simplified node diagram of
the process is given in Fig. 1. Cracked gases leaving the gas compressor enter the
precooling and drying sections. The cooled cracked streams enter the deethanizer
columns (nodes 3 and 4) where C; and higher hydrocarbons are separated as bot-
tom product. The top product of this column, consisting of C; and lower hydrocar-
bons (C,Hg, C;Hy4, C:H,, CHy, Hy, etc.), enters the acetylene hydrogenation reactor,
where acetylene is primarily hydrogenated to ethylene.

The hydrogenated gaseous stream enters the cold section, where it is passed
through a number of heat exchangers and separators. A portion of the liquid stream
from unit 10 is used as the recycle stream. Hydrogen is separated as a gaseous stream
in unit 12.

The liquid streams from separators 7-11 enter the demethanizer column (unit 13).
The top product of this column is methane, which is sent to the fuel gas stream via
the cold section and drying/precooling section.

The bottom product of the demethanizer column enters the C, splitter column
(unit 15) as a feed. The top product of this column is cooled and compressed and sub-
sequently stored as ethylene product. The bottom product of the C, splitter column is

- FIGURE | Mass flow node diagram for a section of an olefin plant (from Sinchez and Romagnoli,
1996).
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ethane, which is sent back to the cracking furnace as feed stock through the precooling
section.

12.2.2. Application of Decomposition and Data Reconciliation
Three different cases were considered in this example:

1. A small subsection of the whole system (consisting of units 1 to 6) to show
stage-by-stage calculations

2. A larger section, consisting of 14 units and 35 process variables, that
contains most of the redundancy in the system

3. The whole section of the plant (consisting of 31 units and 62 process
variables, of which only 28 are measured).

The corresponding vectors for measured (x) and unmeasured (u) flowrates are
x=[fi f2 i 5 fo fiz fis fia fis fis fir fis fio foo fu fn
faa fos fas for Sfas Sfo fo f51 f2 fie fas Sl

u=1[f3s fa fs fo fio fuu f3s f33 faa fas f31 fss fro fao fau fao faz fas
Jas far fag fao fso fsi fs3 fsa fss fse fs1 fss fso feo fer ferl,

and the values for measured variables and variances are included in Table 1.

I TABLE | Data for Example 12.1 (from
Sanchez and Romagnoli, 1996)

Stream Variance Measured value
1 10.870 70.490
2 0.2030 7.1030
7 0.3970 13.040
8 2.6240 35.380
9 5.7600 53.210

12 0.9220 23.900

13 0.0006 0.0765

14 5.7600 54.590

15 1.4400 12.780

16 0.7060 23.420

17 0.0170 0.2378

18 0.1300 8.6570

19 0.0900 5.0870

20 0.0140 1.7400

21 0.0002 0.0255

22 0.0180 3.1130

24 0.0900 5.4070

25 0.0140 2.8980

26 0.3600 15.830

27 0.5630 8.1970

28 0.0230 1.3640

29 1.1030 20.940

30 0.0080 1.0510

31 0.3970 12.580

32 0.1520 4.9990

36 0.0900 5.7300

45 0.1300 42500

52 1.2320 16.340
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Case |

For the subsystem comprising units 1 to 6, we have eight measured and six
unmeasured process variables. Matrices A and A, are, for this case,

A

A,

Applying the orthogonal projection approach, the following Qu;, Qu2, Ru1, and R,
matrices are obtained:

[—0.7071 0 0.4082] [0.5774 0 0
0.7071 0 0.4082 0.5774 0 0
_ 0 0 —0.8165 0.5774 0 0
Qu = 0 —0.7071 0 - Q2=1"%" 97011 o
0 07071 0 0 0.7071 0
0 0 0 0 1.0]
1.4142 —0. 7071 0 —0.7071  0.7071
Ry=| 0 -14142 1.4142 0 0 )
0 —12247 0 —1.2247 —1.2247

Matrix G, now becomes,

0.5774 0.5774 05774 —-0.5774 —0.5774 0. 0. O
Gy={ O 0. —0.7071  0.7071 0. -0.7071 0. 0. |.
0. 0. 0. 0. 1. 0. -1. -1

Thus, we have identified the subset of redundant equations containing only measured
(redundant) process variables. Applying the data reconciliation procedure to this
reduced set of balances we obtain for the estimate of the measured variables

%7 =[70.4013 7.1013 12.8822 36.4232 53.9617 23.5410 0.0764 53.8853].

Furthermore, the rank of Ry is equal to 3; therefore, only three unmeasured variables
can be written in terms of the others and the reconciled measurements, following the
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procedure described in Chapter 4, Section 2:

—1NT s -1
u, = —R; QulAlx - Rul Rour,,

u

where the components u,_,, are arbitrarily set. In this case, from the orthogonal
transformation the subsets of u are defined as

w, =[f3 fio fs], W, =0fa fur fel

Because the Ry matrix does not contain zero rows,

0. 1. 0
Ry=|-1. 0. 0.],
0. 1. L

the vector u,, cannot be evaluated in terms of reconciled measurements.

Case 2

In this case a larger section of the plant was considered. It consists of 14
(1-14) units and 35 process streams, of which 25 are measured. The corresponding
data is given in Table 1. Using a similar analysis to the previous case, the following
characteristics were identified:

® There are 7 redundant equations containing all of the 25 measured variables.
® The rank of A is equal to 7; therefore, at least 3 unmeasured process
variables are indeterminable.

From the orthogonal decomposition of the A; matrix, the unmeasured process
variables are divided in two subsets:

w, ={f3s fio f fis fa faa fish, w, =1fu fo fsl

The analysis of matrix Ryy, in this case, shows that the rows associated with the
unmeasured process streams f>3, f33, f34, and fs are zero, and thus these unmeasured
variables are determinable, since they do not depend on the assumed values of vector
Up_r, .

A data reconciliation procedure was applied to the subset of redundant equations;
the results are displayed in Table 2. After the reconciliation, the estimation of the
unmeasured variables was accomplished and the results are presented in Table 3.

Case 3

In this case the whole section of the plant was considered. It consists of 31 units
and 62 process streams, of which 28 are measured. Using a similar analysis to the
previous case the following characteristics were identified:

® There are 8 redundant equations containing all of the 28 measured variables.
® The rank of A is equal to 23; therefore, there are at least 11 unmeasured
variables that are indeterminable.

The unmeasured process variables are divided into
w=1_[f3s fio fi3s f33 f37 f3s fa1 fas far fao fss fs fu fso Sss
Jeo fi3 fio fas fis fs3 fao fsal
W =1[fs fa for fse fu fs1 fsoo fs1 fa2 fae fe2l
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Il TABLE 2 Results for Case 2 in Example 12.1

Streams Measured values Reconciled values
1 70.49 69.42
2 7.103 7.083
7 13.04 12.87
8 35.38 36.48
9 53.21 52.90

12 23.90 23.60

13 0.0765 0.076

14 54.59 52.82

15 12.78 11.44

16 2342 22.76

17 0.238 0.222

18 8.657 8.448

19 5.087 5.273

20 1.740 1.746

21 0.025 0.0259

22 3.113 3.150

24 5.407 5.323

25 2.898 2.885

26 11.83 12.33

27 8.197 8.980

28 1.364 1.396

29 20.94 19.92

30 1.051 1.069

31 12.58 13.50

32 4.999 5.351

Il TABLE 3 Results for Case 2 in

Example 12.1

Streams Estimated values
f 4.657

f33 41.386

f3a 18.625

s 13.130

Furthermore, from the analysis of the Ryy matrix, the unmeasured variables fa3, f33,
f3a, f3s, and fag determinable.

A data reconciliation procedure was applied to the subset of redundant equations.
The results are displayed in Table 4. A global test for gross error detection was also
applied and the x?* value was found to be equal to 17.58, indicating the presence
of a gross error in the data set. Using the serial elimination procedure described in
Chapter 7, a gross error was identified in the measurement of stream 26. The procedure
for estimating the amount of bias was then applied and the amount of bias was found
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Il TABLE 4 Results for Case 3 in Example 12.1

Stream Reconciled with bias Reconciled without bias
1 68.639 70.898
2 7.068 7.110
7 12.867 12.886
8 36.522 36.395
9 52.052 54.500

12 23.655 23.509

13 0.0767 0.0763

14 51.975 54.424

15 10.881 12.485

16 22.489 23.276

17 0.215 0.234

18 8.470 8.408

19 5.290 5.238

20 1.752 1.737

21 0.026 0.0258

22 3.154 3.143

24 5.288 5.388

25 2.880 2.895

26 12.602 16.380

27 8.306 7.569

28 1.368 1.338

29 19.477 18.9920

30 1.0632 1.056

31 13.183 12.838

32 5.230 5.098

36 5.905 5.828

45 4.503 4.391

52 18.742 17.680

to be 4.56. By correcting the measured value by this amount, a new estimate of the
measured process variables was calculated; this is also displayed in Table 4.

12.3. DATA RECONCILIATION OF A PYROLYSIS REACTOR

12.3.1. Process Description

The pyrolysis reactor is an important processing step in an olefin plant. It is used
to crack heavier hydrocarbons such as naphtha and LPG to lower molecular weight
hydrocarbons such as ethylene. The pyrolysis reactor, in this study, consists of two
identical sides; each side contains four cracking coils in parallel (see Fig. 2).

The whole reactor is placed in a fuel-gas-fired furnace; the heat required for crack-
ing the hydrocarbons is supplied from the hot flue gas by convection and radiation.
Feed gases are divided and passed uniformly through each coil. Steam is also added to
each coil in the required proportion as a cracking medium. Cracked gases from each
pass (coil) in a side are mixed together and passed through a transfer line exchanger.
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- FIGURE 2 Simplified scheme for the industrial reactor (from Weiss et al., 1996).

Then the cooled gases from the two sides are mixed together for further processing
downstream. There are several pyrolysis reactors within the industrial complex.

Three major issues for efficient operation of the pyrolysis reactor are (1) main-
taining equal cracking temperature in all the reactor coils, which is necessary for
better product distribution; (2) controlling cracking severity to maximize yield; and
(3) measuring the rate of coking of both the cracking coils and the transfer line ex-
changers; these rates are used as the key input into a reactor optimizer. The first and
second issues can be dealt with on the basis of measured quantities, whereas the third
issue can only be inferred from other measurements. To tackle these issues, several
variables such as hydrocarbon/steam flow in each coil, total hydrocarbon flow, the
inlet and outlet temperatures of each coil, and coil skin temperature are measured
continuously.

An advanced control system has been implemented for efficient operation of the
pyrolysis reactor. However, it faced problems due mainly to the difficulty of measuring
the high coil and coil skin temperature reliably and consistently, because of regular
drifting of the high-temperature sensors. Thus, there is a need for a data reconciliation
package (DRP) to increase the level of confidence in key measured variables, to
indicate the status of sensors, and to estimate the value of some unmeasured variables
and parameters (Weiss ef al., 1996).
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12.3.2. Model of the Reactor

Data reconciliation of the pyrolysis reactor was performed on the basis of the following
mass and energy balance equations (Weiss et al., 1996).

Hydrocarbon mass flow:

N
fu = fu.
p=1

N = number of coils = 8.
Total energy:

Energy pass balances:

UA, {TFB - (“COTA—;—T[*Q} — (Fim)a(COT4 —Tia) =0
UAp {TFB - (COTAB;LT@} — (Fim)g(COTp — Tig) = 0.
Energy coil balances:
u%{ng—gﬁgﬁﬁ}—wm»ww—n»=a

where p = 1 to 8.

In deriving the constraints, it was assumed that all passes are identical and that the
two sides are identical. In addition, it was assumed that the heat transfer coefficients
for the sides are related to the heat transfer coefficients for the passes. Effects such
as the heat of reaction were not considered separately, but were lumped into an
“effective” specific heat for the hydrocarbons.

There are 12 equations in all (overall material and energy balances; side A and
B energy balances; coil 1 to 8 energy balances) and 36 variables. However, the heat
transfer coefficients are not known with any great accuracy. Further, both the side
and coil heat transfer coefficients depend on the fire-box temperature. It is therefore
necessary to calculate values for the heat transfer coefficients from the data. This
effectively reduces the number of independent equations to 11.

12.3.3. Application of Data Reconciliation

The various solution methods were applied to a set of measurements taken at different
reactor conditions. Table 5 gives the data used for the reconciliation. The value corre-
sponding to the specific heat is an “effective” specific heat, calculated from rigorous
simulations using the Phenics package, and takes into account the heat of reaction.

Table 6 shows a set of process measurements along with the reconciled values.
Some interesting results appeared. It is evident that there are large discrepancies
between the measured values and the reconciled values, assuming no gross errors are
present.
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Il TABLE 5 Data for Reconciliation of the

Pyrolysis Reactor

Specific heat of hydrocarbon (Cp 1) 0.93 kcal/kg®C
Specific heat of steam (Cp sT) 0.1 kcal/kg®C
Heat transfer areas

per coil 12.2 m?

per side 62.4 m?
Standard deviations for measurements:

Coil temperatures (in and out) 3°C

Coil flowrates (HC and ST) 20 kg/h

Total flowrate 100 kg/h

Fire-box temperature 15°C

TABLE 6 Reconciliation Results (from Islam et al., 1994)
Measured Reconciled Coil 2
Measurement value value corrected
Total hydrocarbon flow 16700.2 16607.0 16607.0
Coil hydrocarbon flow: 1 1922.9 1963.2 1951.0
2 21772 2118.5 21919
3 2004.7 20474 2035.8
4 2136.2 2146.0 21345
5 2131.7 21409 2131.8
6 2106.9 21253 2116.2
7 2018.4 2030.6 2020.6
8 2004.1 2035.3 2025.6
Coil cracking temperatures: 1 845.6 848.2 847.6
2 845.6 835.8 826.1
3 845.8 849.0 848.3
4 845.6 844.5 8439
5 841.7 841.2 840.2
6 841.7 842.4 841.5
7 841.6 841.5 840.6
8 8414 843.6 8427

The coil heat transfer coefficient had a value of 0.1159 and a x? statistic of
27.8. This value suggests that a gross error is present. Some clues can be found
from examination of the residuals of the balances. They are presented in Table 7.
There appears to be a problem with the balances for coils 2 and 3; their residuals
are different from the others (especially coil 2). The reconciled value for the coil 2
cracking temperature is also significantly different from the measured value, thus
suggesting an abnormal situation associated with both coils 2 and 3.

The serial elimination strategy was implemented to identify the source of the bias,
and the results are displayed in Figs. 3 and 4. As can be seen, a significant improvement
in the x 2 value is obtained when one of the measurements associated with coil number
2 is deleted from the reconciliation procedure. Applying the gross error estimation,
a value of mp, = — 18.9°C was obtained when the gross error was assumed to be in
the cracking temperature of coil 2. On the other hand, correction factors of m,(1) =
—200 kg/h and m,(2)= + 90 kg/h were obtained when simultaneous gross errors
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Il TABLE 7 Residuals of the Balances
(from Islam et al., 1994)

Balance Residuals (scaled)
Hydrocarbon flow 0.1981
Side B enthalpy 0.021856
Side A enthalpy 0.009385
Coil enthalpy balances 0.016069
—0.04789
0.018285
—0.00315
—0.00169
0.004556
0.000618
0.012461
35 T T T T T — T
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- FIGURE 3 Serial elimination of the measurements.

were assumed in the flow rates of coils 2 and 3, respectively. Indeed, if the measured
value for the coil 2 cracking temperature is reduced by 18.9°C and the new data set is
reconciled, a x? value of 6.9 results. The reconciled values for this case also presented

in Table 6.

These results would be satisfactory, but for the arbitrary nature of the adjustment
to the coil 2 cracking temperature. The gross error could also be eliminated by ad-
justing either the flow rates through the coil 2 and 3 or the inlet temperature to the
radiant zone (crossover temperature) for coil 2. As it happens, the best reduction in
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- FIGURE 4 Serial elimination of the balances.

the x? value comes from altering the coil cracking temperature; however, there is no
real justification for doing this.

Analysis of Daily Averages

As described before, there is only one balance per coil and a residual in that
equation may be due to an error in one of several variables. A further set of equations
describing the coils is required, and they may be found in the long-term trends for
that coil.

An indication of errors in the measurement of the coil flow rate can be found
in the relative value of the crossover temperature for that coil. The absolute value of
the crossover temperature is of less value because it depends on the firing rate for
the furnace, as well as the coil flow rate. With this in mind, an analysis of the daily
averages of the furnace data was undertaken.

Relationships of the form

COT; — COT, = a; + bl(Fim)i — (Fim)al

were sought, where F; is the thermal mass flow in the convection section of the
furnace, COT; is the crossover temperature for the coil, COT, and F, are average
values, a; is an offset for coil i, and b is the regression coefficient for the relationship
and is common to all coils.

Figures 5 and 6 present the results. Two features are apparent. First, a common
pattern can be seen: The relationships for each coil do appear to have similar slopes.
Second, the two sides behave in a different way. Side A is well behaved in that the aver-
age flow for each coil does not differ greatly from the average flow for all coils, and the
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1994).
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Il TABLE 8 Coil Energy Balances (from Islam et al., 1994)

Coil heat
Thermal mass transfer Deviation from Deviation
flowrate coefficient side average student’s t value
Coil 1 1823 0.111 —0.0002 —0.03
Coil 2 1982 0.122 0.010 2.7
Coil 3 1796 0.103 —0.0092 -2.5
Coil 4 1920 0.111 —0.0008 -0.2
Side B 1880 0.112
Coil 5 1936 0.114 0.0017 0.6
Coil 6 1934 0.114 0.0016 0.7
Coil 7 1837 0.111 —0.0011 —-0.4
Coil 8 1838 0.111 —0.0022 -0.9
Side A 1886 0.112
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FIGURE 7 Crossover temperature data cluster—Side B (after flow adjustment) (from Islam et al.,
1994).

average coil crossover temperature differs from the average of all crossover tempera-
tures in a manner that is consistent with the geometry of the furnace. This is not the case
for side B. The average flows through coils 2 and 3 differ from the average of all flows
by alarger amount. An indication of the likely cause of this problem can be found after
an examination of the coil heat balances for the daily averages. Table 8 gives some
results. There are no statistically significant deviations between the coil heat transfer
coefficients for side A, but yet again, coils 2 and 3 give anomalous results for side B.

Interesting results are obtained if 160 kg/h is deducted from the measured hy-
drocarbon flow for coil 2, and 210 kg/h added to the hydrocarbon flow for coil 3. The
anomaly between the coil heat transfer coefficients for coils 2 and 3 has disappeared.
Figure 7 shows the effect that the adjustment to the coil flow has on the crossover
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- FIGURE 8 Time evolution of measured and reconciled values.

temperature correlations. Now the pattern seen for pass B is similar to that seen for
pass A. This adds to the validity of the adjustment to the hydrocarbon flows, and
suggests that these flow sensors show a consistent bias.

Analysis over the Whole Operating Cycle

For comparison purposes, plant data and reconciled data, both with and with-
out bias treatment, over the whole operating cycle of the pyrolysis reactor for some
variables are plotted in Fig. 8. This figure clearly shows that the measurements ob-
tained from coil 2 are biased. There were not many differences between measured
and reconciled values for the other variables.

The overall heat transfer coefficient calculated using the joint parameter estima-
tion and data reconciliation approach is shown in Fig. 9. It is evident from this figure
that the overall heat transfer coefficient remains fairly constant throughout the whole
operating cycle of the pyrolysis reactor. Near the end of the cycle, the heat transfer
coefficient drops to a comparably low value, signifying that the reactor needs to be
regenerated.

12.4. DATA RECONCILIATION OF AN EXPERIMENTAL DISTILLATION COLUMN

The final case study consists of a well-instrumented experimental distillation col-
umn that has been interfaced to an industrial distributed control system (Nooraii
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FIGURE 9 Time evolution of the estimated heat transfer coefficient (from Weiss ez al., 1996).

et al., 1994). This example illustrates the use of the techniques described in previous
chapters in an actual on-line framework, using industrial hardware. Furthermore, the
usefulness of data reconciliation prior to process modeling and optimization is clearly
demonstrated.

12.4.1. Experimental Setup Description

The experimental facility is a pilot-scale distillation column connected to an industrial
ABB MOD 300 distributed control system, which in turn is connected to a VAX
cluster. The control system consists of a turbo node (configuration, history, console)
remote I/O, and an Ethernet gateway, which allows communication with the VAX-
station cluster through the network. This connection allows time-consuming and
complex calculations to be performed in the VAX environment. Figure 10 shows the
complete setup.

The 23-cm-diameter distillation column under study is used to separate ethanol
and water. It contains 12 sieve trays with a 30-cm spacing (Fig. 11) as well as three
possible feed locations, an external reboiler, and two condensers, which are used at
the bottom and the top of the column. The second condenser is also used as a reflux
drum; a pump sends the reflux back to the column (tray 1) and the product to the
product tank.

The following variables are monitored through the DCS:

® Temperatures at trays 12, 11,9,7,5,3, 1
® Temperatures of feed, distillate, bottoms, and water in and out of the
condenser
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- FIGURE 10 The setup of the column, DCS, and interface with VAX-station and supervisory control.

® Flowrates of steam to the reboiler, water to the condenser, feed, distillate,
bottoms, and reflux

® Pressure at the bottom of the column

® Liquid levels in the condenser and the bottom of the column

To predict the composition, a density meter is installed beside the column. Sam-
ples from the feed, distillate, bottoms, and trays 2, 4, 6, 8, 10, and 12 are sent to this
density meter through a sampling pump. The samples can be selected from different
points by the use of several valves available on the sampling lines. In order to make
this sampling continuous, a Taylor Control Language program has been written in
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- FIGURE || The pilot scale distillation column under study (from Nooraii, 1996).

the DCS. This program opens the valve for each sampling point for 2 min while the
other valves are closed. The results from the density meter are sent back to the DCS,
converted to weight percent composition, and presented on the screen. Consequently,
when only samplings from the feed, distillate, and bottoms are performed, it will take
around 6 min for each concentration to be updated.

12.4.2. Model for Data Reconciliation

For the case of the distillation column under study, the following constraints were
used as equality constraints in the reconciliation procedure (Nooraii, 1996):

1. Total mass balance:
F=D+B.
2. Component mass balance:
Fx¢ = Dxg+ Bxp.
3. Total energy balance:
FHf+ Qp=DH; + BHy, + Q.,
where

Qb = 8As
Qc = pr(Tout - Tm)
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4. Energy balance around the column and reboiler:

FH¢+ Qp+ RH, = VH},

tray

V=D+R.

+ BH,

5. Bubble point calculation at the bottom of the column:

Ty = f(xp. P).
The following equations were used to calculate the bubble point in our reconciliation
procedure:
P = PyyerUwater(l = Xb) + PRiogVEIOHXD
and

b°
P;ater = €Xp (613, + ‘71“,0' + Cow In(T) + d;TZ) .

A linearized version of this model was also obtained, represented by

Ay+e=0.
Matrices A and e are
0 0 0 0 0 0 -1 1 1 00 0 0 0
] 0 0 F D B x %% &% 00 0 0 0
A= |-El E2 E3 -E4 E5 E6 -H; H H 11 0 0 0
El EWl —-E3 E4 E7 -E6 Hy -Hy -H, 0 1 —E8 O Hy— Huy
0 —-E9 0 0 —E10 0 0 0 0 00 1 0 0
0
Ffff—Dxd—Bféb
e= Ele—E2Td—E3Tb+E4J~Cf—E5id—E6jb s

—E1Ty — ENNTy + E3T, — E4%; — E7%; + E6% + E8T sy
E9T, + E10%, + Py, Vwaer(l — %) + PhopUeonXs

where ~ denotes the values of the measurements at the linearization point and
Ey, ..., Eq are given in Nooraii (1996). The vector, y, of measurements is

y'=I[Ty Ts Ty xf x4 xp» F D B Q. Qp Twy P, Rl

To carry out data reconciliation, as discussed in Chapter 10, the variance—covar-
iance matrix of the measurements is essential. In reconciling process data, it is im-
portant that the estimated variance incorporate the process variability as well as the
measurement errors. Otherwise, the adjustment of an accurate measurement in a
highly variable process could be seem to be excessively large and wrongly be taken
as a gross error. The approach would be to characterize the nonrandom variation
by any of a number of techniques, such as time series analysis or principal compo-
nent. Use of the variance—covariance matrix calculated from the data themselves is
a practical and easy, if not always fully justified, alternative (Crowe, 1996). Thus,
the most appropriate weighting matrix, W, was determined here by trial and error,
using available information on the accuracy of the various measurement devices used.
Obviously, this matrix may change during the operating life of the column, especially
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if some of the measurement devices change, or if there is any kind of maintenance on
the measurement or related devices. The matrix used in this work is

[ 0.08
0.077
0.06

8
238
300
0.05
0.07
0.6

2 % 1075

1.5x 1073
0.07

9
05 |

The optimization package GAMS was used to solve the data reconciliation prob-
lem, using the MINOS subroutine that solves the optimization problem using a
reduced-gradient algorithm (Wolfe, 1962), combined with the quasi-Newton algo-
rithm (Davison, 1959) that generally leads to superlinear convergence. The linearized
version of the model was used to implement the sequential processing of the infor-
mation for gross error detection and identification.

12.4.3. Application of the Data Reconciliation and Gross Error Detection
Procedure within a Supervisory Control Scheme for the Column

In supervisory control, process and economic models of the plant are used to op-
timize the plant operation by maximizing daily profit, yields, or production rates.
The computer program reviews operating conditions periodically, computes the new
conditions that optimize a chosen objective function, and adjusts plant controller set
points, thus implementing the new improved conditions. This scheme will obviously
require a model of the plant, current information about operating conditions from the
plant’s control system, and finally, sophisticated optimization software.

The accurate and efficient calculation of optimal operating conditions is critically
dependent on the following basic components:

® The availability and accuracy of plant model(s)

® The availability and accuracy of measured plant data
® Robust, flexible, and fast optimization software

® The effective integration of a/ll these

In the case of the distillation column under study, several options are available
within the environment of the VAX cluster, for both simulation and optimization
studies. PROCESS and SPEEDUP simulation programs were used throughout these
studies.

The critical part of such an optimization scheme is the analysis and reconcilia-
tion of the measurements, to ensure accurate and consistent data and the detection
of instrument errors and faults. The overall scheme for the on-line monitoring and
optimization of the column is also shown in Fig. 10. Data from the plant are first
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Il TABLE 9 Comparison among Raw, Reconciled, and Bias Estimation Plus
Reconciliation Data and the Results from Simulation (from Nooraii, 1996)

Reconciled Linear Nonlinear PROCESS
Plant PROCESS data reconciliation reconciliation with
raw with raw  without bias with bias with bias nonlinear
data data deletion deletion deletion reconciliation
Feed rate (kg/h)* 67.94 67.94 69.7 68.226 68.225 68.228
Feed temperature? 274 274 18.7 27.4 27.4 27.4
9%(w) EtOH in feed? 36 36 333 344 344 344
Distillate rate (kg/h)* 2724 27.24 27.18 27.134 27.133 27.133
Distillate temperature? 336 336 36 33.6 33.6 336
%(w) EtOH in distillate 85.47 86.2 84.97 85.49 85.5 85.45
Reflux rate (kg/h)* 43.58 43.58 43.59 43.58 43,58 43.58
Bottom rate (kg/h) 41.11 41.11 42.53 41.09 41.09 41.09
Bottom temperature 102 99.6 109.7 102 102 102
%(w) EtOH in bottom 067 23 0.34 0.67 0.7 0.7123
Bottom pressure® 1.09 1.09 1.42 1.1168 1.109 1.109
Condenser 127 85.2 127 85 85 85.9
duty (mm kJ/h)
Reboiler duty (mm kJ/h) 1445 976 144 98.3 98.3 99
“Inputs to PROCESS.

subjected to analysis for faults and gross measurement errors. If the former are de-
tected, the operator is alerted and can either proceed with the reconciliation, prior to
bias identification and estimation, or stop the calculations and repair the instruments.
After a consistent set of data is obtained, the operator can continue with the simulation
and optimization studies.

Table 9 presents a summary of the variables in a typical real-time run. The raw
measurements are initially used to run the simulation with PROCESS (therefore,
only the simulation switch is activated). The first column of the table shows the raw
measurements, and the second indicates the results from PROCESS. It is clear that
the results from the simulation are not in agreement with the measurements.! It can be
seen from Table 9 that the measurements of the condenser and reboiler duties are quite
different from the simulation results. This suggests that there are gross errors in those
measurements. The gross error detection and data reconciliation modules are then
activated. The third, fourth, and fifth columns show the rectified and reconciled data.

By direct application of the statistical criterion introduced in Chapter 7 to the
overall system,

1=r1® r=12.03.

If an error probability of 0.1 is considered, then 12.03 > 9.24 (from statistical tables)
and one may say that inconsistency is important at this error probability level. After
sequential processing of the measurements, as is shown in Table 10, feed temperature
and reboiler and condenser duties are suspected to contain gross errors. Since feed
temperature and reboiler duty do not appear in separate equations, it is difficult to
isolate the gross error when it happens in one or both of duties. In this case, we need

'Note that only some measurements are used as inputs for simulation.
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Bl TABLE 10 Least Squares Objective with Each Deletion of

Measurements (from Nooraii, 1996)

Deleted Least squares Deleted Least squares
measurements objective measurements objective
Ty 0.26 X4 12.
Ta 0.41 Xy 4.2
Ty 0.7 Qc 0.3
F 12. O 0.26
D 11.6 Pg 11.7
B 49 Tivay 12.
Xy 11.8 R 11.8
100 |

o PROCESS with raw measurements
+ PROCESS with reconciled data
—— Real measurement |

Tray Temperatures
Nl =]
S G

oo
wn

80

12
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FIGURE 12 Comparison of tray temperatures from simulation (reconciled and raw data) with real-time
temperatures (from Nooraii, 1996).

either additional information (additional relationships) or input from the operator’s
experience to decide which measurements to treat for bias. In this case, reboiler and
condenser duties are treated as biased measurements and the corresponding biases
are estimated.

After the estimation of the bias, we have two options for data reconciliation:
Either we can use the results from the linear reconciliation problem, or we can imple-
ment a nonlinear reconciliation procedure after subtracting the estimated bias from
the measurements. Although both options are carried out in this case, the nonlin-
ear reconciliation problem is quite fast and is therefore used in the on-line program.
Table 9 compares the results using the two options. It can also be seen in Table 9
that, by using the refined data as input to the simulation module, a better agreement
between measurement and simulation has been achieved. The prediction of the tray
temperature distribution along the column, obtained from the simulation using the
reconciled data, is presented in Fig. 12. These are in better agreement with the mea-
surements coming from the column than those obtained from the simulation using
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Il TABLE 11 On-line Optimization Results after Reconciliation (from Nooraii,

1996)
PROCESS with
Plant raw data nonlinear reconciliation Optimum point
Feed rate (kg/hr)® 67.94 68.228 68.228
Feed temperature® 274 27.4 274
%(w) EtOH in feed® 36 344 344
Distillate rate (kg/hr)* 27.24 27.133 23.24
Distillate temperature? 33.6 33.6 33.6
%(w) EtOH in distillate 85.47 85.45 86.83
Reflux rate (kg/hr)? 43.58 43.58 38.23
Bottom rate (kg/hr) 41.11 41.09 44.988
%(w) EtOH in bottom 0.67 0.7123 7.3
Bottom pressure? 1.09 1.109 1.109
Condenser 127 85.9 73.8
duty (mm kJ/h)
Reboiler duty (mm kJ/h) 144.5 99 86.6
Objective function — — 61.057

¢ Inputs to PROCESS.

the raw data. As not all of these tray temperatures have been used in the data recon-
ciliation procedure, this agreement confirms the claim that data reconciliation allows
us to obtain a better understanding of the actual state of the process. Finally, Table 11
gives the on-line optimization results from the previous run, using the reconciled data
as current inputs to the simulation program. These results can be used by the operator
as a valuable guide toward ideal operation.

12.5. CONCLUSIONS

The case studies discussed in this chapter show clearly the importance of the tech-
niques developed throughout this book, when used in a practical environment. In par-
ticular, they provide additional insight into different ways of implementing these ideas.

The first case study, using simple material balances within a section of an olefin
plant, fully exploited the theoretical results discussed for linear systems, namely,
variable classification, system decomposition, data reconciliation, and £ross error
detection and identification.

In the second example, that of an industrial pyrolysis reactor, simplified material
and energy balances were used to analyze the performance of the process. In this
example, linear and nonlinear reconciliation techniques were used. A strategy for joint
parameter estimation and data reconciliation was implemented for the evaluation of
the overall heat transfer coefficient. The usefulness of sequential processing of the
information for identifying inconsistencies in the operation of the furnace was further
demonstrated.

Finally, a well-instrumented experimental distillation column that has been inter-
faced to an industrial distributed control system was used to show the implementation
of the techniques described in previous chapters in an actual on-line framework, using
industrial hardware. In this case, the usefulness of data reconciliation, prior to process
modeling and optimization, was clearly demonstrated.
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NOTATION
a regression coefficient
A area
Ay matrix for measured variables (m x g)
Ar matrix for unmeasured variables (m x n)
b regression coefficient
B bottom product
cor Cross over temperature
Cp specific heat
D distillate
f vector of mass flowrate
It total hydrocarbon flowrate
Jrp coil flowrate
Fom thermal mass flow
F feed of the distillation column
Gy reduced matrix for measurement reconciliation [(m — ry) % g]
H specific enthalpy
my bias magnitude
N number of coils
P pressure
Q. heat transferred in the condenser
Op heat transferred in the boiler
[qu Ru‘ Hu] QR(AZ)
ru rank(A;)
Ry matrix defined by Eq. (4.20) [ry, x (n — ry)]
r residuum
R reflux
S steam flowrate
T temperature
Tout outlet temperature of cooling fluid
Tin inlet temperature of cooling fluid
U overall heat transfer coefficient
u vector of unmeasured variables (n x 1)
Uy, Up_r, partitions of u
vV vapor
w flowrate of cooling fluid
w weighting matrix
X vector of measured variables (g x 1)
x molar fraction
y vector of measurements
Greek
A heat of vaporization
&  covariance matrix of the residuum
t  global test statistic
Superscripts

with measured values
with reconciled values
v vapor

pure component

>

*
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Subscripts

a average value

A side A

B side B

b bottom product

d distillate product

f feed of the distillation column

FB fired box

HC  hydrocarbon

i inlet

o outlet

coil index

r reflux

ST steam

tray  first tray

W water
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STATISTICAL CONCEPTS

Here, several general statistical concepts are briefly discussed as a complement to the
material covered in this book. The books of Davis and Goldsmith (1972) and Mikhail
(1976) are excellent sources for such information. Most of the concepts and definitions
presented in this Appendix were extracted and summarized from these references,
and for more detailed information, the reader is referred to these publications.

I. FREQUENCY DISTRIBUTIONS

The collection of data often results in a somewhat randomly organized list of obser-
vations distributed in some way around a central value.

In analyzing such a set of data, it is helpful to arrange the data in a manner that
aids the determination of the important features of the distribution, such as the central
tendency and the spread. One of the simplest ways to do this is to produce a fre-
quency table. This is achieved by dividing the range of observations into a number of
subranges, tallying the number of observations which fall into each subrange, and tab-
ulating the results. The distribution of the results is called a frequency distribution.

Consider as an illustration measurements of the carbon content of a mixed powder
fed to a plant over a period of a month (Davis and Goldsmith, 1972). We have a total
of 178 measurements, covering a range of 4.1% to 5.2%. This range was divided into
groups such as 4.10—4.19 and so on. The results are displayed in Table 1.

The features of the distribution can be seen clearly if the results are plotted as
shown in Fig. 1. This plot of the distribution is called a histogram.

253
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Il TABLE | Percentage of Carbon in a Mixed Powder (from Davis and
Goldsmith, 1972)

Ranges of values Number Proportion
of % carbon Tally of results of results
4.10-4.19 L 1 0.006
4.20-4.29 Li 2 0.011
4.30-4.39 amn 7 0.039
4.40-4.49 au ol o 20 0.112
4.50-4.59 auinm i i nan 24 0.135
4.60-4.69 el 31 0.174
4.704.79 W i o i 38 0.214
4.80-4.89 Hu i o 24 0.135
4.90-4.99 i nuel 21 0.118
5.00-5.09 o 7 0.29
5.10-5.19 Ll 3 0.017
Total 178 1.00
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- FIGURE | Histogram and frequency curve of the data in Table 1 (from Davis and Goldsmith, 1972).

Now if the number of observations is very large and the groups are made much
narrower, the previous irregular step form of the histogram can be represented as a
smoothed curve known as the frequency curve, also shown in Fig. 1.

Some important considerations regarding the frequency distribution are as
follows:

1. The area under the curve, lying between the limits of each of the subranges,
is approximately equal to the frequency of occurrence of that subrange.
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2. The ability of the frequency curve to accurately represent the underlying
distribution increases with the number of observations. With a small number
of results only an approximation is possible, and the divergence may be
relatively large.

Sometimes it is preferable to express the frequencies in terms of proportional
frequencies rather than actual frequencies. For each given observation, the probability
of occurrence is defined as the proportional frequency with which it occurs in a
large number of observations. The resulting curve is referred to as the probability
distribution.

2. MEASURES OF CENTRAL TENDENCY AND SPREAD

The frequency curve and the histogram described previously have very explicit at-
tributes which can be used as the basis of criteria to characterize the distribution:

1. There is a certain value (for example the arithmetic mean) that represents the
center of the distribution and serves to locate it.

2. The values are spread around this central value, extending over a range.

3. The spread which may or may not be uniform, reflecting the shape of the
curve. Usually, most values lie close to the central value.

The distribution can then often be defined sufficiently in terms of the central value,
a quantity expressing the degree of spread, and the general form of the distribution
(the shape of the curve). The equation of the curve may be then written as (Davis and
Goldsmith, 1972)

y = p(x:01, 62), (A.1)

where 6, and 6, are constant parameters, measuring the central value and the degree
of spread, respectively, and the function p defines the shape.

2.1. The Central Value

The arithmetic mean (“mean” or “average”) is the commonest measure of location
or central value and is given by the sum of all observations divided by their number.
That is

N
>
i=1

Arithmetic mean = ¥ = - (A2)

N
As an example, the arithmetic mean for the carbon content of the mixture displayed
in Table 1 is
178

>
- _ =l
= —— =4.698
AT
The mean of a set of observed values is an estimate only of the mean of the

underlying probability distribution or population. The sample mean, X, becomes a
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better estimate of the population mean or true value, u, as N increases, approaching
w as N approaches infinity. That is

x—>u as N — o0. (A.3)

2.2. Measures of Dispersion

The spread is most usefully defined in terms of the standard deviation, which for a
sample of N observations xj, x3, ..., xy is given by

Standard deviation = s = (A4)

where % is the mean of the sample. For the data presented in Table 1, the standard
deviation is calculated as follows

Most of the observations are likely to be within the range ¥ + 2s, and practically
all within the range X + 3s. In common with the sample mean, the value of the
standard deviation calculated from a set of observations is only an estimate of the
true or population value of the standard deviation: s becomes a better estimate of
o (population value) as N increases and

s—>0o0 as N — oo. (A.S)

The variance of a population is another useful measure of dispersion and reflects
the extent of the differences between the data. Denoted by o2, it is equal to the mean
squared deviation of the individual values from the population mean. Usually, the
symbols V and s? are used for the variance deduced from sample data. Thus, for a
sample of N data drawn from a population with mean (i, the estimated variance is

N
> i — )
i=1 .

v="_ (A.6)

N

Since, in general u is not known, the estimated mean, ¥, based on the sample
must be used. If this substitution is made, the variance is underestimated as it can be
shown that

Z(x —a)’ isa minimum when a = %. (A7)

and thus, 3 (x — X)? is less than Y (x — p)?. It can also be shown that this bias is
removed when (N — 1) is used as the divisor in place of N. The best estimate of the
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population variance from the available data is therefore given by

N
> i — &)
_ i=l

V= (A.8)

N-1
The degrees of freedom of the estimate of variance is given by the divisor (N — 1).
This is the number of independent comparisons that can be made between N obser-
vations since X is calculated from the observations. If x and (N — 1) of the values of
x are given, the other can be determined.
The definition of the sample covariance is also important. Given a set of N pairs of
values ((x1, ¥1), (x2, ¥2), . . ., (xn, ¥n), of the random vectors (x, y), we can compute,
in addition to the variances deduced from sample data V, V,, the sample covariance as

N
D i =B — )
i=1

Viy = 2 T . (A.9)

2.3. The Form of the Distribution

While the form of the distribution is more difficult to determine than either the mean
or the standard deviation, the data may give some idea of the probable shape. Assump-
tions about the actual shape of the distribution usually require additional information
such as that obtained from past experience. These assumptions should concur with
the observations.

A number of types of distributions have been fully studied, because they, or at
least close approximations to them, frequently arise in practice. In connection with
the theory of measurement errors and least squares adjustments, the normal and chi-
square distributions are often used, so they are briefly discussed in the following
paragraphs.

Normal or Gaussian Distribution

Many distributions obtained in experimental and observational work are found to
have a more or less bell-shaped probability curve. These distributions are described
by the normal or gaussian distribution shown in Fig. 2. This theoretical distribution
is extremely important in statistics, and its use is not limited to data which are exactly,
or very nearly normal.

For normally distributed data, the relative frequency or probability, d P, for the
range (x| — 5 dx) to (x; + 1 dx) is given by

__1 —(xy — p)?
dP = i exp{ 252 dx, (A.10)

where, u is the population mean, o is the population standard deviation, and the
integral over all values of x is equal to unity. The value of p(x) = dP/dx is a
maximum when x = u and falis off symmetrically on both sides.

The use of this equation to calculate frequencies requires the determination of
two parameters, 1 and o. It can be simplified by using the following substitution
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o o
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Il FIGURE 2 Normal distribution (from Mikhail, 1976).
based on the deviation of x from p
_@—M/
u= o (A.11)

Then, the form known as the standardized form of the normal distribution, is ob-
tained

1 2
szyﬁm% ”/Jmh (A.12)

where the variable u is said to be in standard measure. This equation contains no
adjustable parameters, and if the value of u is known, d P /du = p(u) is determined
uniquely.

Equation A.12 gives the probability of occurrence of observations whose stan-
dardized value lies between (1 — % du)and (u + % du). Integration yields the propor-
tion of observations expected to fall between any two values of # and hence between
the corresponding two values of x. While this cannot be performed explicitly, the
definite integral has been tabulated for a wide range of values of u.

Since the normal curve is symmetrical about # = 0, the area under the curve to the
right of a given value u; (i.e., the probability of occurrence, o, of a value greater than
u1) is equal to the area to the left of —u;. It is therefore sufficient to tabulate only the
values corresponding to positive values of u;. For example, there is a probability of
0.05 than u will exceed 1.64, and hence that x will exceed u + 1.640.

For a normal distribution, the probability that values of x will deviate from the
mean by more than 1, multiples of the standard deviation is 2«, corresponding to the
probability that |u| > u;. The complement (1 — 2a), is the probability that |«| does
not exceed u, (i.e., that observations will not deviate far from the mean).
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For normally distributed variates, values of |u| greater than 3 seldom occur, and
values greater than 4 occur very rarely (once in about 10,000 observations). It is usual
to consider that if an isolated value greater than 2 is obtained there is some doubt
as to whether it represents an observation from a normal population with the given
mean and standard deviation. The odds against finding such a value in a single trial
are about 19to 1.

A random p-dimensional vector X follows a p-variate normal distribution, X ~
Np(p, ) if its probability density function is given by

_ 1 LSRN L
f(x)—[(zmp/2 m}exp{ Sx—why | u)}, (A.13)

where g and 32 are the mean vector and the covariance matrix, respectively.

Chi-Square Distribution

Let X, X5, ..., X, be vindependent and normally distributed random variables.
The square of the standardized variable U; is defined as
Xi—wi\’
U2 = (—“) . (A.14)
of;

The sum of the U? yields a new random variable for which the symbol x? is custom-
arily used:
X=Ul+U;+---+ UL (A.15)

This random variable has a x? distribution with v degrees of freedom. Its density
function is given by

foh = (XDl (A.16)

@PT(v/2)

The x? distribution has simple central moments: mean = v and variance = 2v.

3. ESTIMATION

Let X be a random variable with some probability distribution depending on an un-
known parameter 6. Let X, X5, ..., Xy be a sample of X and let x;, x5, ..., xy
be the corresponding sample values. If g(X, X5, ..., Xu) is a function of the sam-
ple to be used for estimating 6, then g is considered an estimator of . The value
g(x1,x2,...,xy) 1s designed as an estimate of 8 and it is usually written as 6 =
glxy, X2, ..., XN).

Because estimates can be obtained in different ways, certain criteria are needed
to judge the quality of the estimation. We consider here the following three criteria
extracted from Mikhail (1976):

1. Consistence: An estimator is called consistent if for n — 00, the probability
that the estimator ¢ approaches the parameter 6 converges toward 1. Thus, for any
small & > 0,

lim Pr{|6 — 6| <&} =1 (A.17)

n—>00
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2. Unbiased estimation: An estimator § is called an unbiased estimator for 6 if
it satisfies E(9) = 6. If this property holds only for n — oo, the estimator is said to
be asymptotically unbiased.

3. Minimum variance: We say that § is an unbiased minimum variance estimate
of @ if for all estimates 6* such that E(6*) = 6, we have that 02(8) < o2(6*) for all 6.
That is, of all unbiased estimates of §, § has the smallest variance.

EXAMPLE A.1

Let x, x3, ..., xy be arandom sample of N observations from an unknown dis-
tribution with mean . and variance 2. It can be demonstrated that the sample variance
V, given by equation A.8, is an unbiased estimator of the population variance 2.

By the definition of sample variance, we have

N
> st - N@EY
i=1

Furthermore, E(x?) = 0% 4+ u? for a random variable x. Since each x value, x;,

X2, ..., Xy, was randomly selected from a population with mean y and variance o2,

it follows that

1
V=—
N-1

E(xlz) =02+u2 i=12,...,N)

E(%) = of + (ue)* = 0?/N + 2.

Taking the expected value of V and substituting it into these expressions we obtain

S ) 1 N i}
EV)=E {m [Z;x? - N(xf} } = ﬁ{;:l: E[x?] - NEKx)Zl}
1 i o2 N-1
= N-——l {;:l(o'z‘i‘u'z)_N(ﬁ +u/2)} = (N_ 1>0'2 =Uz.

This shows that V is an unbiased estimator of o2, regardless of the nature of the
sample population.

3.1. Methods of Estimation

There are a number of different methods for finding point estimators of parameters.
Following Mikhail (1976) we mention here:

Moment method: Takes the kth sample moment:
L X
_ k
my = N IE:l Xx; (A.18)

as an estimate for the kth moment of the probability distribution.

Maximum likelihood method: The estimate of a parameter 8, based on a random
sample Xy, Xz, ..., Xy, is that value of § which maximizes the likelihood function
L(X1, X5, ..., Xy, 0) which is defined as

L(X1,X2,...,XNn,0)= f(X1,0)f(X2,0)... f(Xn,6). (A.19)
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If X is discrete, L(Xy, X2, ..., Xn, 8) represents P[X| = x1,..., Xy = xy], while
if X is continuous, it represents the joint probability density function of (X,
Xor .o  XN).

EXAMPLE A.2
Let x;, x,, ..., xy be a random sample of N observations on a random variable
x with exponential density function

e—x/B
flx) = B

0 elsewhere

f0<x <o

In order to determine the maximum likelihood estimator of 8, we have

N

=> " x/8
e N1/B e~ X2/ e /B e ol
L=f(x1)f(xz)-~f(x1v):( ; )( > )( ; >= o

because xi, x2, ..., xy are independent random variables.
Setting the derivative of the natural logarithm of L with respect to 8 equal to 0
and solving for g yields

That is, the maximum likelihood of 8 is the sample mean.

Least squares method: Finds the estimate of § that minimizes the mean square
error

MSE = E( - 6)* = / 6 -0 f6)db, (A.20)

—00

where f(8) is the density function of 6. If the random variables to which the obser-
vations refer are normally distributed, the least square method gives results identical
to those of the maximum likelihood method.

4. CONFIDENCE INTERVALS

The estimation of means, variances, and covariances of random variables from the
sample data is called point estimation, because one value for each parameter is ob-
tained. By contrast, interval estimation establishes confidence intervals from sam-
pling.

After a point estimation is performed, the question is how much the deviation of
the estimate is likely to be from the still unknown parameter. As it was pointed out
by Mikhail (1976), it is only possible to estimate the probability that the true value
of the parameter is likely to be within a certain interval around the estimate if the
cumulative distribution function F(x) of the random variable is given.
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Il TABLE 2 Data for Example A3

2.15 2.06 2.33 1.96 1.96 1.89 220 2.24 2.16 2.48
2.32 1.95 2.30 1.85 224 213 2.14 2.15 2.31 2.49
2.12 2.16 2.25 2.05 2.20 1.90 2.00 2.08 2.06 2.24

The probability statement for a confidence interval of a parameter € is:
Prit) < <6} =1-a (A21)

where (1 — «) is called the confidence level. The values 8; and 6, are the lower and
upper confidence limits for the parameter 9. Eq. (A.21) defines the confidence interval
for @ as the interval around the estimate @, such that the probability that this interval
includes the value of the parameter is (1 — a).

In constructing confidence intervals, it is essential to use suitable random vari-
ables whose values are determined by the sample data as well as by the parameters,
but whose distributions do not involve the parameters in question.

EXAMPLE A.3

The following data (Table 2) represent the weight percent measurements of an
undesirable product in a process stream. Find a 90% confidence interval for its true
mean. Assume normality and o = 0.25.

The 100(1 — a)% confidence interval for u is given by (¥ & K20/ V/N), where
K2 is the 100« /2 percentage point of the normal distribution. This result is obtained
by considering the distribution of [(% — £)+/N /o ], which is normally distributed with
mean 0 and standard deviation 1. Hence,

0.25
i+ Ka/z% = 21457+ 1645 = 2.1457 £ 0.075

5. TESTING OF STATISTICAL HYPOTHESES

Another way of dealing with the problem of making a statement about an unknown
parameter associated with a probability distribution, based on a random sample, is the
testing of statistical hypotheses. First, a value for the parameter is hypothesized; then,
the information from the sample is used to confirm or discard the hypothesized value.

Two hypotheses are considered. Based on a random sample, the validity of the
null hypothesis (Hp) is tested against the alternate hypothesis (H;) in order to either
reject or accept the first one.

The procedure for testing hypotheses includes the following steps:

® Postulation of the null and alternative hypotheses.

¢ Collection of a sample of size N from the random variable X.

® Selection of the test statistic T, with a known distribution under the
assumption that the null hypothesis holds.

® Selection of the significance level of the test («) and determination of the
critical statistic value 7, from the corresponding distribution table. . is such
that

Fz)=Pr <t)=(0—a).
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® Calculation of 7 as function of the measurements.
® If T > ., Hy is rejected. In the opposite case Hy is accepted.

A test will not always lead to the right decision. It is possible that Hy is true and
is rejected, or that Hj is false and is accepted.

Wrongly rejecting a true hypothesis is referred to as committing a type I error.
Its probability is designed by «, the significance level of the test.

The wrong acceptance of a false hypothesis leads to committing a type II error.
The probability of a type Il error is designated 8 and (1 — 8) is called the power of
the test. For a certain Hy, it is not possible to make both « and 8 arbitrarily small.
Decreasing the probability of one type of error increases the probability of the other
and vice versa. The balance between both types of errors depends on the purpose of
the test.

EXAMPLE A .4

Let us suppose that the maximum allowable concentration of a contaminant in
a workplace is 1 ppm. Twenty air samples are examined in order to establish if the
mean contaminant concentration exceeds the allowable value. The mean and standard
deviation of the sample are ¥ = 1.9 ppm and s = 1.6 ppm.

For this example, the postulated null and alternative hypotheses are the following:

Hy: =1 ppm
H;: > 1ppm
The selected test statistic is
X—p
7= ,
s/v/N
which has a r distribution with (N — 1) degrees of freedom. It is assumed that the
relative frequency distribution of the population from which the sample is selected is
approximately normal.
For a significance level of the test @ = 0.05, the critical value of the test statistic

is 1.729. Because the calculated value of 7 is 2.51 > 1.729, we can conclude that
u > 1 ppm, so the concentration of contaminant in this workplace is unacceptable.
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linear systems, 55

Quadratic programming, 85

Random error, 1, 6, 76, 112, 201
Recursive procedures, 95, 98, 102,
115, 133, 140, 145, 164,

175
Reduced gradient, 85
Reduction in covariance estimate,
101
Reduction of model, 5, 32, 34, 42,
54, 56
Redundant
equations, 51, 54, 230
measurement, 16, 29
systems, 11
Redundancy, 11, 137
Regression, 159
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Residuals, 94
analysis of, 116, 236
statistical properties of, 112
statistical test on, 112
Required variables, 40
Robust estimator, 190, 205

Sample
covariance, 184, 256
moment, 260
variance, 184, 256
Scatter matrix, 190, 216
Sensor network design, 2, 9,39, 163
Sequential processing of
additional information, 93, 163
constraints, 94
measurements, 97, 144, 247
Sequential quadratic
programming, 85, 87, 162
Serial elimination, 110
combined procedure, 118, 238
of measurements, 114, 236
Signal flow graph, 29, 32
Significance level, 263
Simultaneous estimation of gross
errors, 125,133
Spectral density matrix, 138
Standard deviation, 256
State variables, 1, 10, 160, 173
Steady state data reconciliation,
41, 56, 76
bilinear
Q-R iterative procedure, 65,
83, 88, 90
linear
batch solution, 77
industrial example, 229
Q-R factorizations, 79, 90,
228
two-stage estimation
procedure
objective function, 95, 107
variable estimates 95, 106
nonlinear, 82, 233
nonlinear programming
techniques, 85, 87
successive linearization, 84
Structural equivalent systems, 19
Structural estimability, 19
Successive linearization, 84, 169
Suspicious
equations, 119, 126, 129, 133
measurements, 119, 126, 129,
133
Systematic error, 1, 6, 109, 112,
114
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Temporal redundancy, 137,
200
Test power, 263
Time evolution of
covariance of error estimate,
138, 141
variable estimates, 138, 141
Trust
degree, 216
function, 215
Two-channel calculation, 146,
176
Two stage error in variable, 168
algorithm, 169
example, 170
Type I errors, 263
average number of, 127
Type Il errors, 263

Unassigned equations,
types of, 36, 41
Unbiased estimator, 77, 206,
260
Uncertainty in identification,
129
Unconstrained optimization,
79
Uncorrelated variables, 220
Undetermined system, 79
Unit models
general, 44
heat exchangers, 45
reactor, 45
stream divisor, 46
pump, compressor, turbine, 46

Unmeasured variables, 25, 28, 56,

59, 64, 80, 178, 229

SUBJECT INDEX

Variable classification, 25, 28, 40
using Gauss-Jordan elimination,
34
using graphs, 32
using matrix projection, 34, 54
using output set assignment, 33,
35
using Q-R transformations, 59
using row and column matrix
permutations, 34
Variable Transformation, 62
Vector(o) Operator, 197

Wavelets, 202, 208

Weighting matrix, 14, 104, 162
Weights for M-estimates, 190
White noise, 138, 142, 173



